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UNIT D) COMPLEX NUMBERS 


ише this unit, the students will be able to: 


Recall complex number z represented by an expression of the form z=atib or of 


the form (2,2) where a and Dare real numbers and i = 

Recognize a as real part of z and bas imaginary part of 2 

Know the condition for equality of complex numbers 

Carry out basic operations on complex numbers 

Define Z —a-ib as the complex conjugate of z=a +ib 

Define |z|=/a? + b? as the absolute value or modulus of a complex number z=atib 


Describe algebraic properties of complex numbers (e.g. commutative, associative and 
distributive) with respect to ‘+’ and ‘x’ 
Know additive identity and multiplicative identity for the set of complex numbers 


ито 
ое овав 


. 
[ME e Find additive inverse and muttiplicative inverse of a complex number 2 
[a] e Demonsirate the following properties 
= ciel 2 и ou 

A ° |4=|-4=[=| | ° ‚аа =д+ 21, 

e — .- (2 Z 
N еб (2) =2-,2,%0. 
| Z 2, 
3 ә Find real and imaginary parts of the following type of complex numbers 


+iy,\" 
e (х+уў, | (52) ‚ x» iy, #0, where n= £1, апй+2 
Xt 


€ Solve the simultaneous linear equations with complex coefficients. For example, 
Ее T=i, 


(2-i)z+2iw=—lti 
@ Write the polynomial p(z) as a product of linear factors. For example, 
24 a! = (z+ id) (z— id, 1-32 +8+5= (2+1) (2-2-0(2-2+0 
€ Solve quadratic equation of the form pz? + qz+r=0 by completing squares, where p, 
qr are Teal numbers and z a complex number. For example: 
Solve Zi-2245-0 = (2—1 — 2) (z-142) 20 > z « 1-21, 1— 2i 
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1.1 Introduction 

In our previous class we learnt that besides the real numbers, there are 
other numbers called complex numbers. Such numbers play a very important role 
in mathematics and other branchés of science. The use of complex numbers is 
indispensable in Physics, Aeronautical and Electrical Engineering especially in 
the analysis of Electric circuits. 


1.1.1 Complex Numbers 


In 1832, Gauss (1777-1855), a German mathematician gave the concept of 
complex numbers as numbers of the form a+bi, where а and b are real numbers. 
The number a is called the real part of a+bi and the number b is called the 
imaginary partof a--bi. 

For example, the complex number —3+2; has the real part а = —3 and the 
imaginary part b — 2. 

In a + bi, if b = 0, then a + bi = a + Of = а is а real number. Thus every 
real number a can be written as a complex number by choosing b = 0. If a = 0 
and b#0, then a + bi = 0 + bi = bi is called a pure imaginary number. 


For example, i and —i are pure imaginary numbers. Usually, the 


complex number а + bi is denoted by z =a + bi 

Accordingly, д za, +b i, z, — а, + БЇ... 

The set of all complex numbers is denoted by C , thatis C= {a + bi: a, b e R}, 
Complex numbers may also be defined as ordered pairs of real 


numbers. Thus a complex number z is an ordered pair (a,b) of real numbers 


a and b, written as 2 —(a, b). The first component а is called the real part of z 


and the second component b is called the imaginary part of z denoted by 
Re(z) and /m(z) respectively i.e. Re (z) = a and Im (z)- b. 
The ordered pair (0,1) is called the imaginary unit and is denoted by i = (0,1), 


The set of all ordered pairs of real numbers is the set of complex numbers 
denoted by С, that is C = [(a, b) : а, b are real numbers} 


= IR x № where IR is the set of real numbers. 


Unit I 


Complex Numbers 


Since i = V-l,a simple consequence of the definition of i is that all 


powers of i may be expressed in terms of + | and +i. 


Izi Ё=-1, P=ři=-—i, i = (Ё) = 1 and if we continue 


For example, i 
in this way to obtain higher powers of i, we obtain the values 7, i, —/ or —i. 


Similarly, for negative powers, we have 


кое экеу ми 
i 


BO In Example 1(c) we see that 0 

1 1 can be ex pressed asa sum of a 

РЕ =— =-1 real and an imaginary number and 
72 А 

i -i hence is a complex number. 


Such a complex number whose 


pd =i real and imaginary parts are 
zero, is called zero complex 
number. 

E) 


Similarly in Example 1(d), 1 
can be expressed as a complex 
number with real part 1 and 
imaginary part 0. The complex 
number | is called the unit 


Example 1: Write the following complex 


numbers in ordered pair form. 


(a) 6 (b) 5i (c) O. (d)1 (e) 3-4-9 complex number. 
Solution: 
(a) 6 = 6+0: = (6,0) (6) 51 = 045i = (0,5) 
() 0=0+0 = 00) (d)l=1+0i = (10) 
© 3-9 -23-if9 23-3i- (3,—3) 
Example 2: Find the value of 
Р 4% 4+8 +1786 +28 
Solution: Given expression 


A PR LP) +Ё*+г* 174 ) ira 1 
582 4 7580 1578 og 7576 р 


же = (-1)'-1=-1-1--2 


1.1.2 Equality of Complex Numbers 
Two complex numbers are said to be equal if and only if their corresponding 
real parts and imaginary parts are equal. ie. ac ibz ct <> a=candb=d 
ie. z =z Re(z) =Re(z,) and Im(z,) = Im( z;) 
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Illustration: Ifx+iy=3-4i, then x 23 and y = -4 
1.1.3 Conjugate of a complex number 
The conjugate of a complex number z = x + iy is denoted by z, and 

is defined as z =x- iy 
Illustration: (i) Let z=5 – 3i, then z =5 +31 

(ii) Let z=2 = 240i, then T= 2-01 =2 

(iii) Let z = 31 = 0 +31, then z = 0—3i =-3i 
1.1.4 Basic algebraic operation on complex numbers 
(i) Addition 


For two complex number 
z=a,+ ib, and z =а,+ ib, Шей sum is 


For any two real numbers a and b, 


fined as: 

defined ae Ja db - Jab is true only when at 

z-2z,2,-(a ta) *i (bj +b,) least one of a and b is either zero ог 

: Ц ; 29.3; Positive. 

Illustration: If z, - 4 + 5i and z, = 2- 3i, Ifboth a and Б аге positive real 

then z+ z = (4+2) +(5-3)1=6+2 numbers, then the calculation 

Example 3: Add the complex numbers Cab = (-a)(-b) =\дЬ 
=3+4iand%=2-7 is wrong. The correct calculation is 


Solution: 2)+22= (3 + 4i) + (2- 7i) = 
"аЛ 2) 44 ЛИ з—1 у) 


(i) Subtraction =(iva)(ivb) 


Е = i i / 
or two complex numbers 2 a, +ib - P(fa b) - (-1) ab ЧИ» 5) р 


and z, = а, + ib, , the subtraction of z, "Thus, the calculation. 


from z, is defined as: |20 (аз 20] (-2)(-3) = = 6 
2-5 = (4 - 42)+i(b, - by) is wrong. The correct result is 
Illustration: If z= 1 — i and z,=5 + 2i, JE243 = (i2) (i48); uA | 


then =?(J/2 43)-- V6 
-z= (l-i) -(622i) = (1-i) +(-5 221) = 


= (1-5) +i(-1-2) =-4-3 
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Example 4: Let 2 = 2 + 4i and 2, = 1~3i. Compute 2, 32; 
Solution: Putting values of z, and z, in the given expression, 
2-32, = (2 + 41) – 3(1-30 
=2+41-3 +91 =-1 + 13i 
(iii) Multiplication 
Multiplication of two complex numbers 
Zz=a + ib and 2, = c + i d is defined as 
2\2:=(a+ib)(c+id) = (ac—bd) + Кай + be) 
Illustration: If 4 =4+3iand 2› = 3— 2i, then 
2,2,= (4 +3i) (3— 2i) 
= [4x 3-3 х(-2)] +i [Ax (-2) +3 x3] = 18 +i 
Example 5: Find the product of 2—3iand 7+5i. 
Solution: —| (2732) (745))2 2(74 5i) -3i (74-51) 
2144 10i 212-152 
=14-111-15(-1) (у =-1) 
= 14—11#+15 = 29-11: 


(iv) Division 

The division of one complex number by another complex number can not 

be carried out, because the denominator consists of two independent terms. This 

difficulty can be overcome by multiplying the numerator and denominator by the 

conjugate of the complex number in the denominator. This process is called 
rationalization. 

Z _ atbi | atbi. с-а 


Wehave 7- = - = -X - 
1 c+di ctdi c—di 


(By rationalization) 


_ (a*bi)(c-di) _ ac—adi-- bci -bdi 


Е (c+di){c-di) Е cd? 
2 (ac+bd) (ad —be)i (=) 
c +d" 


actbd bc-ad, 2 а+Ы | actbd bc-ad, 
= i. Thus z- = = 


=i. = = +— i 
ced cg з ctdi с+а? +d’ 
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Illustration: Solve (х +iy) (2—3) = 4 +i, where x and y are real. 
Solution: We have, (riy) (2-3) z4 +i 


244i. 4+1 243 _(8-3)+ (2+2) 54147 5 14. 
= xti = = Я ti 


2-31 2-3) 243i 92 -(3i) 3 10 13 
14 
х= — and =— 
3 Уз 


Example 6: Write x in the format bi, 
=H. 


Solution: 
4-3i 4-3i 4+3i 
(3+ 2i)(4+3i) __12+9i+8i+6 _12+17i+6(-1) 
(4-si(a*3) 16+12/-121-97  16-9(-1) 
_8+170 _[6 17, 
25 25 - 25 
1.1.5 Absolute value or modulus of a complex number 


(By rationalization) 


(P=) 


Let z = (a,b) = а+Ы be a complex number. Then absolute value 
(or modulus) of z, denoted by 14, is defined by |z| = Ма ab B 
In the adjoining figure P represents a + bi. PM is a perpendicular drawn on ох 
Therefore OM =aand PM = b. In the Y 
right angled-triangle OMP, we have 
by Pythagoras theorem . 


[os =[ом| +|РМ[ =a + 
2 |ОР| = Va? +b? =1z t Thus, the 


modulus of a complex number is the distance 


from the origin to the point representing the number. 
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Example 7: ^ Compute the absolute value of the given complex numbers: | 
(д; (b) 3 (с) 2-5 
Solution: (a) Letz=forz=0 +i, 
Then by definition 


а= (oy +0} = У? =/ 
(b) Let 2 = 3orz 2 3 + 0i. Then 1а = (3) +(0) = V9 = 3 
(c) Letz = 2 - 5i, Then lal = (2) +(-5) = V4 +25 = V29 


For Your Information 


The complex number 2 = x + iy and its 

conjugate Z-x-—iy are respectively 

represented by the points Р(х, y) and us [9 

Q(x, — у). Geometrically, the point 

О (x, — y) is the mirror image of the point 

р(х, y) on the x-axis and vice versa. ў О(х,—у) 


M 


Р(х,у) 


1. Simplify the following zt " 
@ 8+1 Gi) C- 0? ii) (> Gv) (—1): 
2. Prove that i + 112 + 122+1193=.0 
3.  Addthe following complex numbers 
© 30420.-20-50 Gd 4-21, ТЫ й (fm) (2) 
4. Subtract the second complex number from first 
(moh)  G»c»l.ol) 0 3уЗ-5у71, ВМ 
5. Multiply the following complex numbers 
Фичи, 745i a)3520-0  (ü)42443:, 2/2-45i 
6. Perform the indicated division and write the answer in the form abi 


cet. Gi) = Gi) = à» $t 


345i -8 +2 7-3 
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7. На =1+2iand г, =2+3i, evaluate 


Z 
@ arzi (i) — zz] di) | 
8. Express the following in the standard form a + ib 
1-21 4-і 244-9. ^ *.. (1+1) 
ME ETE O шу С» лы 


; (3—2i)(2+3i) eae 
9. Find th f ——————— 10. Жылы = 
ind the conjugate oi (20-1) 0. Evaluate |? + ) 


11. Let z =2-i, z, = – 2+1, find 


à Re (ee | tora 
E az 


1.2 Properties of complex numbers 
1.2.1 Properties of complex numbers with respect to addition and multiplication 
Like real numbers, properties of addition and multiplication also hold in complex 
numbers. 
(i) Properties of Addition 
А-1 Addition is commutative i.c. z,+2,=z,+2, 
Ша, = а + bi and z, = c + di, then 
Z +z, = (а+Ы) + (c+di) 
= (atc) + (b+d)i 
= (с+а) + (d+b)i (by commutative property for addition in JR) 
= (c+di) + (а+Ы) = z, + z 
Thus z *z,-7z*2, 


Example 8: Ifz = 1+ 3іапіг, =3-5 then 3} *2,-z,*z 


Solution: z +z, = (1 + 3i) + (3 —5i) © 5 
=(1+3)+(3 -Sji=4-2i 
and z, +z = (3-51) + (1 + 3i) { 


=(3+1)+(-5+3)i=4 -2i 
Hence z +1, 2z, + 2, 
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А-2 Addition is associative Le. 2, +(2,+2,) = (2 +2) + z 
уз -a*biz = c di and z, =e + fi, then 
zt(nt*)- (abi) + [(c+di) + (e+fi)] 
= (а+Ы) + [(с+е) + (d+f)i] 
= а+(с+е) + [b + (d + f)]i 
= (a+c) + e + [(b+d) +f]i (by associative property for addition in R) 
= [(а+с) + (b*d)i] *e*fi 
= [(atbi) + (c*di)] +e+fi 
=(2,4%)+% 
Thus z + (GAB) = (BABI + 2) 
Example 9: If z, = 1+ 27,2 2-2 + Ji and z, = 3 i, 
then z + (z +3) =(% +5)+5 
Solution: д +(@ +z) = (1+ 2+ [(-2+3i) + (-3-5i)] 
= (142i) + [(-2-3) + (3-S)i] = (1+2 + (-5-2i) 
= (1-5) + (2-2)i 2—4 + 0i 
(а +2) +5 = [(1+2i)} + (-2 + 3i)] + (3—51) 
= [(1-2) + (2+3)] + (-3-Si) = (1-50) + (-3-5i) 
= (-1-3) + (5-5) i 2—4 0i 
Hence z *(z*z)-(z*2)*2 
(i) ^ Properties of Multiplication 
M-1 Multiplication is commutative i.e. z, 2,= 2,2, 
If z -a-bi and z, = + di, then z z, = (a + bi). (c + di) 
= (ac — bd) * (ad + bc) i (by definition of multiplication of complex numbers) 
and zz-(c* di) (a + bi) = (ca - db) + (cb + daji 
= (ac — bd) + (ad + bc)i (by commutative properties of 
multiplication and addition of real numbers). Thus, 22, =25, 
Example 10: 12 = 2-3iandz,=— 1+ 21, thenzz, 222 


Solution: ъ= (2—31) (-1* 2i) = 2(-1 + 2i) -3(—1+ 20) 
= 2444 31-6? = 247146 (у Ё= -) 
=4+7і 


апа сод = (— 1+ 2002 -3i) = -1(2 -3i) + 22—31) 
=-2+3i+4i-6P =-247146 (© Ё=-1) 
= 447i 


Непсе 27232) 
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M-2 Multiplication is associative i.e. z,(z, z,)=(z, z,)z; 
На =a + bi, г, =c + di and z =e + fi, then 
2, (2 &)= (а + bi) {(c + di) (e + fi)) = (a + bi) (се —df) + (cf + de)i] 
= [а (ce —df) —b (cf + de)] + [a(cf + de) + b(ce df] i 
and (z, z,)z, = [(a + bi)(c + di)] (е + fi) = [(ac —bd) + (ad + bc)i] (e + fi) 
= [(ac —bd)e Yad + bc)f] + [ас -bd)f + (ad + bc)e)i 
= (асе – adf-(bde + bcf)] + [(acf + ade) + (bce — bdf)]i 
= [a(ce — df) -b(cf + de)] +[a(cf + de)+b(ce —df)]i 
Thus, (22) = (45) 5 
Example 11: Ifz,= 1-i 2=—1+27 and z=2 – 31, then z,(z,z,) = (z,%)z, 
Solution: We have 
2(%%)= (1-if{( -1+ 21) (2 -3)] = ( 1 -i) 1-02 —3i) + 2i(2 —3i)] 
=(1-i) (2+ 3i 4i -67) = (1i) ( 2 Zi +6) 
z(l-i)(4 + 7i) 2 1(4 + 7i) -i(4 + 7i) 
247i -4i -7P =44+ 31475 Me 3i 
and (z)z)z,  «[(1-i ~1 + 29] (2 -3) = [4-14 2i) -(—1+ 2i)] (2 3i) 
=(-l+2i + i -22)(2 -3i) = (-1 + 3i + 2)(2 23i) 
= (14+ 3i)(2 -3i) 21(2 —3i)+3i (2 -3i) 
=2-3i+6i -9 =2+31+9 = 1p 31 
Hence z(22,) = (z,2,)z, 
(iii) ^ Multiplication-Addition Property (The Distributive Property) 
This property is more explicitly stated as follows: 
M-A. Multiplication is distributive over addition i.e. 2 (5*2) = 42 tz 
If z =a + bi, and z = c + di and z = e +fi, then 
z(z tz) = (a + bi) [(c + di) + (e + fi)] 
= (a * bi) [(c + e) + (d + fji] 
= [a(c + e) -b(d + f)] + [ald ^f) + b(c + е) i 
and ZZtzgz-(a-bijc-di)- (a + bie + fi) 
= Қас — bd) + (ad + bc)i] + [(ae —bf) + (af + be)i] 
= Қас + ae) + (- bd — bf)] + [аа + арі +(bc + Бе] 
= [a(c + e) -Ъ (d + f)] + [a(d + f) + b (c - eji 
Thus, z (Z, + 2) = zz, + 2; 
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Example 12: If z-2-1|*2,z-23-4i and z = — + 51, then 
q(5tag-5ugtug5 


Solution: We have (Noe _ 1) 
z,(z, tz) = (71921) [(3 + 4i) + (72 + Sid] 


= (-1 2i) [3 + 4i -2 + 5i] According to the 
= (-1+2 (14 9)= -1-9i + 2i +18 Ë Niue. 
=-1-71-18= -19-7i (7 ?=-1) multiplication 
and zz-&zz =(—1+2)(3 + 4i) + (—1+ 2) (22 + 5i) iy = yi. Hence we 
= -3 -4i + 61 + 8P 42-51-41 + 108 eM eue 
2-1-7i-8-10--19-7i ofz=x+yi 
Hence z, (+) = zz + zz 
1.2.2 Additive identity and multiplicative identity of complex numbers 
A complex number c + di is called the additive identity of the complex number 
at biif (a + bi) + (c + di) = (c + di) + (a + bi) =a + bi 
Let a + bi be any complex number and c + di = 0 + Oi be the zero 
complex number. Then 
(a + bi) + (0 + 00) = (a + 0) + (b + O)i (by definition of addition) 
-acbi 
Similarly (0 + 0i) + (a + bi) =a + bi 
Thus the additive identity in C is the zero complex number i.e. 0 + 0i 
A complex number c + di is called the multiplicative identity of the complex 
number a + bi if (a + bi) (c + di) = (c + di) (a + bi) =a + bi 
Let a + bi be any complex number and c + di = 1 + Oi be the unit 
complex number, Then 
(a + bi) (1 + 0i) = (a-1—b-0) +(a-0+b-1)i (Бу definition of multiplication of 
sadi complex numbers) 
Similarly (I + 0i) (a+ bi) Za + bi 
Thus the multiplicative identity in C is the unit complex number / + Oi. 
1.2.3 Additive inverse and multiplicative inverse of complex numbers 
A complex number c + di is called the additive inverse of the complex 
number a+ bi if (a + bi) + (c + di) = 0 + Oi i.e. the additive identity. 
We have (a + bi) + (c di) 20 0i (а + c) + (by d)i -O- Oi 
=> а+с=0 and b+d=0 => c=-a апі 4=-Ь 
so that c + di = —a —bi, Thus the additive inverse of a + bi is —a —bi. 
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Example 13: Find additive inverse of 5 —3i 
Solution: 
Let z= 5—3i 
2-2=—(5-3)=-5 *3i 
Thus the additive inverse of 5 —3i is —5 + 3i. 


Multiplicative inverse A complex number c + di is called the multiplicative 
inverse of the complex number a + bi if (a + bi) (c + di) = 140i іе. the 
multiplicative identity. 


We have (a + bi) (c - di) = 1 + 0i. = (ac — bd) + (ad + Ьсі = 1 + 0i 


= ac-bd=1 (i) 
and ad+bc=0 (ii) From (ii), we have 
ad=-be or d= 4 (iii) Putting the value of d in (i), we get 


ac +b (©\ е1 ОН Did You Know £3 
a 


=> (@+b)c=a E. ci Ec L (v) The complex suus 

a tb possess all the properties 
that real numbers possess 
except for the order 


Putting the value of c in (iii), we get 


. b Г - 
= ааа > й=-———у (V) relation, that is, we can 
ala” +b") a+b Di; 8 
not say that one complex 
From (iv) and (v), we have number is greater than 
b the other complex number. 


c+di= 2 і 
aab а +h? 
Thus the multiplicative inverse of а + bi is 
ay ee 
а? +? а? +b’ С 
Example 14: Find multiplicative inverse of — 2 — 3i 
Solution: Letz --2-3i Here a= 2, b - -3 


{ин ИЛО ana) Ga ae 


2 
Thus — 13 + E i is the multiplicative inverse of —2 — 3i 
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1.2.4 Some properties of the conjugate and modulus of complex numbers 
In the following theorem we prove some properties pertaining to | 
conjugation and modulus of complex numbers. 
Theorem: For all z, z, z, in C 
(a) 121= Fzi2izizi-zi (b) 2 =z (Oz z^ Iz 


@ кр, = +5 ()Zz =55 (0 2)-3 ‚#0 
Proof (а) Letz=a+ bi. Then -z= -a —bi, Z -a-biand-z ae + bi 
Therefore by definition Izl =а +b? ) 
1-21 = J Cae Cby 2 da! +6? i) 
IZI Jc» 2 aur Gii) 
{-т! = 460 = Gv) 
Equation (i), (ii), (iii) and (iv) yield that | 


Izl=l-—zl=tzl=|-zl 
(b) Let 2=а+ Ы, ћеп Z =a-bi, and so 
т =а+Ы= 2 

Thus Zaz 
(с) Let z-a-* bi. Then = =а-Ы 
Therefore zz = (a + bi) (a —bi) 

=a? —abi + bai — b^? 

za -(-I)b (7 P= -) 

= а? +b 

=1:Ё (з ї:ї= va? P ) 

Thus irali 


(d) Letz =a+bi and z,=c+di 
Then 2 -a-bi,z, -c-diand 
+ = (a + bi) + (c+ di) 
= (а+с) + Фча}: 
Therefore +2, =(a+c)-(b+d)i 
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=(а-Ы) + (с-а) = 3 +5 
Thus qtu = p * z 
(e) Таз =a+bi and z, c * di 
Then zz; =(a+tbi)(c+di) 
= (ac —bd) —(ad + bc) i () 
and — ZZ =(atbi) (cdi) = (a —bi) (c di) 
= (ас — bd) + (Cad —bc) i : 
= (ac — bd) —(ad + bc) i Gi) 
Thus from equations (i) and (ii), we have 


Ua = 45 
(D Letz, =a t biand z, 2 c * di 


Then t= Eh es ахшы cadil (by rationalization) 
2 c+di c+di с-4ї 


_(ac+bd)+(be-ad)i _ ac+bd | bc- ad | 


с2+ а? e end eu 
t ET Жасак рош аа. 
L (©) cad с mre 
_ actbd be- ad, à) 
Cid ge 
ad =! = akhi Е! CET ушга ; ФУ rationalization) 
Z, cedi c-di c-di ctdi 
Енш (bc-ad) _ac+bd _Ьс- ай, (г) 


ced? Cd ed 


Thus from equations (i) and (ii), we have 


(2) = # 


ae 


M thematits-Xl 
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1.2.5. Real and imaginary parts of the complex number of the form 
Я ve f XY З 
(G) (x+ iy) ө (22) х, + iy, £0 wheren =+] and +2 
і. Real and imaginary parts of (x + iy)" where n = +7 and +2 
when n = 7, (x + iy)" reduces to x + iy 
Therefore, real part = х and imaginary part = y 
When п =-1, (x + iy)" reduces to (x + iy)! 


We have, (х + іу) = І - = SL x HA (by rationalization) 
(x+iy) (xti) | x-iy 
Eco EMT 
x+y? 3 x+y? x +y 
x TM 
Therefore real part — Yay and imaginary part — rs 
When z = 2. (x + iy)" reduces to (x + iy)’, 
we have (x + iy? =x + 2іху + Py 
=? + 2һу-у' a (Pez) 
= (х? —y*) + 2ixy 
Therefore real part = x? — y? and imaginary part = 2xy 
When п = —2(x + iy)" reduces to (x + iy) | 
We have, (x + iy)? = ——— 
(x iy) 
E ks (х= іу)  _ _х1-у%-2йу 
(х+у)` (хг) (х+ iy) (x-iy) 
gee Sy су og 788 
(a? x yy (2+5) +y y 


2 y2 -2 


Therefore real part = and imaginary part = Gap oe 


y 
Ру 
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Example 15: Find the real and imaginary parts of the following complex numbers. 
Gü) 2-35 (й) (5-3! (ш) В+ (м) 0 + 2? 
Solution: 

(i) Let z= 2 —3i Therefore real part of 2 = 2 and imaginary part of z = —3 
Gi) Letz = (5 —3i). Here x= 5 and y = -3 


Therefore, real part of z = eh. E DE er = Б = 5 
x4y (5у+(-зу 2549 34 
d. etl mel EIER 


and imaginary part of z = = = —5 
pute хну (secay 2549 34 


(iii)  Letz2 (3 + ij.Herex = 3andy = / 
Therefore, real part of z = 33 5? = (3? - (10 29-128 
imaginary part of z = 2ху = 2(3)(1) 26 ` 
(v)  Letz 2 (7 + 27. Herex =] andy =2 
£-y — Qy-Qy 214-4 3 


Therefore, real part of = й = oe Sa = 
wrr (Yorri (бу 25 
-2 = — 
imaginary part of. z = —; xx Te 10107 =— = zT 
(к+у у" чо oO 25 
- n 
ii. Real and imaginary parts of | 2082 D | where п = +7 and +2 
XD, 
Whennz-l, 2+ | reducesio О! . Wehave, 
x, +i, х, +0, 


4 o xi -iy, 229 
ATUM. ш x 22701 (ву rationalization) 
Ht, HTN, Am 


QAIBUS Fm he ХХ, +i (уух, —җу,)+ у|у, (7 £2) 


x-/y xtX 
Mnt Wt! Qa- ay) xXx» pIa 
+ м +» uty; 
хх, + Xy» : А X,—X 
Therefore, real part — ANTA and imaginary part = 212—525. 
+y 5th 
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n M Е 
When n = ~, (a=) reduces to E 


xX tiy, х + 


a р í 
We have (a) = Bt), = 2 +, x Po oui (by rationalization) 
X +y, x +Y Ay У 
+ у, А 
== аЛ А My pe Pix 3 (by routine calculation) 
a +у x +у? 
“ty 3 п ^ Xi Ху 
Therefore, real part = BEEN and imaginary part = DAE PAL. 
м +У x+y, 


When п = 2, aw reduces ia | ЖЕР. К? have, 
X +y, х, +1, 


INS UR) orn 
(ai = Eun XE АНЫШ чу D x бау iy) (By rationalization) 
х +y, (х, y) (х, Ti) (х, ~iy,) 
Го? — у )+2{х,у] [(х} — у;)—21х,у›] 
(x tix) (а) 


[Gt 7») GG =) +4 +2 buy. Q3 -у;)-х,у» @ — у )] 
3 
[CERA 


(У) 05 -X) t 4x Ys 


Therefore, real part — EE ЖЕГЕ 
(xx) 


XX у) ху, (x; =) 
(ix) 


MW җе 
When л = 2, ММ | reducesto. | 240 
X +, x, +i, 


imaginary рап = 2 


T Я K " 
We have Е +iy, | eti) _ (№ ty x (х, =) 


xdi) (xt) — Qui) (іу? 
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= [(х; -X) (а? - XD) AxXQAY. ]+2i ESA CN -X )-33 (5 -)] 


ДЕ 
(x +у ) 
2—2) (42 уг) 4х, 
Therefore, real Бүт noe An Y THO US ya) ( у)з 22212 
(x7 +97) 
imaginary part = 2 xy M 2) ХУ, (x3 -») 
(xi +97 3 


1. 12, = 2 + i and z; = 1—ї, then verify commutative property w.r.t. addition 
and multiplication. . 

2. = -1+і z = 3-2 and z =2 43i, verify associative property w.r.t. 
addition and multiplication. 

йы ER 2434420 v= 42 - 3i and z;22 — 2i, verify distributive property of 
multiplication over addition. 

4. Find the additive and multiplicative inverses of the following complex numbers. 
G) 5+2 (1)  (7,—9) 

5. (i) Letz;=2+4iandz,=1 -3i. Verifythat +2, =2 +2, 


(ii) Let 4 2243iandz,22-3i. Verifythat 22. = 1,2, 


Gii) Ifz, = —a -3bi, z = 2a -ЗЫ, then verify that Е) = 


6. Show that for all complex numbers z, and 2, е 
Я =: z|_ lz 
(i) 1241 = 1/1231 (її) EA JA ‚ where z, 20. 
7. Separate into real and imaginary parts 
В nu 
(0) 72531 бу 208 (iii) Е 
5-21 1-34 (1+2) 


| Е 344i)? 4 (4=5i)* 
(iv) (2a - bi)? (у) 4-31 (vi) 243i 
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8. Show that 
` (D =+Е=248е(:) - (ii) z-z 22i Im(z) 
(üi)zz = [Reef +[Im(2P (iv) 2= >z isreal 
(v) Z2-z Напа only if z is pure imaginary 
9. Ifz=3+2i, then verify that (i) -|z s Re(z) |a] (ii) -h| < m(z) <|4 


13 Solution of equations 
In this section we shall find solution of different equations in complex 
variables either with real or complex coefficients. 
1.3.1 Solution of simultaneous linear equations with complex coefficients 
Consider the following equation 
pz+qw=r d) 
where p,q and r are complex numbers. The equation (|) is called a linear 
equation ir two complex variables (or unknown) z and w. 
s died (>) 
Py Z+ Ф =, E 
These two equations together form a system of linear equations in two variables z 
and w.The linear equations in two variables are also called simultaneous 
linear equations 
For example 5: -Gti)w=7 -i ' 
Q -i)z+2iw=-1+i № 


is a system of linear equations with complex coefficients. 
"Inconsistent" "Consistent" 


"Independent" "Dependent" 


[Чо 
a к 


No Solution One Solution оо Solutions 
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A solution of a system in two variables z and w is an ordered pair (zw) 
such that both the equations in the system are satisfied. For example consider 
system (3). The ordered pair (zw) where z =/+i and w = 2i is a solution of (3) 
because if we replace z by /+і and w by 21, then both the equations are satisfied. 
The process of finding all solutions of the system of equations is called solving 
the system. 

Here we shall find solution of a system of two equations with complex co- 
efficient in two variables z and w. The simple rule for solving such system of 
equations is the "method of elimination and substitution", 

Step-1 If necessary multiply each equation by a constant so that the co-efficient 
of one variable in each equation is the same. 
Step-2 Add or subtract the resulting equations to eliminate one variable, thus 
getting an equation in one variable. 
Step-3 Solve the equation in one variable obtained in Sicp-2. 
Step-4Substitute the known value of one variable in either of the original 
equations in step-1 and solve for the other variable. 
Step-5 Writing together the corresponding values of the variables in the form of 
ordered pairs gives solution of the system. 
Example 16: Solve the simultaneous linear equations with complex coefficients. 
5z~(3 +i)w=7-i 
(2-iz*2iwz-I*i 
Solution: Giventhat— 5:- (3+0 =7-7 j (1) 
(2-i)z + 2iw = (2) 
Multiplying equation (1) by (2 — 7) we have 
5(2-iz-(34i(2-iwz(7-i2-i) 
=>  5(2-ix-(6-3i42i-P)w- 14-71-2147 
=> 5(2~i)z-(6-i+ = 14-91-1 (+? =-1) 


=> 5(2-i)z-(7-i)w = 13 – 91 (3) 
Multiplying equation (2) by 5, we have 

5(2 — iz + 10 = —5 + 5i (4) 
Subtracting equation (3) from equation (4), we have 

5(2 – ijz+10iw z-545i 


*5(2-—iüz-(7-i)wz413—9i 
= + - + 


10м + (7 i)w = —18 + 141 


athematics 


zo qe ів МГ are 


749i 
-18 ldi 7-9 
= ›=—————х Rati х Wis 
ЕО 7-9 (By Rationalization) 
260i 
= w=—= 21 
10 ^ 


Substituting the value of w in (1 we have 

5:- (34 il2i)=7-i > 5ш-(бї+2Ё)=7-ї 
=> Sz-(6i-2) = 7-і => 5x-f—i-6i-2 
ES 
BEES 
Thus (zw) where z = / + i and w = 2i is the solution of the simultaneous linear 
equations. 
1.3.2 Expression of the polynomial P(z) as a product of linear factors 

Recall that an expression of the form 

Р(х) = aX ka, ах" + а,х+ау, а, #0 
where n is a positive integer or zero and the coefficients а» а», ,....d; and a, are 
constants that are either to be real or complex numbers, 15 a polynomial of degree л. 

For example, 2x + 3, 3X + 2х + Г and 5x! — бх? + 5x — 1 are polynomials 
of degree 1, 2 and 3 respectively. 

Here we are concerned with finding the linear factors of the following two 
types of polynomials. 

© P(zjee’ +a, where a is a real number. 

Gi)  P(z- az'+bz-+cz+d where a, b, c and d are real numbers. 

In factorizing polynomials of type (i) we simply use the fact that ? =—/ so 
that to find linear factors. 

For example, P(z) = 2 + а? = 2 - Ёа? = (z + ia)(z — ia). However, in 
factorizing polynomials of type (ii), we use the factor theorem which has already 
been proved in the previous class and stated below. 


=> §S2=545i > z = l+i 


The factor theorem: Let P(x) be any polynomial. Then x – a is a factor of P(x) if 
and only if Р(а) = 0 


The method for factorizing the polynomials of type (ii) into linear factors 
is explained through the following example. 


t 
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Example 17: Factorize the polynomial P(z) = 2 + 52 + 19z — 25 into linear 
factors. 
Solution: In factorizing the given polynomial P(z) into linear factors, we use 


the factor theorem. To do so, we note that z = 1 is a root of P(z), since 
P(1) = (19 + 5(12 + 1901) -252 1+5 + 19-2520 
By factor theorem z — J is a factor of P(z). We therefore arrange the terms in such 
a way that we can find a common factor z — / as follows: 
P(z) 2 + 522 + 192-25 
= (2-1) +(5 + 19-24) 
= (z- I) (É z + 1) + (52-5: + 242-24) c al! = (а-а + ab +b’) 
= (2- 1) (2+ z +1)+(52 — 52) + (24: — 24) 
= (2-1) (2 +z + 1)+ 5z(z- 1)+24 (2-1) 
= @-1)[(@ + +1) + 5z + 24)] = (z- 1) (2 + бт + 25) 
= (@-1)( + бе + 9 + 16) = (2-1) 2+ ба + 9) + 16] 
= (z- I) (2+ 6z + 9)—(—16)] 
= (z- Пе + 3) - (4if] (22 =-1) 
= (@-1)[(@ + 3) + dil[(c + 3) 4i] (С а-а + ba -Ь)) 
= (@—1)(:+3+4)(+ 3—4) 
1.3.3 Quadratic equation of the form pz’ + gz^r = 0 
Consider the quadratic equation of the form 
рё+ а +г= 0 (1) 
where p,q,r are real numbers p # 0 апа z is a complex variable. 
We see that 2 —-z+3=0,32-424+2=0,52462=0,2-3=0,22 = 3z- 1 
and =? = 0 are all examples of quadratic equation in the variable г. Equation (1) is 


called the standard form of the quadratic equation. 


Solution of quadratic equations 

Recall that all those values of z for which the given equation is true are 
called solutions or roots of the equation, and the set of all solutions is called 
solution set. 


Unit 1 | Complex Numbers 


For example, 2 + 4 = 0 or z – (2i)? = 0 is true only for z = 2i or z = —2i, hence 
z = 2i and z = 2i are the solutions or roots of the given quadratic equation and 
(2i, 2i) is the solution set. 

To find the solutions of equations of the form (1), we use a method known 
as “ completing the square" which is described as follows: 


Step-1 Write the quadratic equation in its standard form. 

Step-2 Divide both sides of the equation by the coefficient of z if it is other than I. 
Step-3 Shift the constant term to the right hand side of the equation. 

Step-4 Add a number which is the square of half of the coefficient of z to both 
sides of the equation. Ж 
Step-5, Write the left hand side of the equation as a perfect square and simplify 
the right hand side. 

Step-6 Take square root of both sides of the equation and solve the resulting 


equation to find the solutions of the equation. 
The method is explained in the following example. 


Example 18: Solve the quadratic equation Zt6:42520 


Solution: We have 

2+6+25=0 (Step-1) (Pid You know D 
E zZ + 6: =-25 (Step-2 and Step-3) The coefficient 
> _ Ё+б:+9=-25+9 (Step-4) of 2’ must not 
= ( +3ў=—16 (Step-5) Gentes it 
> (0+3) = (4) becomes linear 
z 2+3= +21 (Step-6) 
= z=-3+ 2iorz=-3-2i 


Thus the solutions of given equation are —3 + 2i, —3 — 2i and solution set is 
[-3 + 2i, -3 2i] 

Example 19: Solve the equation = +z+1=0 

Solution: According to the quadratic formula, the answer is 


1+2 -4 „УЗ. 


= =I 
= 3 1 


EXERCISE 1.3 


1. Solve the simultaneous linear equations with complex coefficients. 
ü) z-4w 23i (i) 2+0 -Ji (їй) 3z +(2+i)w=11 -i 
22+3и = 11-3 22+30и= 2 (2-1) z- w=-] +i 
2.  Factorize the polynomials Р(2) into linear factors. 
G) P@)=2+62+20 (ii) P(2-23247 
(10 P(z) = 2-4 (iv) Р(2) = ZI - 2242-2 
3. Show that each zz —] +i and 2,= —1 — i satisfies the equation 22+ 2z +2 = 0 
4. Determine whether 1 + 2i is a solution of 2| 22+ 5 « 0 
5. Find all solutions to the following equations 


"A 2+2+3=0 (ii) 7-1 =z (11) 22-22+1=0  (v)z +4 =0 
6. Find the solutions to the following equations } 
G) 2+2 +1=0 (ii) 2 =-8 (Ш)(ж—-1)#=—-1_  (vzz1 


REVIEW EXERCISE 1 


1. Choose the correct option. 


(a) i (b) 2i (cil-i (41-2 
p 5+2i 
Divide 
00 4-3 
dime 26; (b) E m (c) 14223; (d) 20 2d 
251825 4 3 259725 VA 


(ш) р" nds when simplified has the value 
HE 


(a) 0 (b) 27 (с1- 2 (d)2 
(v) Le PE Pie uuu +i" is 
(x) Positive (b) negative (10 (4) cannot be determined 


(у) Ifz=x +/y and ES- 1 then z lies on 
4 5i 


(a) X-axis (b) Y-axis (cilineyz5 — (d)None of these 
(vi) The multiplicative inverse of z= 3 — 2i, is 


(а) 1(3+2) ()- (34 2i) (od (3-2) (a) 13-2) 


Mathemaucs-X 
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(vii) If (x + iy) (2— 30) 24 +i, then 
(а) x=- 14/13, у= 5/13 (b) х= 5/13, у = 14/13 
(c) х= 14/13, у = 5/13 (d) х= 5/13; у = 14/13 
2. бром агі i = 0, vneN 
3. Express the following complex numbers in the form х + iy. 


© 04304 G47) (11) (143) - (6€ 7). (Gi) (1+30(5+7) (v) b 
песо st EE, 
Zar 

5. Find the modulus of EOD, ДЕЙ б 

1-1 1+7 
| f —— 
6. Find the conjugate о! А 

32. : 


7. Find the multiplicative inverse of 2 = 3 2i 


8. Solve the quadratic equation 2+2 =2. 


„С Natural Numbers 
S = >) joe 


BRNO BL MATRICES AND DETERMINANTS 


Recall the concept of 

e a matrix and its notation, 

e order of a matrix, 

e Equality of two matrices. 

Define row matrix, column matrix, square matrix, rectangular matrix, zero/null 
matrix, identity matrix, scalar matrix, diagonal matrix, upper and lower triangular 
matrix, transpose of a matrix, symmetric matrix and skew-symmetric matrix. 
Carryout scalar multiplication, addition/subtraction of matrices, multiplication 
of matrices with real and complex entries. 

Show that commutative property 

e holds under addition. 

» does not hold under multiplication, in general. 

Verify that (AB) = В“ A‘ 

Describe determinant of a square matrix, minor and cofactor of an element. 

of a matrix. 

Evaluate determinant of a square matrix using cofactors, 

Define singular and non-singular matrices. 

Know the adjoint of a square matrix. 

Use adjoint method to calculate inverse of a square matrix. 

Verify the result (AB)! = ВАГ. 

State and prove the properties of determinants, 

Evaluate the determinant without expansion (i.e.using properties of determinants). 
Know the row and column operations on matrices. 

Define echelon and reduced echelon form of a matrix. 

Reduce a matrix to its echelon and reduced echelon form. 

Recognize the rank of a matrix. 

Use row operations to find the inverse and the rank of a matrix. 

Distinguish between homogeneous and non-homogeneous linear equations 

in 2 and 3 unknowns. e 

Solve a system of three homogeneous linear equations in three unknowns. 


MaZzmocan 
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© Define a consistent and inconsistent system of linear equations and 
demonstrate through examples. 
© Solve a system of 3 by З non-homogeneous linear equations using: 

* matrix inversion method, 

e Gauss elimination method (echelon form), 

* Gauss-Jordan method (reduced echelon form), 

* Cramer's rule. 
21 Introduction 

The concept of matrices is a highly useful tool which is not only used in 
mathematics but also in all branches of science, engineering and the business 
world. Now-a-days matrices and matrix methods have widespread applications in 
the operation of high speed computers. 
2.1.1 (a) Concept of a matrix and its notation 
In previous class we have taken a simple example for the concept of a matrix. 
Here we take a bit more tricky example. 
Suppose three colleges A,B,C take part in an inter-colleges debate competition, 
where any participant can speak in either of the four languages English, Urdu, 
Pashto or Hindko. College A consists of 3 participants in English, 2 in Urdu, 3in 
Pashto and 1 in Hindko, College В consists of 2 participants in English, 3 in 
Urdu, 1 in Pashto and 2 in Hindko, College C consists of 4 participants in 
English, 2 in Urdu, 2 in Pashto and 1 in Hindko. 
The information given in the above example, can be put in a compact way ina 
tabular form as follows: 
Name of the 
School 


Number of speakers (language wise) 


Urdu Pashto: 


Now we write the data given in the above arrangement in a capital or small 
brackets without any top or left heading as shown. . 


3 2 3 1 3 2 3 1 


This array of numbers gives all the information needed which we call a matrix. 
Thus a matrix is a rectangular array of numbers enclosed in large square brackets 
or parenthesis. Unless otherwise specified, all numbers in a matrix array will be real. 


For example, 
>13 2) 3 1 > (3 2 3 1 
rows 2 3 1 2 "m paws 2 :t3 I 2 
> |4 2 2 1 E Agi 2 2 1 
т T T T T Tat let yu 


columns columns 


represents matrix. However, throughout we will use square brackets to denote 
matrices. 

In the above matrix the horizontal lines of numbers are called rows and 
the vertical lines of numbers are called columns. Each number in the array is 
called an element or an entry of the matrix. 

The above matrix has three rows and four columns. 

We are now ready to give the general definition of a matrix as follows: 

A matrix is a rectangular array of mn elements aj; і = 1,2,3,....m 
]=1,2,...п arranged in m rows and n columns. In writing down matrices, it is 
usual to denote the matrix by a capital single letter A (say) such that 

а, 2229 
ye ад 4...8, 


ааа 


(b) Order of a matrix 
The order of a matrix is given by the number of rows followed by the number of 
columns, if the matrix А has m rows and n columns, and so is said to be of order 
m X n (read as m by n matrix). 
For simplicity and to convey the idea, the matrix А is an m x n matrix, unless 
otherwise specified. 

In the matrix A, the ith row and the jth column are represented as follows: 


jth column 


A= 


ith row > 


The elements of the ith row of A are ап, аул,....,а,.....,а„ and the elements 
of the jth column of A are ауу ,a3j...,aij.-.-,Amj. We see that the element aj occurs in 
the ith row and jth column of A. The elements in the ith row and jth column will 
usually be referred to as the (i,j)th element because of [3) 


the two subscripts i and j. pee 1 
matrix 15 merely a 


We may also wale the таша Aas table of numbers; Apart 
А=[а{„„ ог Á-[aj]; i=1,2,...,m; }=1,2,...,п, from being a convenient 
where aj is the (i,j)th elements of А. _ way of recording certain 
(с) Equality of two matrices * types of numerical values, 

Two matrices A-[aj] and В = [bij] of the it has no particular value 

in itself. 


same order are said to be equal when their 
corresponding elements are equal i.e. ai; = bi; for all į 
and j where i=1,2,...,m; jz1,2,...,n 
For example, if 
a-[? | апа в=|/ jd then A = B. 
res 

2.1.2 Types of Matrices 
(а) Row Matrix or Row Vector 

A matrix with only one row i.e. a Ixn matrix of the form [a,, а... а] is 


called row matrix or a row vector. Forexample, [-1 -2 -3] 
is a row matrix having three columns. 
(b) Column matrix or Column vector 

A matrix with only one column i.e. an m x 1 matrix of the form |: | is 


called a column matrix ог а column vector. 


a 


Bal’ с G 
For example, is a column matrix having four rows. 
c 
d 
(c) Square matrix 
If the number of rows and columns in a matrix are equal i.e. if m=n, then 
the matrix of order mxn is called a square matrix of order n or m. 


Forexample, А= 


b 
is a square matrix of order n and [a], |: ‘| and | 4 1 5 | are 
с 


3 6 2 
square matrices of order 1, 2 and 3 respectively. 


The diagonal of the square matrix A containing the elements a,,, a5, ,..., Ann 15 


called the principal diagonal of A. It is also termed as the leading diagonal or 
main diagonal of the matrix A. 


(4) Rectangular matrix 
If the number of rows and columns in a matrix A are not equal, i.e. if 
тї n, the matrix is called a rectangular matrix of order m x п. 
уж 1 2 "АО 
For example, | 4 5—6 | and |2 4 mi 2 
3 5 mz жуз 
are rectangular matrices of order 2x3 and 3x4 respectivel y. 


(e) Diagonal Matrix 
A square matrix is called a diagonal matrix if all its non-diagonal elements are zero. 


Thus, the square niatrix [aj] isa diagonal matrix if aj- Ofor i z j. 


1 0 0 0 
0 0 0 
2 0 ү 0 2 0 0 
For example, [2], ‚|0 2 0| апа 
0 3 0 0 3 0 
0 0 d 
0 0 о 4 


are diagonal matrices. 
(f) — Scalar matrix 
A square matrix is called a scalar matrix, if its non-diagonal elements are 


zero and diagonal elements are equal. 
Thus, the square matrix [a; ] is a scalar matrix if 


JA fori=j 
^i -f ги. 
[4 0 Dus d 
0 k D ud 


Forexample |0 0 К ... 0 | isa general scalar matrix of order n. 
[U 0 0 К 
2 0 0 
а 0 
К | апа 0 2 O| are scalar matrices of order 2 and 3 
a 
0 0 2 
respectively. 


(g Unit matrix or Identity matrix 
A square matrix is called a unit matrix if its non-diagonal elements are 
zero and diagonal elements are all equal to one (unity). 
Thus, the square matrix [ау] is a unit matrix if 
1 for i=j 
m= 4 E 
1 оге] 


Such a matrix is denoted by 


We have unit matrices of different order such as 


1000 
100 
10 0100 
h= ‚ G=(0 1 0), = and so on. 
* 0 1 0010 
001 
0001 


(h) Zero matrix or Null matrix 

A matrix all whose elements are zero is called a zero matrix or null matrix. 
If it has m rows and n columns. we denote it by Oa.» or simply by О if there is по 
ambiguity about its number of rows and number of columns. 
Following are some examples of zero or null matrices: 


0 7 
00 000 
[0]: [60:0] роу and : 
00 000 
0 
(i) Transpose of a matrix 
Let A-[aj] be an mxn matrix. The transpose of A denoted by А', is an 
nxm matrix obtained by interchanging rows and columns of A. Thus A’ =] 
where bj = aj for j= 1,2,...,п; /=1,2,....m, 
ay ayy 
For example, if A is а 3x2 matrix given by A= |an а.. |, 
ay ds 


then its transpose A’ is a 2х3 matrix 


f а а, Oy 
Hp thy Чы 
G) Upper triangular matrix 


A square matrix А={[а] „„ is said to be upper triangular matrix, if all the 


elements below the principal diagonal are zero that is aj — 0 for all į >j. 


| 22 4 
PA DE i 0 
For example, 0 4  -2/|and D eps are upper triangular matrices. 
0|0 1 
o й|0 1 


(k) Lower triangular matrix 
A square matrix A=[ay] 
elements above the principal diagonal are zero, that is а„=0 for all i < j. 


is said to be lower triangular matrix, if all the 


mxn 


100.0 
2 0 0 TN 
Forexample,|-4 5 0 |and à 30€ 85 are lower triangular matrices. 
2. Į 


c 
> 
[s] 


а) Triangular matrix 
A square matrix A is called a 


triangular matrix, if it is either upper {= Itis obvious that diagonal matrices. | 
triangular or lower triangular. are both upper triangular ai lower | 
triangular. 

For example, 1 0 0 0 e If A is triangular, then. ПА «product 

VERS 4 of diagonal elements. 

2 ооо = 7 ; 
- are angular mat rices. 
0 4 3| and 4 23 0 E 
pom d Г EM 


The first matrix is upper triangular while the second is lower triangular. 
(m)  Symmetric matrix 

A square matrix A=[aj] of order n is said to be symmetric if A! =A, that is, 
if а= aj for i, /=1,2,...,п 


2 35 2*3 $ 
For example, the matrix A=|3 1 -5| issymmetric, since 4 2|3 1 -5|=А 
6-5 4 6-5 4 


(n)  Skew symmetric matrix 
A square matrix A=[a,] of order n is said to be skew symmetric (or anti 
symmetric), if А? =—A , that is, if aj =-ay for b /=1,2,...,п 
For elements on the principal diagonal, we have 
аң = а. => 2a = 0— аң = 0 for = 1,2,...,п 
Thus the elements on principal diagonal of skew symmetric matrix are zero. 


о 2 3 
For example, the matrix А = |-2 0 —4 | is skew symmetric, 
3 4 0 


0 -2 -3 D 2 [3 
since A’ =| 2 0 4|=(—1)|—2 0 -4|=-А 
3 -4 0 -3 4 0 


2.2 Algebra of matrices 
In this section various operations of addition, subtraction, multiplication etc 
on matrices are defined. 
2.2.1. (a) Addition of matrices Did You Know ) 
If A-[aj] and B2[b;] are two matrices of E 
the same order mxn, then their sum A+B is БЕ Eos of PN. is 
NN Y; орар on efined, we say that the two 
defined as a matrix C=[cy] of the same order as recoge БҮР 
А and B and whose elements are obtained by | addition. 


adding the corresponding elements of A and В ө The sum of two matrices of | 
different order is not defined 


togcther. ER Е is 
Е — ; that 15, they are not conformal 
Symbolically, we write С=А+В whose elements . foraddition. 
cy =ay+by for i=1,2,...,m; j 2L,2...,n. 
"s 1 2 3 3 4 5 
For example, if A — 0 | 3 and B= | 5 3" then 
2 


1 2 3] [34 5] [143 2+4 345] [468 
С=А+В= | + = ш 
0-1 2 ‚ 2:38 0+1 -142 2+3 тэ 
(b) Subtraction of matrices 
ГА = [aj] and В = [bj] are matrices of the same order m x n, then 
subtraction of matrices A and B is obtained by subtracting the corresponding 


elements of A and B respectively. The dilference of A and B (or the subtraction of 
B from A) is a matrix р = А-В whose elements are = цу bi; i= 1,2,....... m; 


П 2 3 3 4/5 
if A= and B= then. 
0-12 1 213 


D=A-B=A+(-B) 


Ш 
рыр?) 
= — 
LN 
ю ш 
Lai 
+ 
їй 10 
— ы 
Я 
ә 
ho 
ч tA 
— 


р-з 2-4 3-38] [2 -2 -2 
[0-1 -1-2 2-3] |-1 -3 -1 


(c) Scalar multiplication 

If A=[ay] is a matrix of order mxn and k is any scalar, then the scalar 
multiplication kA of the scalar k and matrix A is defined as a matrix each of 
whose element is the product of k and the corresponding elements of A i.e. 
КА =k[ayJ=[kay}; Fi) Wee E E ‚п. 


ы 1 2 e 
Se Gon — — — — — di 
3 4 | 


б Clearly КА is a matrix of the same order as the 


and k is any scalar, then 


given matrix A. 
12 k 2k eA+A=2A,AtAtA= eV exiting | 
kA= | | = | » | А if n is a positive integer, then 
СЕЧЕ А+А +... ЖА = nA | 
—————— | 
(d) Multiplication of matrices n- times 


Two matrices A and B are said to be conformable for multiplication giving the 
product AB, if the number of columns in A is equal to the number of rows inB. 

Suppose A = [aj] is matrix of order mxp and B= [bj] is a matrix of order 
pxn. Then their product AB is a matrix C-[c;] of order mxn with elements cy 
defined as the sum of the product of the corresponding elements of the ith row of 
A and the jth column of B i.e. 


ej sa, b, tagba +. „=? ай, 
k 


The following illustrates the expression for су 
jth column 


b, Си Cue £y Cin 
mort b, Сур Cue Cape Cry 
ith row 
> би 
. b Mum 


i а, с 


12 
3 1 
For example if A = [; | | and B=|3 1 | are two matrices of order 2x3 and 


23 
3x2 respectively. Then the product C = AB is 2x2 matrix defined by 
i 2 

Se 3х1+1х3+2х2 3х2+1х1+2х3 10 13 
C=AB= 3 1|= = 

{3 2х1+1х3+3х2 2х2+1х1+3х3 11 14 
The matrices A апа В are also conformable for the product D=BA defined as 

es i gu Зы 8 
р=ВА= |3 1 l | |+ 1149 

Зе i 1235 13 


C and D are matrices of order 2x2 and 3x3 respectively. 
2.2.2 Commutative property 
D 24 


E | 
Let A jJ; 2 E =|-1 2 | Find AB and BA and show that AB # BA. 
4 —5 
Here, A is a 2x3 matrix and B is а 3x2 matrix. So, AB exists and it is of order 2x2 
Be 33: 
1-2 3 
We have, АВ = -] 2 
3 2 =] 
4 -5 


[242412 3-4-15] [16 -16 
“| 6-2-4 9+4+5] |0 18 


Again, B is a 3x2 matrix and A is a 2x3 matrix. So BA exists and it is of order 3x3 


š EI 
1-223 

Now,BA-|-1 2 
32 521 

4 -5 


249 | -446 6-3 pue x 
= BA=|-1+6 2+4 -3-2|=| 5 6 -5 


4-15 -8-10 12+5 —11 -18 17 


Clearly, AB + BA 

However, commutative property w.r.t. addition clearly holds if both matrices are 
conformable for addition and is explained below: 

Commutative property w.r.t. addition, i.e., A + В = B + A. 


abc jki 
Let A= |d e f| and B-|m п o| betwo3x3 square matrices. 
ghi pqr 
abc jk! atj b+k ctl 
Then A+ B2 def|*|mno|-|d*m etn fro (D 
ghi par gtp h*tq itr 


GRE abc 
andB4 Ae |mno|t|def 


ра! ghi 

jra kb I+c [atj btk ctl | 
=|т+4 nte o+f| = |а+т etn fo (2) 

ptg gth rti gtp h+q itr 


Since addition is commutative in IR. From (1) and (2), we have А+В=В+А 


з 2 2 
Example 1: If A=|4 —I|and B=|-1 4 ‚ then show that А + B} = A + B'. 
6 | 0 


Solution: Since 
E 2 5) [3+2 2+5 3.7 

А+В=|4 -1|*|-1:4 |2|4-1 -1+4|=|3 3 LIS SUI 
6 1 О з 6+0 1+3 6 4 


ти 
ее агар 


‚ n [lE 6] [2 -1 0] [3+2 4-1 6+0] [5 3 6 
А +В' = + = = (2) 
21-11] |5 4 31 |245 -1+4 143] |7 3 4 
From (1) and (2), we have (A+B)'= А! + B'. 
2.2.3 Verification of (АВ) = В“ A‘ 
-I 
Example 2: /f A=| 2|andB=[-2 -1 —4], verify (AB) = B'A! 


3 
-1 
Solution: A= | 2jandB={-2 -1 -4] 
3 
-1 2, Ma 
ЛАВ=| 2|[-2-1-4] =|-4 -2 -8 
3 -6 -3 -12 
2-4 -6 
=>(AB) =| 1 -2 -3 (i) 
4 -8 -i2 
= [-2 2 -4 -6 
Also, B' А’ =[-2 -1 -4]] 2] =}-1} f- 2 3] =1 -2 -3| i 
E 4 -8 -12 


From (i) and (ii), we observe that (AB) =В'А 


1. Express the following as a single matrix. 


k gu 


@ [r2 4] 20 гра шуп 2 зо 2 4|-[2 -5 7] 
0 1 2]|6 


„ын e dh eid 


2T SNNT Я = йб 4 A 
2. LetA= «pes 5 Гела Со , 
3 0 -4 @ =й 5 o) 


Find 2A + 3B — 4C. 


x ; 


a hg 
з. (i)ifA=[x y 2], Be|h b f|andC=|y |, verify that(AB)C = A(BC) 
g fc РА Ut 
1 3 Я = Я = 8 
(ii) IFA= , B= and C= ‚ verify that: 
-1 4 04 2 a О 
(a) АСВ +С) = АВ + АС (b) А(В-С)= АВ - АС 
144 
4. LetA=|4 14 «show that т A°— 2A - 91-0. 
441 
я = 
5. МашхА= 3 1 3 | is given to be symmetric, find values of a and b. 
За Я = У 


6. Solve the following matrix equations for X. 


я А 103 s x 
(i) X -3A=28,if A= 2 and B= 


21 3-14 
тле аА 
РН др ОЕ 

10-12 A ale Л 

th ЎР A=|3 1 2 S|landB=|i 3 -1 4| 

0-21 6 3 1 2-1 


then show that (A+ B)' = A‘ + B. 


10. 


2.3. 


Ad 
Let =|3 


0 how th 
c . Show that 


(1) (A) =A (1) AA = АА 
Verify that (AB) =В' А if 


2 -1 3 n 1-9 № A 
G) a| | a- 2 p» Gi) a-| |a- 2 8 
ik} @ Л \ -114 
з 0 1—2 
1 -3 4 т 
Let A2|-3 2-5 land B =6-8 3 
4 -5 0 ТЕ il 
Verify that A and B are symmetric. Also verify that A + B is symmetric. 
0 1 -2 0 -6 11 
Le А =|-1 0 3 {andB=|6 0 -7 
Р r£ n = т i 
Verify that A + B is skew-symmetric. 
а i а 
If A=!4 5 6), then verify that 
23 4 
(1) А + А is symmetric Gi) А — A is skew-symmetric. 


Tf A is a square matrix of order 3, then show that: 
(i) A+ А is symmetric (ii) A- A is skew-symmetric. 


Determinants 
Consider a square matrix A of order n given by 


Е p W 


а d 
lAlz| ^ 7 А (2) 


Some determinants of higher order can be evaluated only after much 
tedious calculations. The more calculation is involved, the greater the chance of 
error. Our aim in this section is to describe a procedure for evaluating the 
determinants of order n 23. However, this procedure will be greatly simplified by 
the introduction of the following. 

2.3.1. Minor and Cofactor of an element of a matrix or its determinants 

[0] Minor of an Element Let A be a square matrix of order n (as defined in 

(1) above). The minor of the element ay of A, denoted by My, is the determinant 

of (n-1)x(n-1) matrix obtained by crossing out the ith row and jth column of A (or IAI). 
а, dp а, 

If A=|a а, а, |, then 


ау ау d 


; a a d 
minor of a, =M,,=| 2  "|obtained as 
ау, азу 
В а 05 : 
minor of a, = M4 = obtained as and so on. 
аң аз, 


From the formula А; = CDM y it is clear that if the sum i+j is an even 
integer, then the cofactor equals the minor. On the other hand, if the sum i+j is 
odd, the cofactor is equal to the negative of the minor. The signs accompanying 
the minors may be best remembered by the rule of alternating signs with +’s on 
the main diagonals. 


+- + 
- +- 
+-+ 


Ж УЛГУ) 
Example3: Let А=|6 5 4| Find the minors М, M,a, Mj, and Ma of the 


7 8 9 
matrix A. 


Solution: We have 


5 4 64 
м, -} 97 9732-13, 4 James 
M 2 48-28-12 M =l joe 
E rie "mcr Р) 


(ii) Cofactor of an element 
Let А be a square matrix of order n. The cofactor of the element aj, 


denoted by Aj, is defined by Ajz(- 1) Mj, where Му is the minor of aij. 


air а ау 
Thus ifA=|4,, a» a; |, then 


Gy dy gy 
in 21922 ag 
cofactor of à, = A, 2(-D М, =C 


45 ay 
= 1X (44,053 ааз) 
m m ИНЬ 


а, d 


cofactor of a4, = А, = (-1) ^ M4, = (-1)° 
MET da fas 


= 1х (апа 7 ad.) 
= —(д ау — 403) and so on. 
1-2 5 
Example 4: Let A= 0 
RS 


—1] Find the cofactor A, and A, . 
0 


e 


Solution: We have Аз = (CD Mj = (-D'[. = 1x(3x2-0x5) 26, 


MJ 


5 
0 


and А = (1) Mj =(-1)? =-1x(-2x0-5x2)=10. 


ы yu 


2.3.2 Determinant of a square matrix of order 123 
Let A be a square matrix of order n(2 3) given by 


а, а а, 
ау 05 Чт 
А=|: : a) 
LEE - ар e Ay 
o us. nies Я. се аһ 


The determinant IAI of the matrix А is defined to be the sum of the 
products of each element of row (or column) and its cofactor, that is 

IA l= aA, as Ao onet a Ani = 12 (2) 
or Ана, А, ta As +...... *ta,AÀ ;jzl2..n (3) 


If we put i=] in (2), we get 
Аа, Ан + s Ag +......+а„А„. This is called the expansion of [AI by first row 


(or w.r.t. first row). 
Similarly, if we put j=! in (3), we get 
l Ale a, Ay + aj Ay sta, Ay» This is called the expansion of IAI by 
first column and so on. Thus, if A is a square matrix of order 3, that is 
o а, Я 
А=| а, а. а |, then by (2) and (3), we have 


ау ау ау 


ГАНА, A +аА tuus 7=12,3 Q5 


"Аһ 
ог [AK aA, +а,,А аА }=1,2,3 (3) 
For example, if i22, then by (2), we have 
1 АЕ a, A, + a5, As, aA. This can be written as 
1A lay (71) Maj а CD? Mss tan (1 YA Mo; 


а 05 а 0 


= dy, 


а ау 


ay ay 


= -а, (аа, — 4505) + Gs (45 — 0503) — 1:5 (01,05 — й„ау,) 
= -ây + 054,0, + dj Gy үа, 7 аа — 050,05 + 05/05 
= a, dy, + Ay yyy Нараа 70, 01; —а паз 70, dy dy (4) 
Similarly, we can find IAI for other values of i and d 
The expansion of ІА! in (4) can also be remembered by the following 
procedure. 


Rewrite the first two columns of the matrix А after the third column and 
use the following diagram, if A is a 3x3 matrix. 


(5) 


The arrows pointing downward represent the three products having a 
positive sign and the arrows pointing upward represent the three products having 
a negative sign. 


ome > 
Example 5: If А=|3 1 0 |, then find |A]. 
te = 
35» 2 
Solution: VALS 1:39 КЇ 
1 0 -i 
We expand the determinant by using the elements of the first row, we have 
lA I= a, A, +44 Fa A, a) 
Hl 1 0 
Bu А =(-) "М=М= 
0 -i 
+2 3 0 
Аз = cp» "Ma--Myc- 
ly =} 
3 | 
z(-I "M = М. = 
Аз ( ) 13 3 1 0 


Putting these values in (1), we obtain 


го з 0 
IAE (3 -(-1 2 
ol 4 ( |; "© 


3 1 
1 

= GI x-1-0x0)]- CC D[Gx-1- 0x1] (2)(3х0—1х1)] 
2-3-3-2--8 


We now expand the same determinant by using elements of the third 
column, that is [AF аА; + GA, + 05A, (2) 


| 
We get the same result, no matter 
3 | which row or column is used to 


Now 3 
Аз = (CDM, =M; -| 


Ay = (М-М = - expand а 3x 3 determinant. 


1 0 The determinant of the square matrix 
lY sell A of order 3 in the above example can 
Ay = СМ» = Му = | | “also be evaluated by the two simple 
A 3 1 methods given in (4) and (5). 
Putting in (2), we get - 
ГАН) P ор riu 
"[ 1 0 3 n : 


= (2)(3х0-1х0-0(3х0+1х0-1(3х1+1х3) =-2-0-6=-8. 
2.3.3 Singular matrix and non-singular matrix 
A square matrix A is called a singular matrix if its determinant is zero, i.e. 
| A | = 0, otherwise, it is a non-singular matrix. 


1 23 ү 23 
ША=|4 5 6|,then |A|=|4 5 6 =1(45-48)—2(36—42)+3(32 -35)-0 
789 7 8 9 


Therefore, A is a singular matrix 
2..4 Adjoint of a square matrix 

Let А be a square matrix of order n. Let Л denote the matrix obtained by 
replacing each element of A by its corresponding cofactor. Then Л” is called the 
adjoint of А and is usually denoted by adj A ie. adj A= Hn 


а а, а; Аи Аз Аз 
Thus, if А=| а, а, а |, then Л = |А, An Аз 


ау а„ ау Ay Аз Аз 


А, An Аз Ay Ay Ay, 
and зо adj A= Л'=| А, Ay А„] = |А. An ij: 
Ay Ay, | А; А, эз Ау, 
-1 1 3 
For example, ifA=| 1 1 2|, then f= [Sog 
0 =1 1 2 
Ч 3 2 
and soadj А=Л%=|—1 -1 2 |. 
= +1 °-2 


2.3.5 Use adjoint method to calculate inverse of a square matrix 

Let A be a square matrix of order n. If there exists a square matrix B of order n 
such that AB = BA = I, where I, is the multiplicative identity matrix of order n. 
then B is called the multiplicative inverse of А and is denoted by А”. 

Thus AA =A" АЕ, 

it may. be noted that inverse of a square matrix, if it ue is unique. Moreover, if 


Ais а non- -singular square matrix of order n, then g '=— га) А. 
Ехатріе 6: Let A=|0 1 —2|.Find A. 
m2 50 


Solution: Since А"! = ud A, we need to find adj A and | A l. 


First we find co-factor of every element of A. 


Ay = (1) 


l =? snore =p)? 
2 o| =Г@+®=% s 


d 0 
Ag 7 C-D'? 


1 e 
] =14(0+1)=1, Ay = (7D?! 


А, = (С p? 


kb =1-0+1)=1 Ay = (CI? 
=I) 4 0| = сы о 


п -2 
ls j|--10-2=0 


Ay = CD =1(4-)=3, ^ As CD" 


Жы. eles шлу) 
eo meis 


Ascot p = (+0) =1 


Next we find IAI. 
Since | А= аА, +а„А„+ а, Ав 
=1.(4)- 2(2)+ КП 


=4-4+1=1#0. 
A До с ГАЕК 
Thus Ard? 1 2j=/2 1 2 
i OFT os 


24 Properties of determinants 
We shall state some of the useful properties of determinants which 
simplify the evaluation of determinants. 
Property 1. If every element in a row or column of a square matrix À is zero, 
then IAl=0. 
а а 05 


If А=|а„ а, а, | and every element in the first row is zero, 


ау а) ау 


Now lAlza,A, +а, A; +а„А„ =O0A, +0А„+0А,, =0. 
We get the same result if every element of any other row or column is zero. 
Property 2. If all elements of the corresponding rows and columns of a square 


matrix A are interchanged, then the determinant of the resulting matrix is equal to 
IAI. That is, the determinant of a square matrix and its transpose are always same. 


апа е; а, а„ ау 
If А=|а а, d4|and В=|а, a, а, |, then 
ЫП ба С з MC 


IBI = JAI. Proof is left as an exercise. 
Property3. If any two rows or two columns in a square matrix А are 
interchanged, then the determinant of the resulting matrix is IAI. In other words, 
both the determinants are additive inverses of each other. 


n Ау P а 0301823 
If А=|а„ а, 4,|and B-|a, а, а, | is ће 
а.а. жазу 84 аз аз 


matrix obtained by interchanging the first and second row of A, then 
ау а» ay 
IBI=|a, а а 
ау а аз 
= ay (4505 7 545,) an (045, 7 0505) +аз(ацаз 7 035) 
= 410303 — 41033035 — 4301035 50,4; + 050,0, — аара 


= (1499453 410301 — 40:10, + 4303 +4443 — 41013) 


= -1АІ. 
Property 4. If a square matrix A has two identical rows ог two identical columns, 
then IAl=0 
а, n а, а Ay Ay 
If А= |а, а, а, | and В=а, a, а, | is amatrix 
ПШ, 03 dus ey 


obtained by interchanging the first and second rows of A. Then by property (3), 
IB! = Al. But the first and second rows of A are identical, mean A=B and so 


IAI-IBI. Hence IAI = -Al or 21А) = 0 or IAI = 0. The same result is obtained if 
any two columns are identical. 

Property 5. If every element of a row or column of a square matrix A is 
multiplied by the real number k, then the determinant of the resulting matrix is 
KIAI. 


а а, а, Каң ба» Каз 
If Á-|a, а, а, |а В=|а, а, a, | is the matrix 
а, Gy а dy Ay йуу 
obtained by multiplying first row of A Бу К. Then 
ka, ka, Каз 


= ka,,A, + kap А, + аА 

= К(а Ay +а„А„ + a343) 

=kIlAl. 

A similar result is obtained if any other row or column is multiplied by k. 


Property 6. If every element of a row or column of a square matrix A is the 
sum of two terms, then its determinant can be written as the sum of two 


determinants. 


IBizla, а, аз 


ау an а 


а, Ay а, ath; а, а 
If А=|а„ аз аз| then, lAl2|a +2, а» аз 3 
а dy йы а + Ay” Ay 


Expanding by the first column, we have 
VA (а, b) A, +(а„ +O, Ay + (а, FO Ay 
= (ay Ay + ay Aa, + ay Ay) + y A + By AS E5444) 


а а, 43] bi а а 

Sjan аһ Gab. а аз 

а, а» 93| [Py а» dy 
Property 7. 1f every element of any row or column of a square matrix is 
multiplied by a real number k and the resulting product is added to the 
corresponding elements of another row or column of the matrix, then the 
determinant of the resulting matrix is equal to the determinant of the original 


matrix. 


а fn Ay ап + а d а 
If А=|а„ а, а„| then B=|@,+ka, а» а„| isthe 


ау а, 05 ау thay аз а, 
matrix obtained by multiplying every element of the second column of A and then 
adding to the corresponding element of the first column of A, then 
а. tA а, an| |m o 8 ka, а, 45 
(Bijan +, an аја а. |+ аы аш аз by property (6) 
а +Ка а» аз| (a d» 05 ka, а ау 
а 0 а, аз а. аз 
-|a, an а |+ а а an| by property (5) 
йз an 03 4р Ga 05 


а 4: а, 
=|а, а а,| +00) by property (4) 
2: in ay 
а, а» 45 
=» а» аз =1АІ. 
ау 2р а, 
13 1 
Lih If A=|-1 2 0 |,then find A, An AnA An А3. Alsofind | Al. 
2 0-2 
23 Without evaluating state the reasons for the following equalities. 
120 12 3 
() 3 1 Of=0 (ii) -8 4 -12/=0 
Ly 9) | A UE 
13-2 fl 3 2 3 20 32x] 
(i) bB -1 Це -11 (iv) |t 1-3|5-340 1 1 
2 1 4| [214 24- 24 


Mathematics-X1 


3. Let А Бе a square matrix of order 3, then verify 1A HAL 


4. Evaluate the following determinants. 
0 13 


(i) -1 2 1 (ii) 


(iv) 


-9 8 


3: Show that 


(ii) 


1 1 1 
a b с |=0 . (iv) 
+c cta а+Ь 
6. Prove that 
a-b b-c с-а 
b-c c-a a-b|-0. 
-а a-b b-a 


= hme 


E 


=- m 


-2 
-6 


(iv) [аЬ 


ас 


(у) (са 
ab e 


3860 


7. Eval (1 
valuate PS 


1+х 
8. Prove that |х 


x 
9. Prove that |р 

P 

1+а 


10.Prove that | i 
1 


ас 
bc |=4а?В?с* 
Е 
1 
а 
1 
ТГ» а#0,Ьг0.с#0 
1 
c 
3861 А Bi s : 
d (и) |84 85 8 
87 88 8 
y = 
1+у z |-itxtytz 
y l+z 
р 4 
x ф|=(х=р)(х-а)(л+р+4) 
q 
1 1 
+ ^d moie 
(n d f 
1 1+2 


11. Identify singular and non-singular matrices. 
UNT 

16.2 

E REN 


3 1—1 1 3.2 -3 
=2) Gi) 3 2 WI Gi ] 3» 6 23 
1 -2 -3 2 ESI ф | 


-A 1 0 
12. Find the value of A if A is singular matrix. Where А= 1 -A 1 


0 1] -A 
13. Solve for x 
| 90 8 Ei фо Л x12 3 4 
@ lo -1 1/=9 G| 1 х|=-6 |2 x43 4 [ко 
0 4 5 162. 3 4 2 3 x+4 
14. Show that if inverse of a square matrix exists, then it is unique. 
О 929872 
15. Let A=|-1 3 2). Find АЙ 
no § 
3 =1 
16. Le A= . Show that lA" = — 
9 ГАЇ 


; аы ВЯ Ел 
17. Verify that (AB)! =В-ТА wali 017 ВЕ оз 


18. If A апа В are non-singular matrices, then show that 
(i) (АЗУ! =А (0 (ABY' = B'A'! 


19. Let af К | Verify that (47 = (A! 
25 Row and column operations 
2.5.1 (а) Row operations on matrices 

The following three operations performed on matrices are called 
(elementary) row operations: 
@) Interchanging of any two rows. 
Gi) ^ Multiplication of a row by any non-zero scalar. 
Gii) ^ Addition of any multiple of one row to another row. 
Notations: Ме use the following notations to express the elementary row 
operations (1), (ii) and (iii): 

è Interchanging of row В; and К; is represented by Rj <> Rj. 


* Multiplication of a row R; by a non-zero scalar К is denoted by kRi. 
è Adding К times R; to К, is expressed as Rj-+kR,. 


(b) Column operations on matrices 

The following three operations performed on matrices are called elementary 
column operations: 
(i) Interchanging of any two columns i.e. C, €» C, . 
(i) Multiplication of a column by any non-zero scalar К i.c. КС, 
(iii) Addition of any multiple of one column to another column i.e.C, *kC,, 
where C, , C, are any two columns and К is any non-zero scalar. 

If A is an mxn matrix, then an mxn matrix B obtained from А by 
performing a finite number of elementary row operations on A is called row 
equivalent to A. Symbolically, we write ВДА to denote B is row equivalent to A. 

‘Similarly, we can define a column equivalent matrix that is replacing the 
word "row" by "column" in the above definition. We write BEA to denote B is 


column equivalent to A. . 
1652 
Example 7: Let A=| 3 5 |. Perform the following elementary row and 
-1 -4 


column operations on A, 
(i) дед (i) сес, (її) R,+2R, (iv) C,-C, (V)R,-4Ry 


E 
Solutiom А=| 3 5 


-1 —4 
“INA т 
(i) RGR] 3 5 (1) Choc, 5 3 
[are 4-1 
1 2 152 


(iii) R +2R A320 — 5+202)| 71? 9 
Sm en -1-4 


2+), 1g «1 


v) C.-C.) 3.) £543) «|= 3:2 
-1 -44+(--Iy} [2 -3 
1+ (-4(-1) 2+(—4(—4)) 5 18 
(v) R,-4R,: 3 5 = |30 5 
E -4 -1 -4 


2.5.2 Echelon and reduced echelon form of а matrix 
(a) Echelon form of a matrix 
An mxn matrix A is said to be in (row) echelon form (or an echelon 
matrix) if it satisfies the following properties. 
(i) In each successive non-zero row, the number of zeros before the first non- 
zero entry of a row increases row by row, 
Gi) ^ Every non-zero row in A precedes every zero row (if there is any). 


2.3 -4 1 Qe TT 13 
For example, ће matrices |0 1 5 3| and|O 0 —5|are in echelon 
po 50^ 6 00 0 
Оо. 
form, but ће matrix |0 1 2 3 is not in echelon form. 
0001 


(b) Reduced echelon form of a matrix 

An mxn matrix À is said to be in reduced (row) echelon form (or reduced echelon 
matrix) if it satisfies the following properties. 

(i) It is in (row) echelon form, 

(ii) The first non-zero entry in К, lies inC, is 1 and all other entries of C; are 


Zero. 


0 1 0.2 
For example, the matrices |0 0 1 3 and are in (row) 
0000 


о о ~ © 
ооо ы 
о ~ © о 


1 
0 
0 
0 


010 3 
reduced echelon form Бш |0 O 1 2 [апа are not in (row) 
000 4 


оо о у 


1 0 
0 3 
0 0 
0 0 


reduced echelon form. 
2.5.3 Reduce a matrix to its echelon and reduced echelon form 


2 3 -4 
Example 8: Reduce А=|3 1 —1 | toechelon form and then to reduced 
echelon form. l -2 -5 
2 3 -4 1 -2 -5 
Solution: |3 1 -1 | 1 -I|byR, OR, 
1 -2 -5 2 3 -4 
1-2 -5 1-2 -5 
во 7 14|5у R,-3R, А f 7 14|by R,-2R, 
2 3 -4 ое 16 
l -2 -5 1-2 -5 
кот 2|һу IR. R р 1 2 |5y R,-7R, a) 
Om 17 6 0 0 -8 
] -2 -5 1 0 -I 
Rilo 1t yal by -È R, jp 1 2|by R,+2R, 
0 0 1 0 0 1 
1 0 0 
во 1 ОВ, +R, and R, -2R, (2) 
оо 1 


The matrices in (1) and (2) are in echelon form and reduced echelon form of the 
given matrix A respectively. 

2.5.4 Rank of a Matrix 

Let A be a non-zero matrix. The rank of the matrix A is the number of non-zero 
rows in its (row) echelon form. 


2.5.5 Using elementary row operation (ERO) to find the inverse and the 
rank of a matrix 


(a) To find inverse of a matrix 

Let A be a non-singular matrix. If we perform successive elementary row 
operations on the matrix [A | I], which reduce A to I and I to the resulting matrix 
B i.e. if [A | I] is reduced to [I I B], then B is the inverse of A written as Ax 
Similarly, if we perform successive elementary column operation on the matrix 
[A ! I], which reduces А to I and I to the resulting matrix C, then C is the inverse 


of А written as AT 2 3 1 
Example 9:Find the inverse of the matrix А=|5 4 2 
2 3 H ;12 -2 
Solution: Since 5 4 2 
-1 2 -2 
4 2 5 2 5 4 : 
= EN 4 3 9 +1 ШИЕ (expanding by first row) 


= 2(-8 4) -3 (-10 + 2) + (10 +4) =-24 4 24 +14 = 14 = 0. 
So A is non-singular and А”! exists. 


2 3 ipi 0.0) Гы. ооо 
Now|5 4 2|010|R5 4 2|0 1 O|byR, ӨР, 
— bo oad l2 са Уо 
1-2 say ob oda 
к|з5 4 2|0 1 O|byCDR, 
jp: вто о 
1.5 Salone d 
jp i4 -8 |0 1 5|byR:-5Riand Rj-2 Ri 
021 7,,234 ] o 2 
ро а liti 
Р І 
вјо 1 = ол alge 
gigi | p guo 


5 
RJO lL > 9 44 тд | by Ri-2Re and R-TR: 
a -7 
o 0-3 -1 > — 
| 6 6 
-6 -4 ~29 
ро Чур Иртүк 
DN 6 4 
О Mer cni by Rit Rs and Ret; Rs 
js mam FER e e 
3 18 18 
б 4х=29. 
ШРШ T 
290 925 1 
Тав А = |= — — 
+ 3 8 18 
Leal OY 
3 48.7.18 
(b) To find rank of a matrix 4 


9 
445 16] mias 

Solution — АЕ 2 3|R|4 5 
тив 9 lel [8119 


3991024213 


> 

> 
І 

[m 


ГЕ = 


117273 
ЕО 1 2| by 
OF OF 0 


—6 | by R; -4 В, and R,-7 К, 


R,-2R, The last matrix is the echelon form 
of A having 2 non-zero rows. 
Hence the rank of A is 2. 
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Unit 2 | Matrices and Determinants 


1 Reduce each of the following matrices to the indicated form 


1p] 23-19 
о |2 1 4 | Echelon form р 2 -3|Reduced echelon form 
E ats CE У ПЕР 
2-3 1 О 2 
11 1 2] Reduced echelon form 295b | | Echelon form 
4 1 7 2282 3 
2. Find the inverses of the following matrices by using elementary row 
operation. 
4 -2 5 3 -1 6 1E 5] Пе = 
(i) |2 1 0 1 3 4|: 0 —2 00-3 
-1 2 3 -1i 5 1 -2 -2 2 les » 
3. Find the ranks of each of the following matrices. 
img —2 3 ele ел 
(i) 2 1x20« 0b aa! 
ZIE Ез 1-1 -2 
4. Find 


RANK OF MATRIX 


2 3 4 5 

3 4 5 6 4x4 

4 5 6 7| matrix 
9 10 11 12 
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2.6 System of linear equations 
2.6.1 Homogeneous and пол - homogeneous linear equations 


° Consider the equation ax+ by =k : (1) 
where a + 0, = O and k + 0. The equation (1) is calied a non-homogeneous 
linear equation in two variables (or unknowns) x and у 

Now consider ће following two non-homogeneous linear equations іп two 
variables x and у. 


axtbhy=k, | 


2 
a,x+b,y=k, o 


These two equations together form a system of non-homogeneous linear 
equations in two variables x and y. 

If we take К = 0 in equations (1), then it takes the form — ax-- by =0 (3) 
and is called a homogeneous linear equation in two variables x and у. If we take 
k, =k, =0 in (2), then 


СУД 


4 
ax+b,y=0 © 


is called a system of homogeneous linear equations іп the variables x and y. 
Similarly, the following equation, 
ах+ by +cz =k , where a#0,5#40,c#0, and k #0 (5) 


is called a non-homogeneous linear equation in three variables х,у and z and 
the following three non-homogeneous linear equations in three variables х,у and т. 


axtbhytez=k, 
a,x+b,y+e,z=k, (6) 
ax by t ez k, 


together form a system of non-homogeneous linear equations in three variables 


x,y and z. 

If we take k = 0 in (5), then ах+ Бу +52 =0 (7) 
is called a homogeneous equation in three variables x, y and z. 

If ме take k, =k, =k, = Оіп (6) then 


axtby+cz=0 

a,x+b,y+c,2=0 ‚ 8) 

а,х+Ь,у+суд=0 
is called system of homogeneous linear equations in three variables x, у and z. 
An order triple (t,, t, , t, ) is called a solution of system (6) if the equations are 
true for х=; ,y =f andz- f, The solution set is denoted by Sz((t,, t;, t,)]. 
In the case of system (8), we see that it is always true for х= t, 20, yz t; =0 


and z= t,- 0, оће order triple (t, , t; , t,) = (0,0,0) is a solution of the system. 
Such a solution is called the trivial (or zero) solution and any other solution, if it 
exists, other than trivial solution is called a non-trivial (or non-zero) solution 
of the system. Consider system (6). Since 

ax + ру + cz ay ИСИ 

ax +b,y + cez|s|a b, с, ||у|, 

ах + by + cz a b, су |[2 
then system (6) may be written as a single matrix equation 

a b а [|х k, 


(9) 
а, b с | |у = === 
a, b, е |121 [6 (dn writing the augmen 
or  AX-B ao д 
а зз 4 x ki 
where, Az|a, b, с,|,Х=|у| andB=ļ|k, 
а b с, z k, | 


A is called the matrix of coefficients, X is the column vector of variables and B 
is the column vector of constants. If we adjoin the column vector B of the constants 
to the matrix A on the right separated by a bar or a vertical line, that is 


аһа |А 
[AIB] = |а, b с | kj, 
а b с, k, 
the new matrix so obtained is called augmented matrix of the given system. 


2.6.2 Solution of three homogeneous linear equations in three unknowns 


Consider the following system of three homogeneous linear equations in three 
unknowns x, Ху, Ху. 


алу +арх, +аз = 0 @ 
аух + ах, +аууху = 0 (ii) (0 
ах dX, +азх = 0 (iti) 


which is equivalent to the matrix equation 
а, а„ а, 21 0 
ay а, аз х, | = 10 | or simply АХ =O, 


ау а, ау 5 n 


0 
whereA=|@,, ва, ay |.Х= |х, | а9О=|0 
а, Ay а; № 0 


ІЁ1А1 0, then A is non-singular and А7' exists. 
We have А”! (AX) =A! 0 => (А A) X £0 =1Х=0 > Х= О, that is 


д, 0 
х | =|0 
E 0 


orx, 20,x, =Оапах, = 0. This shows that the system has only trivial solution. 
Thus, we may conclude “А system AX = О of three homogeneous linear 
equations in three variables has а trivial solution if A is non-singular i.e. IAI # 0”. 
Next we find the condition under which the system (1) has a non-trivial solution. 
Multiplying equations (1), (ii) and (iii) of the system by the cofactors A,,, A , and 


А of the corresponding elements a,,, а, and à, and then adding them up, we get 
(аА +а А + аА) + (aj А ча» Аз 15573), + 

(аА, + аз Аз азд) = 0. 

From this, we have lAlx, =0. Likewise, we can have ІА! = 0 and JAlx,=0. The 
system (1) has a non-trivial solution if at least one of the variable x,, x, and x, is 


different from zero. Suppose x, + 0, then IAI x, =0 =>lAl= 0. Thus, we may 
conclude; “А system AX = О of three homogeneous linear equations in three 
variables has a non-trivial solution if A is singular i.e. AI = 0”. 

Example 11: Show that the following system has а trivial solution. 


2х+у-2 =0 @) 

х+ y-z =0 Gi) 

х+2у+22 =0 Gii) 
Solution: Since 


21-1 10 
lÀl2l 1 -1| = 1 -1 zi 
I2 2 ї 2 A 
trivial solution. Subtracting equation (ii) from (i), we get x = 0. Subtracting 
equation (iii) from (ii), we have y = 3z. Putting x=0 and у=32 in equation (i) we 
obtain т = 0, and therefore from y = 3z, we get y = 0. Thus x = 0, y = 0, 2 = 0 and 
the system has only trivial solution. 
Example 12:Show that the system ha non-trivial solution 


-1 
] = 2+2 = 4% 0, the system has a 


x+ y+2z=0 (i) 
-2x+y-z=0 (ii) 
-x +5y+4z=0 (iii) 


Solution: Since 
11-2 Пп 0 
lAl=|-2 1 -1| =|2 3 3 =1 
-1 5 4 -1 6 6 
Thus the given system has a non-trivial solution. 
Adding 2 times equation (i) to (1) we have y = -z 
Subtracting equation (ii) from (i), we get x ——z putting x = -z = y in equation (iii) 
we have —(—2) + 5 (2) + 42 = 0 which is true for any value t of z. We get that 
xz-ty--iandzz! satisfy equations (1), (ii) and (iii) for any real value of £. 
Thus the given system has infinitely many solutions. 
Example 13: For what value of 4 the system has a non-trivial solution. Solve the 
system for the value of 4 . 
х-у+22=0 
2х+у+#2=0 
Зх+у+22=0 


3 218-1820 


6 


Le = 192 
Solution: First we find the value of 4. We have A=|2 1 Al, 
d 3 r2 


ао 


We know that the system has non-trivial solution if lAI-O, that is 4-44 =0 or 4 —1. 
Substituting the value of 4 into the system, we have 


x~y+2z=0 
2x*ytz-20 
3x+y+2z= 0 


Now solving the first two equations, we get x = —, y = 3. Putting these 
values in the third equation, we obtain —32+2+22=0 which is true for any value t 
of z. We see that x = —f, y = t and 2 = t satisfy all the three equations of the system 
for any real value of г. Thus the given system has infinitely many solutions for 
А =1. 


2.6.3 Consistency and inconsistency of a system 

(а) A system of linear equations is said to be consistent if the system has only 
one (i.e. unique) solution or it has infinitely many solutions. 

(b) А system of linear equations is said to be inconsistent if the system has no 
solution. 
Consider the following three systems of linear equations in three 

variables. 


2х+2у-2=4 

x-2ytz-2 (D 
х+у=0 

х-2у+Е=2 

—х-у+22=1 (Ш) 


х-5у+42 = 5 


х-2у+32= | 
—2х+5у—42=—2 (III) 


х-4у-2= 5 
We solve these systems now by performing the elementary row operations on the 
augmented matrices of these systems to reduce them to (row) echelon form. 
(i) Consider system (Т). the augmented matrix of the systems is 
2 2-1 4 j] ez LL2 


[4B]-! -2 1| 2| R|2 2-1| 4] byR, eR, 
y db 2] i roodo 

По Т? 

ко 6 -3| 0| byR2-2Ry 
pert 50859 
МЕРИ 2 

RIO 6 -3| 6 | byR,-R, 
0: 3: eT “2 
РЕ me 

R|0 6-3) 0| by-2R, 
0-6 2| 4 
res Y] 2 

R|0 6 -3| 0 byR,+R, 
0 0-1| 4 


The system (I) is reduced to equivalent system, 


x - 2у+2=2 (i) 


3z=0 (ii) 
—=4 (iii) 

The system is now in triangular form. In this form the system can be easily 

solved. By equation (iii) we get z = —4. 

Substituting the value of z in equation (ii) we get y = —2. 

Now substituting the values of y and z in equation (i), we get x = 2. Thus the 

solution of the system is х= 2, y = —2 and z = —4. Since the system has a solution, 


so it is consistent. 
(i) ^ Consider system (II). The augmented matrix of the system is 


1--2 1 2 
-1 -1 2 1 
1 -5 4| 5 
1 -2 2 P-2 12 
ten|-1 -1 2 | 1| R]0 -3 3| 3/byR,+R,andR,-R, 
l -5 5 0-3 3| 3 
1-2 1 2 
к|о -3 3| 3|byR,-R, 
оо ого 
1—2 X2 
g|o -1 1| 1]5y i Re 
om 0. оо 
The system (П) is reduced to the equivalent system 
х-2у+2=2 (i) 
-y +z=1 (ii) 
0z=0 (iii) 
Equation (iii) is obviously satisfied for all choices of z. Equations (1) and (ii) yield 
x2242y-z (iv) 
yszz-l (v) 


Since z is arbitrary, from equations (iv) and (v) we can find infinitely 
many values of x and y. This is equivalent to saying that the system has infinitely 
many solutions. Thus the system is consistent. 

(3) Consider system (III). The augmented matrix of the system is 


1-2 3| 1 WEZ 1 m зуд 
-2 5-4 -2 men|-2 5 -4| -2 | R/O 1 2/0 
1 24-0] 5 о 1145 0 -2 -4 4 


БУВ, +28 and R,- В, 


1 
R|0 1 2|O0|byR,*2R, 
0 


0 04 
The system (Ш) is reduced to the equivalent system 
x-2y+3z=1 G) 
y +22=0 (i) 
02=4 (iii) 


We see that the equation (iii) has no solution. Therefore, this system of 
equations has no solution. Hence the system is inconsistent. 
From the above, we note that the system of linear equations may have no solution, 
have only one solution, or have infinitely many solutions. 
2.6.4 Solution of a non-homogeneous linear equations 
A system of non-homogencous linear equations may be solved by using 
the following methods. 
(a) Matrix Inversion Method i.e. AX=B=>X=A7'B 
(b) Gauss Elimination Method (echelon form) 
(c) Gauss-Jordan Method (reduced echelon form) 
(d) Cramer's Rule. 
(a) Matrix Inversion Method 
Consider the following system of three non-homogeneous linear equations 
in three variables x,, x; and x,. 
ах Xt ау = ki 
ауд +азух, + an; = Ё, 
ах +а„х + ay% = № 
This system is equivalent to the matrix equation. 
ay а 9% |А | |А 
а, а а |х |= ог АХ = В, where 


ау Ay 93 |5 К, 


а, 05 05 х k 
А=|аџ а dy ,X =| x |and B=| k, |. 
аһ ар @у ^ k, 


If A is non-singular, then A™ exists. We have 

AX =B = A (AX) = A! B— (АТА)Х = A'B => IX = A'B > X = AB. 

Thus the matrix of variables is now determined as the product of A^! B. 

The method discussed above for finding the solution of a system of 
non-homogenous linear equations is known as matrix inversion method. 
Example 14: Solve the system of equations by matrix inversion method 


5n-2x4x, =2 
2x 2x xd 
Ax =0 


Solution: Since 
1-2 1 area DOi] l 


!А=2 2 -i--2 2 -1=-[2 г -1=1 ie a 3#0, 
m үл ОПЕ = 26 Ея 
So, A^ exists. 
да Dog es Ж a (Did You know $) 
ГАІ [VA] УЛ» 


‘The matrix inversion method for solving 
з А А a system of non-homogeneous linear 


n^ d ‘equations is applicable only when the 
1 \coefficient matrix А is аа le. 
Ру УЕ ЛАГ 0. TERI EI d 
0-3 6 
1 1 0][2 
But X-A'B,so X -—|-1 -1 314 
0 -3 6/0 
Ix 2--1x 40x 0 6 2 
=1 —1х2-1х4+3х0 21 —6 |=| -2], 
3 0х2-3х4+6х0 -12 4 


x 2 
that is | x, |=|-2|. Thusx,=2,x,=-2 and x,--4. 
№] [74| Which is the solution of the given system. 


(b) Gauss elimination method (Echelon form) 

We are already familiar with the method of reducing the augmented 
matrix of a system of non-homogeneous linear equations to echelon form. We 
now apply this method to find the solution of a system of non-homogeneous 
linear equations. The procedure is called Gauss Elimination Method (Echelon 
Form). 

Example 15: Solve the following system by the method of echelon form. 


2x,+ 2x, -х =4 
x = 2x, + H2 
х+ № =0 


Solution: The augmented matrix of the given system is 


2 2 -1|4 

1 -2 1| 2). By 2.6.3 (i) the echelon form of this matrix is 
т 4 9 

1 -2 142 

0 6 -3| 0). 

0 0-14 


From R,,we have Хз=—4, 

From R;,we have 6x,-3x;= 0 

Substituting x: = 4, in this equation we get X; 7 2. 

From R,,we have xi-2x;tx:;- 2 

Now putting x;——2 and x; 2-4 we obtain x, = 2 

Thus xı 22, x = 2, хз = -4 is the solution of the given system. 


(c) Gauss-Jordan Method (Reduced Echelon Form) 
Consider system of equations in example 14 above and пе ~ „1е1оп form 
1-2 1 2 
0 6 -3 0| ofits augmented matrix. 
0-1 4 


1 -2 1|2 
We reduce the matrix |0 6 —3| 0| to reduced (row) echelon form, that is 
0 0-1|4 
c 2 
1« doni pea ie ЧЕ | 
о в-©®з0|!Ё| on 1 eo, by, i Rrand DR; 
0 0-4 2 $ 
» 0 0 1] 4 
19 225 +06 А 
Ајо 1 0| -2|by R-R, and + К 
0. 6 1l. ү 
i “or oje? 
Ајо -1 0| -2|by +28, 
0 0ail 


The equivalent system іп the reduced (row) echelon form is ` 

х=2, д, =-2, ж=-4. 
which is the solution of the given system. The procedure illustrated above of 
transforming a system of non-homogeneous linear equations into an equivalent 


System in the reduced (row) echelon form is called the Gauss-Jordan Method 
(reduced echelon form). 


(d) | Cramer's Rule 


Consider the following system of three (DidYouKnow 9 3 
non-homogeneous linear equations іп three 1 


variables. |Like matrix inversion method, | 
+ =k, (е Cramer's rule is also | 
ап + ах + аз = ‘applicable only when 1Al# 0 
алх tan% tags =k, (1) [Cramer's rule is simpler than 
ay% + 5X, +азх, = k, matrix method for finding | 
solution of the given system. — — | 


which is equivalent to the matrix equation 
AX=B (2) 


а, а„ ds ^ К, 


where А=|а„ а» аз | X =| x, |and В=|К,|. 
ау y ау з k, 
Y {Al#0, then A™ exists and (2) can be written as X = A'B. 


z Е 1 Е 1 
Sinc А = — дА „we have X cabe [1 м) 
5 Ar? : neue po 
Ar А А |А Auk + Auk, + АА 


1 
^ij А Ay An || = Ank, + Ank, + Ask, 
As А АЛЬ Аз + Ank, + Ask, 


Ak, + Ank, + АЁ, 
FT 

die Anki + Ank: + Ask, 
ü ГАІ 

Ask + Ank, + Ayk, 
ТА! 


м 
that is X; 
* 


K а а, 
К, а» йз 


Thus x = ы-ы-ы 


х= КА + „А, + EA, si k, аз 


[E |А| 

а, а k 

а an № 

x = КА + КА zh КА = а, ау k 
PT |4] 


This method of finding the solution of the system is called Cramer's Rule. 


Example 16: Use Cramer's rule to solve the following system. 


xs 2x, +x, =2 
2x £2x,—-x, =4,. 
Spits =0 
1-21 
Solution: We have \Ale|2 2 -1-320 
1 ig. о 


(Expanding by third row) 


We observe that 
the solution of 
the given system 
obtained by any 
| of the above four 


| methods are the 
ui MM cre Eu 
3 Dc № 
a, a kl | -2 2 |! 32 С * 
a, а | 2 2 4 21010114 ИЕ by 
a awk | Mer op [1030 2" Column) 
d з ва 
and x, А = 3 3 
2 | 
10 
БЫТА =-4 я 


Thus x, =2,x, = -2and x, = — is the solution of the given system. 


ni 
3 
å 


, 
1. Solve the following system of equations by matrix inversion method. | 
| 


(i) 4x—3y+z=11 (ii) — x+y+z =1 
‚ 2х+у-4==-1 х+у-22=3 
х+2у-22=1 2х+у+2=2 

23 Solve the following system of equations by the Gauss elimination method 
and Gauss-Jordan method. 

(i) х-у+42 =4 Gi) 2xt+4y-z =0 
2х+2у-2 =2 Rye Se 
3x=2y+3z=—3 —5х-8у+32=-—2 

3. Use Cramer's rule to solve the following system of equations. 

(i) х-2у=-4 (ii) x-yt2z =10 
Зх+у=-5 2x+yp-2z=-4 
2x+z=-1 Зх+у+2 =7 

4. Solve the following system of homogeneous equations. 

(D  x,-x,+x, =0 G — x,+x,+2x, =0 
X,+2x,—x, =0 —2x,+x%,-x, =0 
2x, *x,43x,-20 =х1+5 х,+4х‚ =0 

5. For what value of 4, the following system of homogeneous equations has 


a non-trivial solution. Solve the system. 
Xjt5x,43x, =0 
5x,+X,-Ax, =0 x 
x, +2x,4+ Ах, =0 


Solutions of Systems of Equations 


1. Choose the correct options 


(i) 


(1) 


(iii) 


v) 


(у) 


| (vi) 


n 


7a-5b Зс 

S д A = 0, then which one of the following is correct? 
a) 14а + 3с = 56 (b) 14a -3c = 5b 
©) 14a+3c = 10b (d) 14a + 10b = 3c 


а, а, åg 
IfA=|a,, a, а, | аА is the cofactor of a, in A. Then the 
ау а» Аз 
value of | А | is given by 
(2) ayy Аз + 812 Аз + аз Азз (b) ay А +а Аз +аз Аз 
(аз А + 222 A12 + 223 Аз (d) ayy А, + а Аз + ау, Аз 
2 
IfA= E | ала|А = 125 then the value of a is 
a 
(а)=1 (b) +2 (с)=3 (9) +5 
If | A | =47, then find | А | 
(a47 (5) 47 (0 (d) Cannot be determined 
1f det (A) = 5, then find det (15A) where A is of order 2x2. 
(a) 225 (b) 75 (с)375 ` (4)1125 


3. 
ША = | then find А", (where n e N) 


3 


3n 0 з 0 10 
b л 
(а) n | ( | {| (с) 3 | | (9) 1:2 


ec Dn. 5 
‚ Compute the product) 6 —1 | 6 | — 
0 1 


1 2 2 
3, Prove that А=|2 1 2 | satisfies А —4A—57 =0. 
2 2 1 


2 1 3 Zo o € 
4. If A=|0 4  6\andB=} 2 0 3| . Find [А-В] 
7 2 1 7 9 4 3 
5. Using properties of determinants, prove that 
а?+2а 2а+1 
2a+1 a+2 1|=(а-1)` 
3 3 | 


3 1 -1 " 
6. If Az ня я , then show that AA‘ апа A‘A аге both symmetric. 


9 8 
7. IfA=|-1 0 —1|, prove that А'= А 
4 4 3 


4 
8. МА= | Б teme A+10A7 


9. Solvethesystem X+ y*z- 4 
2х-3у+2= 2 
—х+2у-2=-1 

by using the following methods: 

(4) Matrix Inversion Gi) Gauss Elimination 

(iii) Gauss Jordan (iv) Cramer’s Rule 


(7 i= 


2. multipli 


1234 1,2 3:4 
2123]|3 6369 
5510 5510 


"S т 


ZIA 
2123 
797 Е 
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ymesonic9ae 


Alter reading this unit, tho students will be abil: i 


Define a scalar and a vector. 
Give geometrical representation of a vector. 

Give the following fundamental definitions using geometrical representation. 
e magnitude of a vector, 

e equal vectors, 

e negative of a vector, 

e unit vector, 

e zero/null vector, 

ө position vector, 

e parallel vectors, 

e addition and subtraction of vectors, 

e triangle, parallelogram and polygon laws of addition, 

ө scalar multiplication. 

Represent a vector in a Cartesian plane by defining fundamental unit 
vectors j and j. 

Recognize all above definitions using analytical representation. 

Find a unit vector in the direction of another given vector. 

Find the position vector of a point which divides the line segment joining 
two points in a given ralio. 

Use vectors to prove simple theorems of descriptive geometry. 

Recognize rectangular coordinate system in space. 

Define unit vectors i, jand К. 

Recognize components of a vector. 

Give analytic representation of a vector. 

Find magnitude of a vector. 

Repeat all fundamental definitions for vectors in space which, in the plane, 
have already been discussed. 

State and prove 

* commutative law for vector addition. 

* associative law for vector addition. 


L 
E 
А 
R 
N 
р 
мй 
G 
о 
U 
T 
[s 
О 
M 
E 
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TII 
EE TIMES 
Prove that: 

* 0 as the identity for vector addition. 

* - A as the inverse for А. 

State and prove: 

е commutative law for scalar multiplication, 

e associative law for scalar multiplication, 

* distributive laws for scalar multiplication. 

Define dot or scalar product of two vectors and give its geometrical interpretation. 
Prove that. 

® iisjj=kk=l, 

* ij=j-k=ki=0 

Express dot product іп terms of components. 

Find the condition for orthogonality of two vectors. 

Prove the commutative and distributive laws for dot product. 

Explain direction cosines and direction ratios of a vector. 

Prove that the sum of the squares of direction cosines is unity. 

Use dot product to find the angle between two vectors. 

Find the projection of a vector along another vector. 

Find the work done by a constant force in moving an object along a given vector. 
Define cross or vector product of two vectors and give its geometrical interpretation. 
Prove that: 

e ixi = јхј -kxk = 0, 

e ixj-—jxi = К, 
kxj =i, 
e kxi-—ixk =]. 

Express cross product in terms of components. 

Prove that the magnitude of A x B represents the area of a parallelogram with 
adjacent sides А and В. : 
Find the condition for parallelism of two non-zero vectors. 

Prove that Ax B- -B x A. 

Prove the distributive laws for cross product. 

Use cross product to find the angle between two vectors. 

Find the vector moment of a given force about a given point. 

Define scalar triple product of vectors. 

Express scalar triple product of vectors in terms of components (determinantal form). 


Prove that: 

e ijxk=jkxi=kixj=l, 

e bMxj-jixk-kjxi-—l. 

Prove that dot and cross are inter-changeable in scalar triple product. 

Find the volume of 

е aparallelepiped, 

ә a tetrahedron, determined by three given vectors. 

Define coplanar vectors and find the condition for coplanarity of three vectors. 


3.1 Introduction 


Physical quantities such as mass, temperature and work are measured by 
numbers referred to some chosen unit. These numbers are called scalars. Scalars 
being just numbers, can therefore be added, subtracted, multiplied and divided by 
using the fundamental laws of elementary algebra. 

Other quantities exist such as displacement, velocity, acceleration and 
force, which require for their complete specification a direction as well as a scalar. 
These quantities are called vectors and may be represented by a straight line with 
an arrow. Vectors cannot be added, subtracted, multiplied or divided by ordinary 
mathematical rules but we use methods of vector addition (triangle rule or 
parallelogram rule) or other analytical methods for their multiplication, for this 
purpose. 

Vectors have many applications in Geometry, Physics and Engineering. 
We begin with geometrical interpretation of a vector. However, in the sequel we 
shall apply vector methods to prove some fundamental results of descriptive 


geometry. 


3.1.1 Scalar and Vector 

Scalar Quantity: A quantity which has only magnitude and no direction is called 
a scalar quantity or simply a scalar. 

Examples of scalar are mass, temperature, volume, work etc. 


Vector Quantity: A quantity which has magnitude as well as direction is called a 
vector quantity or simply a vector. 
Examples of vector are displacement, velocity, acceleration, force etc. 


3.1.2 Geometrical representation of a vector 
A vector is geometrically represented by an arrow or directed line segment 


say ОБ, where the arrow indicates the direction of the vector and the length of the 
arrow specifies, on appropriate scale, the magnitude of the vector. The tail end O 
of the arrow is called its origin or initial point and the head (tip) P is called the 
terminal point or terminus (Figure 3.1) 


‘Terminal Point ® 


~~ 


In printed work, it is usual to denote all vectors by BY 
bold faced letters a, b, v etc. In hand written work, the or 


vectors are denoted by 7, Р, v' etc. The other notation itia point 
used for vector is a, b, v etc. Figure 3.1 


3.1.3 Fundamentals of a vector 


(i) Magnitude of a vector => A 
The magnitude or modulus of a vector ОА or a is the ОР A 

length of the line segment representing the vector to 

the scale used. The magnitude of the vector OA о Figure 3.2 


is denoted by OAI, lal, lal or a. 


(i) ^ Equal vector 


Two vectors a and Ё are said to be equal if they have 
the same magnitude and direction regardless of the о 
position of their initial point.Symbolically, we write b 


а= b (Figure 3.3) Figure 33 
(iii) ^ Negative of a vector 
A vector having the same magnitude as another 
vector a but opposite in direction is called negative of a 
vector and is denoted by —а as shown in (Figure 3.4) 


(iv) Zero vector or null vector ic 34 


A vector which has zero magnitude and arbitrary direction is called the zero 
vector or null vector. Zero vector is denoted by O, д or О. 


(у) Unit vector 


A vector whose magnitude is one is called unit vector. It is used to represent 
the direction of a vector. A unit vector is denoted by a letter with a hat over it, such 


аза, b, v etc. Any vector a can be written in terms of unit vector as a = lala 


a 
Hence unit vector in the direction of a is obtained as а а] | 
а 


Vector in that direction 
Modulus of the vector 
(vi) Parallel vectors ao 
Two vectors a and b are parallel if and only if a = a5, 2a 
where a is scalar. See for example (Figure 3.5) c2 


i.e. unit vector in a direction — 


(vii) Position Vector 
A vector which joins a given point P in the plane or space with the origin is called 


position vector of the point P and is denoted by ‘oP (Figure 3.6). 


The magnitude of the position vector is equal to the y 


distance between the given point and the origin and whose OP Ё 
direction is the direction of the point from the origin. 
= x 
© Рїрше 3.6 


Example 1; Using graph paper, draw the vectors. 


(a) 2a (b) -a (с) ja 


where a is given in (Figure 3.7) 


Solution: (a) The head of the vector a from its 
end point is 4 squares to the right and 2 squares 
up. Hence 2a is 8 squares to the right and 4 squares j 1 

up. Figure 3.7 
(b) а is the negative of a, so its direction is opposite toa. Hence —a is 4 squares to 
the left and 2 squares down from its end point. 


(c) За is 3 squares to the right and] and а half squares up as shown in (Figure 3.7). 


Example 2: In Figure 3.8, vectors a, р, q, r, s are 
shown. State each of the vectors p, 4, г and s in the 
form ka. a 
Solution: The direction of a is 2 squares to the right - 
and 4 squares up. 


Hence р=—а,4 =та 1 


23 z appe 
baat з Figure 3.8 


Example 3: What type of quadrilateral is ABCD, if (i) AB=CD ii. AB- 3CD 
Solution: (i)AB=CD means that AB and CD are С, E 


equal in length i.e. |ABI-ICDI and AB Il CD. Hence 


ABCD is a parallelogram as shown in(Figure 3.9.) Л 
А 


Figure 3.9 B 


Gi) ^ AB-3CD means 
IABIZ3ICDI and AB il CD. 
Hence ABCD is a trapezium as shown in(Figure 3.10.) 
(viii) Addition and subtraction of vectors 
(a) Addition of vectors 
Any two vectors can be added by the following two laws. 
e Head- to – tail or Triangle law of addition 


To add two vectors a and 
b that is, to combine them into у ath 7 7 
one vector, we draw them in such b 
a way that the head of the first 
—————* 
a a 


vector coincides with the tail of 
the second vector. The sum or Figure 3.11 
resultant vector a+b is obtained by joining the tail of the first vector with the head 


of the second vector as shown in (Figure 3.11). 
We call this way of adding the vectors as Head-to-Tail or Triangle law of addition. 
c a 


e Parallelogram Law of Addition 
If the two adjacent sides AB and AC of a 

parallelogram represent the vectors a and b as 
shown in (Figure 3.12), then the diagonal AD 
represents the vector sum or resultant a + b of 
vectors a and b. Thus AD=AB+AC=a+b z 
We call this way of adding the vectors as the Figure 3.12 
parallelogram law of addition. 

e Polygon Law of Addition of Vectors 
The method of vector addition of two vectors can be extended to more than two 
vectors. Let a, b, c, d be four given vectors. D, d 
Let O be any point and let us draw the vectors 
ОА = a. From the terminal point A of the 
vector a, draw AB to represent vector b. 
From the terminal point B, draw BC to 
represent vector c. From the terminal point 
C, draw CD to represent vector d. Join OD. 
Then, from (Figure 3.13), 


A Figure 3.10 B 


we have a+b+c+d = ОА + АВ + ВС + CD 
= OB + BC «CD 
= ОС «CD [> ОА+ АВ= ОВ] 
=0D [708 4 BC 20C] 


Thus the vector OD joining the initial point of the first vector a and the terminal 
point of the last vector d represents sum of the given vectors. This method of 
addition is called the polygon law of addition. „ . а 


(b) Subtraction of two vectors 
The difference of two vectors a and b, a-b -b 
denoted by a — b, is the vector c obtained 
by adding vector a and the negative of b, A 
that is c=a—b=a+(-b) Figure 3.14 
Thus, the difference a — b of vectors a and b is equal to a vector ¢ which 
when added to b yields the vector a. The difference a — b is shown in (Figure 3.14.) 
(ix) Scalar multiplication 
In dealing with vectors, we refer to real numbers as scalars. If k is a scalar 
and а is a vector, then the multiplication of a by k, denoted as ka, is a vector whose 
magnitude is k times that of a. Thus, if 
(i) &=0, then ka is the zero vector 


(ii) А> 0, then a and ka are in the same direction 2% 
B а А : 2а 2a 
(iii) k < 0, then а and £a are in the opposite direction 3 
For illustration, see (Figure 3.15). ^ Figure 3.15 


Example 4: For the vectors а and b given in (Figure 3.16 @)) ,draw the vector 

(i) 2a+b (ii)a-b (iii) а-2Ь РЕНЕЕН 
Solution: The vectors are shown in 
(Figure 3.16 ы) ) 


Li LI LLLI DOR 
Figure 3.16 (b) 


Draw vector 2a and from the head of 2a draw b. Then use head-to-tail rule to 
obtain 2a +5. 
(i) Draw a followed by —b, use triangle law of addition of vectors to obtain a — b. 


(ii) Draw a followed by —2b, use triangle law of addition of vectors to obtain а-25. 
Ехатріе 5: In AABC, AB = a, AC = b and D is the midpoint of AB 


(Figure 3.17). State in terms ofa, b. (i) AD (ii) DC (iii) CD 

Solution: с 

: — 1 — 1 

i) АР = 2 АВ zv b 

(i) DC = АС -AD = boa у = d 
= EH ам 

ii) CD =-DC =7 4-b Figure 3.17 


Theorem. For any vector a, 

(i) The zero vector o has the property thato +а=а+о=а 

(ii) ^ The negative vector —a of a has the property a + (-a) =а-а=0 
Proof. (i) easy. 
If OA =a, we have, according to the definition of the multiplication of vectors 
by scalars, AO =(— 1)a Thus, а+(—1)а= OA + AO = 00 =0 
dii) ^ On account of this property, the vector (— 1) a is called the negative of the 


vector a, and we write —а=(—1)а a 
So that the relation а+ (-Па=0, д 
may also be re-written as a + (—а) =0 = 


Vector Zero vector 


АВСРЕЕ is a regular hexagon AB =a, BC =b 
and CD = с, state the following vectors as scalar 
multiple of a, b or c. 

(i) DE (i) EF (i)FA (iv) AD (v) BE 
Hint: In a regular hexagon main diagonal AD 

is double the side BC and parallel to it. 

Given the vectors a and b as in Figure, draw the vectors: 
(i) a 42b (ii) 2a — b (iii) 3a — 2b 


| 
| 


InAOPQ. OP = p , OQ - q , Ris the midpoint of OP | С 
and S lies on OQ such that 1081 = 31501. State in terms of |- 192115 

P and 94. 

G) OR (ii) РО (ii) OS (iv) RS 

OACB is a parallelogram with ОА =@ and OB = b, AC is extended to D 
where IACI = 2ICDI. Find in terms of a and & 

(i) AD (i) OD (iii) BD 

ОАВ is a triangle with OA =a, OB =b. M is the midpoint of OA and G 
lies on MB such that [MGI = i IGBI. State in terms of a and b 


© ом @ MB (i) MG моб Р 
In А OPR, the mid-point of PR is М. р 
If OP =p and OR =r, find in terms of p and г. 
i) PR м it) ОМ 
() (ii) (ii) E 3 h 


ABCDEF is a regular hexagon and О is its centre. 


' The vectors x and у are such that AB =x and BC = у. р E 
Express in terms of x and y the vectors 
AC. AO, CD and BF. с E 


3.1.4 Representation of a vector їп a cartesian plane y 
We recali from our previous class that a rectangular 
coordinate system consists of two lines xx' and yy’ drawn at 
right angle to each other as shown in(Figure 3.20),are known as 
coordinate axes. Their point of intersection is called origin o 
and is denoted by O. The rectangular coordinate system is also 

called as Cartesian coordinate system. 


х. х 


The horizontal line is called x-axis with positive y 
direction to the right and the vertical line is called y-axis with 
positive direction upward. If P is a point in plane, it has two Figure 3.20 


coordinates, one along x-axis and the other along y-axis. If the 
distances along x-axis and y-axis are determined by a 
and Р respectively, then the point P is assigned an ordered pair 
of real numbers as (a,b) or P (a,b) as shown in (Figure 3.21 )We 
call a and b the x-coordinnte and y-coordinate of P. x 

The set IR? = ((a,b): a,be IR) is called the Cartesian 
plane. Thus an element (a,b) = IR? represents а point P(a,b) 
which is uniquely determined by its coordinates a and b. 

Tn this section, we use rectangular coordinate system to y 
represent a vector in the plane. 

Let i denote the unit vector whose direction is along the Figure 3.21 
positive x-axis and letj denote the unit vector whose direction is along the positive 
y-axis. Then every vector OP in the plane can be written uniquely in terms of the 


vectors i and j as OP=r=x+ yj where x and y are scalar. See (Figure 3.22). 


у 


The vector OP is called the Position vector of the point Р. Thus, the 
position vector of any point P(x,y) is the vector OP whose initial point is the origin 
“О” and whose terminal point is P. 

Component of a Vector 
In the representation of the position vector to any point P(x,y) in the plane 


as ОР=г=х+ yj, the scalars x and у are calied the components of the vector г. 
The component in i- direction is x, while the component in j-direction is y. 


For example, if P(5,-4) be a point in the plane. Then the vector г represented by the 
position vector to the point P(5,—4) is 


г= м + yj = 51 + (4). 
Thus, the i-direction component is 5 and the j-direction component is —4. 
Theorem: If a and В are position vectors of points A and B respectively, 
then AB =b-a 
Proof: If a and В are position vectors of the points A and B respectively, then 
а=0А andb-OB (Figure 3.23) z 
Using triangle law of vector additions, we have 

ОА +АВ =ОВ => АБ=ОВ-ОА 
> AB=b-a о s 4 

Figure 3.23 

Example 6: Find the vector AB from the point A (—4,6) to the point B (6,8). 
Solution: The position vectors of A and B are ОА = + 6j and OB = 6i + $). 
Therefore by the above theorem 


АВ =ОВ -OA - (6i + 8j) - (-4i + Gj) = бї + 8j + 41-6) = 10i + 2] 


Vectors with initial point not at the origin 

We defined the component of a vector to be the coordinates of its terminal 
point when its initial point is at the origin. Now we will find the components of a 
vector whose initial point is not at the origin. = =. 
Suppose Р. (x,,y,) and Р(х,у) are two points in the plane. Suppose ОР! and OP» 
be the position vectors of P, and P, as shown in (Figure 3.24). 


Тһеп РР, =OP, -0P 
= (%ї+у,]) (жу) , 
=0-х Я +(у-у)] 7 log By) 
Thus the i-component is х, — x, and the j-component is № 2 


3.1.5 Algebra of Vectors 

In this section we define addition, subtraction, O i 2 
scalar multiplication, and so on, for vectors in plane. Figure 3.24 
Equal Vectors 


Two vectors u = xi + yj and v = хі + yj are said to be equal if and only 
if they have the same components that is 

и =v if and only if x, =x, and y,=y, 
Example 7: Ши = 2i + yj and v = xi —7, then find x and у. 


Solution: u=vor2i+ yj =xi-j 
By comparison we have x = 2 and y = —/ 
Addition of Vectors 


Ши = x,i+y,j and v = xi y;jare two vectors, then their addition, denoted by и + v, 
is defined as и + = (x +x) i + (y txlj 
Thus, to add two vectors, we add their corresponding components. 
Scalar Multiplication 
The multiplication of the vector u = xi + yj by a scalar k, that is ku is defined as 
ku = k(xi + yj) = (kx)i + (Ку 
Negative of а Vector 
Ни = xi + yj is a vector, then negative of u, denoted by —u, is defined as 
-u = -(xi* yj) = -xi — yj 
Thus, if we take k = —1 in the definition of scalar multiplication, we obtain 
-u that is the negative of the vector м. 
Subtraction of Vector 
If u = xj + yj and v = xj + y,jare two vectors, then their difference, 
denoted by u-v, is defined asu — v = (x, — x2) i + (y, – yj 
Thus, to subtract two vectors, we subtract their corresponding components. 
Example8: Ifu = 3i + 4j andv = 4i — 5j, 
Find фичу (ii) 2и (iii) -v (iv) 2u 3v 


Solution: 
(i) и+у= (31+ 4j) + (di - 5) = (3 +444 + Cf 7i -j 
(i) ^ 2u = 2(3i + 4j) 2 (2-3) + (24) = 6i + 8j 
(i) ^ —v 2-(4i— 5j) =- 4i- (-5)j = 4i 5j 
(№) | 2u-3v = 2(3i + 4j) - 34i - Sj) = бї + 8j 121+ 15] = —6i + 23} 


Zero Vector or Null Vector 
The zero vector or null vector is denoted by О and is defined as 0 = Oi + 0} 


Magnitude of a Vector 
If u = xi + yj is a vector, its magnitude or norm or length is denoted by lz! 
and is defined as 
lex? + у? 
Ехашр 9: If u = 27 - 3j, then find lul. 
Solution: 14/02) +(-3)° = /4+9 =i3 
Unit Vector 
If the magnitude of the given vector и = xi + yj is 1, it is called a unit vector. That 
is, и is a unit vector if lul = 1 
Properties of Magnitude of a Vector 
Theorem If u = xi + yj is a vector and К is a scalar, then 
(i) lulz 0 (i) tul = 0 if and only if u = 0 (zero vector) 
(ш) Hul = lul Gv)  Ikul= ikl lul 
Proof, 


2 


G) ш= fx? y! 20 for all x and y. 
Gi) — lul=/x? + y! =O if and only if x =0 andy =0 
if and only if u = 0i + 0] 


if and only if и = о (zero vector) 


(ii) ахуй (х) (у) =\/х + у? mul 


Gv) аан = (ЕЮ) +) = Д0 y» 
= Ме Деку = 


3.1.6 A Unit Vector in the direction of another Vector 

Ши = xi + yj is a vector with magnitude lul #0, then "i is a unit vector 
whose direction is the same as that of п. It is usual to denote a unit vector in the 
direction of vector и Буй. 
Clearly any vector м can be written in terms of unit vector as и = lul й 
Hence a unit vector in the direction of и is given by 


^ и ^ o Xtyo _ x a 


ТТ = u HEA = Е i+ вт 


Example 10: Find a unit vector in the same direction as the vector 3i-2j 
Solution: Letu = 3i~ 2j (Noe |) 


шла licut" US uk The vector П is in facta 
Since и= IPTE so n Еее unit vector, because by 
"z Е = Ts Js j. property (iv) of magnitude 


of a vector 


Notation for Vectors in Coordinate System fot tul 
Sometimes we use the notation [x,y] or <x,y> for the ш еп BIN 


vector r = xi + yj which has its initial point at the 
origin of the rectangular coordinate system. The terminal point of r will have 


coordinates of the form (х,у). We call these coordinates the components of г. 
In this notation, the unit vectors i and j are given Ьу? =[1,0], j =Ю, If r,- [xj y] 
and г, =[x,,y,] are vectors and К any scalar, then addition and scalar multiplication 
are defined as г, + г; = [Xpy] + [2.6] = [м + %, у, + y2] and у 2 k[x, y] 2 [ex y] 
Using the definition of addition and scalar multiplication, the vector г = xi + yj can 
be written as 

r= xi yj = х[1,0] + у[0,1]= [x,0] + [Oy] = [xy] 
Thus r- xit yzíxyl 
3.1.7 Ratio Formula 
Theorem: Let a and b be the position vectors of the points A and B respectively. 
If C divides AB internally in the ratio p:q, then the position vector c of C is given 


by € 2n pb 
Ч+Р xz 
Proof: If C divides the line segment AB internally in the ratio р:9, then = =$ 
as shown in the (Figure 3.25). B 
Hence g AC-p CB = (с-а) = р(Ь- с) b NC 
=> qce-qazpb-pc => qc pc-qa-pb с \, 
ET = 49+ o a ^ 
=> (а+р)с=да+рЬ > с = +—— : 
(а + pe = qa + pb Qn Figure 3.25 


Corollary: If p : а= 1 : 1, then C is the midpoint of AB and its position vector c is 


given by c= atb 


a Ее Я 


Example 11: Find the position vector of the point dividing the join of point A with 
position vector 2i-3j and point B with position vector 3i+2 in the ratio 4:3 
Solution: Suppose that the position vectors of the points A and B are a and b 
respectively. Then a@=2i-3j and b=3i+ 2 


Suppose that є is the position vector of the point C that divides the segment AB in 

ratio 4:3. 

Then by ratio theorem (theorem above) 

26 За+4Ь 3(21—33)+4(31+2) 6i-9j+12i+8j 18-1 18 i ДЕ 
3+4 7 7 gue We 

3.1.8 Application to Geometry 

In this section, we shall use vectors to prove some basic theorems of geometry. 

Theorem: Prove that the straight line joining the midpoints of the two sides of 

a triangle is parallel to the third side and equal to one half of it. 

Proof: Let ОАВ be a triangle and D.E be the midpoints of sides OA and OB 

respectively (see Figure 3.26) о 


Let OA =a, OB =b, then 


ed - „= р, 
OD =$ и 08-2 * D & E are the mid-points of OA 
& OB respectively : Figure 3.26 s, 
Now DE =DO +ОЁ =-0D +ОЁ 

-a b b-a 

z—4— = 1 

2212 2 а) 

AB =АО +ОВ =-ОА +ОВ =-a+b=b-a (2) 


Therefore from (1) and (2), we have 


DE = АВ Hence DE || АВ and DE is equal to one half of AB 
Theorem: The diagonals of a parallelogram bisect 5 
each other. — 
Proof: Let the vertices of the parallelogram b, 
be O,A,B and C (See Figure 3.27) 

Let a, b be the position vectors of A and B 
respectively. . о > ‘A 


Then OA =a, OB =b. = АШ Figure 3.27 
By addition of vectors, we have OC 20A +OB =a+b 


The midpoint of the diagonal OC has the position vector 


OC a+b 
c= — =—— 
2 2 RENE 
Again by addition of vectors, we have AB =ОВ ~OA =b-a 
The midpoint of the diagonal AB has the position vector 


— АВ b-a _2a+b-a _а+Ь 
d= ОА +— =a +— == ey 
aaa 2 ңы 
From (1) and (2), we have c=d. 
This shows that the midpoints of the diagonal OC and АВ are the same. 


Thus the diagonals of the parallelogram bisect each other. 


3.2 Vectors in Space z 


Tn section 3.1.4 we discussed vectors in the plane. 
Inthis section, we again consider vectors, but vectors in space. 


3.2.1 Rectangular coordinate system in space у 


In space, a rectangular coordinate system (or 
Cartesian coordinate system) consists of three 
mutually perpendicular lines through a common point 
O. The point O is called origin and the mutually 
perpendicular coordinate lines xox’, yoy’ and zoz' are 
respectively x-, y- and z-axis (Figure 3.28). The 
positive x-axis points towards the reader, the y-axis 
to the right and z-axis points upwards. 

The coordinate axes, taken in pair, determine three 
coordinate planes namely the xy-plane, the xz- 
plane and the yz-plane. If the distances along x-, y- 
and z- axes are denoted by a, b, c, then the point P is 
assigned an ordered triple of real numbers as (a, b, c) 
or P(a, b, c) as shown in Figure 3.29. We call a, b and 
с the x-coordinate, y-coordinate and z-coordinate 
of P.Hence the point P whose coordinates are (4, 5, 6) 
is 4 units from O in the direction of ox. 5 units from 
O in the direction of oy. 6 units from O in the 
direction of oz as shown in (Figure 3.30). 

The set IR’ = ((a, b, c): a, b, ce IR] is called the 
three- dimensional space (or3-dimensional space). * 


3.2.2 Vectors in three dimensional space 
Let i, j and Ё be three mutually perpendicular unit vectors in the direction 

of coordinate axes as follows: 2 

i is a unit vector along positive x-axis, ох 

jis a unit vector along positive y-axis, oy 

kis a unit vector along positive z-axis, 02 

as shown in Figure 3.31. 
If P(x, y, z) is any point in the space, then the 


position vector OP of the point P can be written in 
the form. 


OP -r-oiyjezk as shown in Figure 3.32. 


Thus, a position vector of the point P is a vector ОР 
whose initial point is at the origin О and whose 
terminal point is P. 

3.2.3 Component of а Vector 

In the representation of the position vector to т Figure 3.32 


any point P(x, y, z) in the space as OP == хі + уј + zk, 


the scalars x, y and z are called the components - 
of r. The unit vectors i, j and k are the unit base Did You Know 
vectors for this coordinate system. 


3.2.4 Notation for vectors in coordinate system ar RP hi E vector in space with 
initial “paint Р(х, у, 4) and 


As in plane, we use the notation /х, у, 2/ | termin ab point Р, 7а » 2 a 
f P, a 


or «x, у, z> for the vector r = хі + yj + zk in 
space. Then RE = (xxi Qt 
In this notation, the unit vectors $ j and | (a z,)k. So the components of — 


k are given by ВР, їп ij ака directions are 


i = [1,0,0], = [0,1,0], k = [0,0,1] соч ор (are) respectively 
Ёғ = [хь У, =] and ғу=[х, у» %Jare vectors 


and @ any scalar, thenaddition and scalar multiplication is defined as 
Ti+ ry = [xy у, Z) + Dos Yo Ze] = [oti учу» 4 +] and 
ar, = а [хь уь z] = [a x, a yp az] 
Using these definitions, the vector г = лї+уў+:К can be written as 
г =xityj+zk = х[1,0,0| + у[0,1,0] + z[0,0,/) 
= [50,0] + [0,y,0] + [0,0,2] = [55,2] 
Thus r=xi+ yj + zk = [x,y,z] 


3.2.5 Magnitude of a Vector 

The magnitude or norm or length lul of a vector u = xi + yj + zk in the space 
is the distance of the point P(x, y, z) from the origin. That is DNI х+ у +22 
Unit Vector 
If the magnitude of the vector и = xi + yj + zk is 1, it is called a unit vector. That is 
lul=1 
Example 12: If u = 2i- j+ 3k, v - i + j - Е, then find 


(1) u+2v (ii) 3u—2v (iii) 3(u-2v) 
Gv) мы (м) hull (vi) i 
Solution: 


G) u+2v = (2j 43k) 2(i4j-k)- 2i-j+3k+2i+2j-2k = 4i+j-k 
(ii) 3u-2v = 3(2i-j 43k)-2(4j —k) = 6i-3j+9k-2i-2j+2k = 4i-5j +1 1k 
(iii) 3(u-2v) = 3[(21-у+3Е)—2(1-у-Ю)] = Зе -2i-2j+2k] 

= 3(0i-3j+5k)= -9j+1 5k 
GV) ичи =2i-j+3k)+(i+j-k)l = I2i-j+3k+i+j-kl = Die 0j 2k 


= JOP +(0#+(2)# =Vor4 = 4/13 


(vy) ull = f° +0? +)? +f? «ad «cp 
P + = v14 cd 


ws cm -ji3k 2 Ph 
TT 2—5 RE ES T’ 
3.2.6 Algebra of Vectors 


In this section we define addition, subtraction scalar multiplication etc of 
vectors. Our definitions are the same as given for plane vectors except that in this 
case we consider vectors in space. 


Equal Vectors 

Two vectors u =x,i + yj +2, and v = x,i +} + zk are said to be equal if 
and only if they have the same components. 
That is и = v if and only if x, = X, у, = у and z; = z; 


Addition of Vectors 
The addition of two vectors и = xi + yj +z,k and v =x,i + y,j + zk is defined as 


uy = (x, + х,)ї + (у, +H + (2, + z)k 
That is, to add two vectors, we add their corresponding components. 


Scalar Multiplication 
The scalar multiplication 0. и of a vector u=xi+yj+zk by a scalar c is defined as 
аи =а(хі+уј + Ж) = (а х)і + (оу) +(azk 
Negative of a Vector 
The negative of a vector и = xi + yj + zk is defined as 
-u = —(хї + yj + zk) = -xi — yj – zk 

Subtraction of a Vector 

The difference of two vectors и = xi yj + zik and v = № +y,j +z,k is 
defined as u-v = (х=) + (yj - yj + (z -z)k 
That is, to subtract two vectors, we subtract their corresponding components. 
Zero Vector or Null Vector 

The zero vector or null vector O is defined as 0 = 0i + 0j + Ok 
Properties of Vectors 

The following properties hold for vectors in plane as well as in space. 
Let u, v and w be vectors and let с and 2 be scalars, then 


() utv=v+u (commutative property for addition) 

(1) (u+v)+w=u+(v+w) (Associative property for addition) 

(ii) ^ w+0=0-+u=0 (Identity for vector addition) 

(iv) | u*(-u)-o (Inverse for vector addition) 

(у) a (Ви) = (аВ)и (Associative property for scalar multiplication) 

(vi) а (u+v)= au *av (Distributive property of scalar multiplication over 
vector addition) 

(vii) (a) и =аи-+Ви (Distributive property of vector multiplication over 
scalar addition) 


(viii) luzu 

Application to Geometry 

Distance between two points in Space >. 
Let A(x;, у, а) a and Bt, y. у» 2) be any two 4 


points in space. Let ОА and OB be the position 
vectors of A and B (Figure 3.33). Then 
OA=x,i+y, tja, OB - xij, + 
Now OA+ AB = = OB 
AB «OB -OÀ 
= (5x) i (у,—у)] + (5-z)K 
Hence | AB |= 4G; —җ)*+ (у, — +e а) xl 


which is called the distance formula. 


Theorem: Let A(x,, У z) and В(х„, yz, z;) be any two 
points in space. The coordinate of point C which 


divides AB іп the ratio m,:m, are 

(tik TMX туз + тур Mhz, +Z ) 

m +m, mtm m +m, 
Proof. Let C(x, y, z) divides АВ in the ratio m,:m, 
internally (Figure 3.34). If a is the position vector of 
A and b is the position vector of B, then the position 
vector c of C already found in Ratio theorem is 
no mb+ma 
mtm, 


‚ xi + yj +: = [m (x i+yj+gk)+m (o, iy ча А] 


m +m, 
_ (тух, + тух, Ji (my, +My, Jj t (mz, + Mz Jk 
Е т +m, 
— АЖ тх тат ; The та А 
m +m, m +m, т +m, 
Comparing the corresponding components on both sides, 


ECC p aihh em In Yu y e ea RUE 2) 
m, m, т, + ть т +m, z 3 
Xm ту, тыу HII, тд If Я is negative, 
Thus C(xy,2) = СОТ з РАУ EL) the point C divides 
mm, m +m, т +m, AB externally in 
m, Е —. the ratio 4:1 
Corollary: If — = A, then the point C divides AB in the 
т, 
ratio A: 1 and Се, 527 
Ju Anth v 4A EA слата М 
1+4 1+2 1+4 
Theorem: Prove that the coordinates of the 
centroid of a triangle ABC with vertices 
(Xp Yi Zp) О, Yo 22) (Xz Ya Zs) are E XU Ва. 2) 
(tnt Wet, Лы Чыгы Figure 3.35 


3 3 3 
Proof: The centroid of the triangle ABC is the point G where all the three medians 
intersect each other in the ratio 2:1 (see Figure 3.35) 


The midpoint M of BC has the coordinates M (t5. 224 Ys 252) А 
2 2 


The point G dividing AM in the ratio AG:GM = 2:1 has the coordinates 


MES IAM, Xn Bas, 
241 $ 2+1 2+1 


= Ы XA WENE) atata) 
SNE. FT AES 
Example 13: Find the length of the median through O of the triangle OAB, where 
А is the point (2, 7, —1) and B is the point (4, 1, 2) 
Solution: Let OAB be a triangle as shown in (Figure 3.36). 
The coordinates of M the midpoint aes are B (412) 


2+4, T+l D 

( BL = (3,4, 5 
So the length of OM is 
ом {or +(4)? +07 = X3 


Figure 3.36 АСА 


ЕХЕКСІЅЕ 3:2 


If a = 3i – 5j and b 2 —2i + 3}, then find 
(i) a+2b (11) 3a-2b (iii) 2(a-b) 


Gv)lexbl (у) ЧЫ (vi) = 
24. Еїп the unit vector having the same direction as the vector given below. 


(i) 3i (ii) 31-4) (iii) i+ ј- 2k. (iv) Bi- 1) 

| 3. Ifr =i~9j, а =ї + 2] andb = 51 —j, determine the real numbers р and 9 

such that r = pa + qb. 

If p = 2i - j and q = xi + 3j, then find the value of x such that Ip+ 41=5. 

Find the length of the vector AB from the point A(—3,5) to B (7,9). Also 

find a unit vector in the direction of AB . 

6. If ABCD is a parallelogram such that the coordinates of the vertices A, B 
and C are respectively given by (-2,-3), (1, 4) and (0, 5). Find the 
coordinates of the vertex D. 


E REEL ЧЕ 


EP 


Find the components and the magnitude оѓ PQ 


~ 


. P (~1,2), Q(2, -D. й. P (~2,1), Q(2,3). 
iii. P (-1,1,2), Q:(2, 1,3). iv. P(2,4,6), Q(1, 2, 3). 

8. Find the initial point P or the terminal point Q whichever is missing: 
i. PO =[-2, 3], P (,-2). й. РО= [4,51 Q(-1, D. 


iii. РО= [-1,3,-2], P(2,-1,-3). іу. РО = [2, -3, -4], QG, - 1,4). 

9. ж a@=itjt+k , bz4i -2j43E andc i -2j ££, find a vector of 
magnitude 6 units which is parallel to the vector 2a- b +36. 

10. Find the position vector of a point R which divides the line joining the points 
whose position vectors are Р(ї + 2j —k) and Q(—i +) + k) in the ratio 2:1 
internally and externally. 

11. Find the position vectors of the point of division of the line segments joining 
(i) Point C with position vector 5 j and point D with position vector 

4i + jin the ratio 2 : 5 internally. 
(ii) Point E with position vector 2i-3j and point F with position vector 
3i+2J in the ratio 4 : 3 externally. 

12. Find a, so that lai (а + 2j 2k| =® 

13. Ifi -22i «3j 44K , v i &3j— k and w=i+6}+zk represent the sides of 
a triangle. Find the value of z. 

14. The position vectors of the points A, B, C and D ae- ] ^k, 3i*j, 
2i-4j- 2kand-i – 2j +k respectively. Show that AB is parallel to CD е 


3.5 Dotor Scalar Product 
3.5.1 The dot or scalar product of two vectors a, b denoted by 


a-b, is defined as a-b = Ы cos Ө where Ө is the angle b 
between the vectors a and В (Figure 3.37). 
For example, if lal = 2, Ib! = 4, 0 = 60°, 8 
а 
then a-b=3x4cos60° = 12x +=6. 
2 Figure 3.37 


This will be negative if 5<9< mas cos is negative, and lal, |b] are always 


positive. 


— comcs 


3,5,2 Immediate consequences of the definition of Dot Product 


LAE. ЖИ 
@) Parallel vectors 
If a and В are parallel but in the same direction as b 
shown in (Figure 3.38), then 0 = 0°. Figure 3.38 


In this case a-b = lalidlcos0° = lallbl 
If a and b are parallel but in opposite direction as shown in Figure (3.39), 


then 8-180". In this case a-b zlallbi cos 180° = —lailbl 


MES RNV 


In the special case when a = b, then 
а-а = lallalcos0? = lallal = lal? b 
Hence lal= Ува Figure 3:39 
(ii) Orthogonal vectors 
If a and b are orthogonal vectors, then @ = 90° and cos 90° = 0 
л a- b = Д cos 90° =0 
Hence the condition for orthogonality of two vectors is ab = 0 
3.5.3 Scalar product of unit vectors i, j and k 
ii = [||] cos 0° = 1, ij = |||] cos 90° = 0 
jj= |А cos 0* = 1, j-kz И cos 90° = 0 b 
kk= ki kj cos 2 1, i = le il cos 90°=0 


eat 


a 
Figure 3.40 
k D 
Орау The dot product is always а number 
1 (scalar), We sometimes refer to it as 


the scalar product or inner product. 


Figure 3.41 
x 


Thus, ii=zjġj=kk=1 and ijapk=ki=0 


3,54 Expression of Dot Product in Terms of Components 
Leta-xityjenkandbexienjtnk 
be two vectors in space. Then using the properties of Ifa = xí чу and b= xi +5 
dot product, we have are vectors in the plane, 

then eb = xx, t Yi; 


ab -(xityjtak:GQuityjtukE 

3 x, (Fi) +X, у, (Ej) + x, 2, (Èk) + yia + yis 01) *y = GR) 
+ zaxa (lei) + туу, (kj) + 2122 (HK) = x x, +ууу+4› 

ET аб = хх, +у у +Z zZ 

Thus, dot product of two vectors is the sum of the product of their corresponding 


components. 
Example 14: Ша = 2i-3j + 4k and b = i--3j-2k, then find a.b in terms of their 


components, 
Solution: ab (2i— 3j + 46). (i + 3j — 2k) 
(2) (1) + (-3)3) + (4) (-2)= - 15 
3.55 Commutative and Distributive Properties of Dot Product 
Theorem: Ifa, b, and с are vectors and а any scalar, then 
(a) Dot product is commutative i.e. ab-ba 
(b) Dot product is distributive over vector addition i.e. a-(b + c) = a-b +a-¢ 


Proof: 
(а) Leta=xityjtyk anddbsx,ityjtzk 
Using the properties of dot product and scalars, we have 


ab = (xl ey Ft zk). itxjtunkE 
= XiX уу, +12, = д + у;у+ HA 
= b-a 


Thus, a-b=b-a 
(b Let c = x, y,j + z,k then 
a-(b+e)= (xi yj + zi) чу + а xi + yaj + 200] 

= (xi + yh tzik). + (у, + yit (22 + &,Ж] 
= xy(x 44g) t Yi + Уз) + = (52 23) 
= хх. tX Xa+ уу, + Vist 2122 + 2123 
т (хохо + ууз + 612) + (хахаж Yat nz) a.b +а.с 

Thus, @-(b+c) =a-b+a-c 


3.5.6 Direction Angles and Direction Cosines of Vectors 

Let r=xi+yj+zk be a non-zero vector. Let a, Ø and 7 be the angles which 
the vector r makes with the positive directions of the coordinate axes where each 
of these angles lies between Oand t i.e.O < с, BIET 


The angles @, 2 and y are called the direction angles of the vector r 
(see Figure 3.42). 

Referring to the figure, we have three right triangles 
OAP, OBP and OCP. Then 


cosa = 2 = = in right triangle ОАР 


Iri ey tc 
cos = = ———— in right triangle OBP 
учун а 
kz z Figure 3.42 


[ES ЕЕ in right triangle OCP 
The numbers cos a, cos f and cos ү are called the direction cosines of the vector 
г. The direction cosines cosa, cos Д and cosy are usually denoted by |, m and n 
respectively. 
Theorem: If a, fand ү are the direction angles of a vector ғ, then 
cos? & +cos? fj &cos?y =1. 
Proof: By the definition of direction cosines of the vector г, we have 
à x ¥ 2 


COS (t = ‚соз J=- and cosy = 
учу +? x by +2 Jery 
х? 2 z? 
-. cos? G +cos? f +cos?y = ——3 2r i 
Хат Vere У ЕЦ x += 
Ху +2 


Using symbols £,m and n, we may write the above result in the form ¢2+m2+n? =1 
Example 15: Find the direction cosines of the vector from P(4,8,.-3) to Q(-1,6,2) 
Sehatier: We know that for any two points P and О we have Р0=00--0Р 
Here OQ = -і+6)+2, OP -4i-8j-3k 

PQ  -(-i«Gj*2k)-(4i*8j-3k) = -5i-2j+5k 


$шсе!РО1 = 4x yz 
So IPO! = CS! «C2y «Gy. = V54 = 34/6 


Hence direction cosines of the vector PQ are 


cosa = —— „=з cos @=—— = -2 and cosys—— == 
ІРО 3/6 ' ІРОІ 346 1PQI 36 


3,5,7 Direction Numbers or Direction Ratios 
The position vector OP of the point P(x,),z) in term of unit vectors ij апак 
is given as 
OP =r = xi+yj+zk 
If cos, cos f and cosy are the direction cosines of r, and p is a positive 
constant, then the numbers Pcosa , Pcos В and Рсоз are called the direction 
numbers or direction ratios of the vector r. The direction numbers are used to 


specify the direction of the vector r. 
Since x = Irlcos&, y = 1Асоѕ В and z = Irlcosy where irl is the length of the 


vector r, so x, y and z are direction numbers of the vector г. Therefore the 
coordinates of P(x,y,z) may be written as (Iricos c , Irlcos В, Iricosy) 
Hence OP = ғ = Iricos æi + Iricos Bj + Irleosr k 
=> ОБ = 1ғ(созоі + соѕ Bj + cosyk) or | 
OP = ігі (li+mj+nk) 


Example 16: Find the direction numbers and direction From the above, we 


А А E obtain the components of 
cosines of the point P(2,-3,6). Ра new ТОС СА 
Selsison: The direction numbers are 2, -3, 6. cosines multiplying by 

а — Ія. 
Since OP = г = 2i — 3j + 6k, 1ОРЕТ, therefore the Conversely, dividing the 
direction cosines are components by irl gives 
29 the direction cosines. 
= e me =F andae 6 
1ОР\ lop) 7 [ОРІ 7 


Example 17; Find the coordinates of P, if OP is of length 6 units in the direction 


of OR where В is the point (2, —1, 4) 
elution: ^ Wehave OR=2i-j+4k = Ї|ОК\= v21 


The direction онш of ОЁ are RQ-1.4) 
-1 


ие тя 


The coordinates of P are (116, Чт, Irin) 


where Irl=| OP | = 6. Figure 3.43 


Therefore rito = шт = Fe hin = A 
Hence the coordinates of P are (es ab кл 
бт”? 


Example 18: А vector v has inclination 60° to ох’, 45° to oy. 


Find its inclination to oz. If lwi=12, express v as xi + yj + zk. 


Solution: Here / =cos 60° ‚ m= cos 45° = RUE 


42 
Let n = cosy, where yis inclination to oz. 
Since /2 + т2 + п2 = 1 
So m zl-P-m беен let. d 
4 
1 1 
> n =+- cosy =+ — 
2 2 


This shows that v is inclined to Gah at үт ог FN 


H РА a 
Now#i, mj, nk are components of v , so 9 = ji +j + it 


5 
Buty = 105 =12 (11+ у+ уа 
Р 2 


358 Angle between two Vectors 


One use of the dot product is to calculate the angle between two vectors. 
(i) Let a and b be the two vectors. Then by definition of dot product 


= |413 cos 8 where 0 «857 


особ EË 


kli г 


ie. the cosine of the angle between two vectors is their dot product 
divided by the product of their moduli. 


(i) ifa=xyit+yjprzkandb=x,ity,jt+2.k 
а.Бр=хух,+ У, У: +2122 


l| = Je жур+ and В = үг +y?+2z2 since by (i) above 
ev b 
XX, уру, + ZZ 
cos @= = 9 > сб —— — 44207 92. 1*2 
le ai pum tyty +Z 
(i) a.b = ШЫ cos 8 cos = tb = В ар Figure 3.44 
la 4n а lel 


Example 19: Find the angle between the vectors GP and 00 where OP = 21+ i 


00 =-# + 2j 
Solution: Let Ө be the angle between y 
the vectors OP and ОО 
Then cos @ = 22:00 
ph 
_ (3+2) i8) 
3342242! +12 
E Eorum 2 . 0.4961 
T J5 
= 9=119.74° 


Example 20: Find the value of t such that the vectors 2i — j+ 2k and 3i + 2] are 
orthogonal. 


Solution: Leta = 2i-j + 2k and b =31+25. If a and b are orthogonal, then a-b=0 
. 2(3)+(—1)(2:)+ 2(0)=0 => -2t=-Gort=3 
3,59 Projection of one Vector on another 


Let a and b be two vectors and @ be the angle between them as shown in 


(Figure 3.46) ,0<9<х 
AC is perpendicular to OB . Then OC is called the projection of a on b. 


From А ОСА, we have 


= =cos 9 
ЮА! 
> Ю&=1ОА1соз = laicos @ (1) 
By definition of angle between vectors 
a. 
g =-= Q) 
tallbl р Figure 3.46 

Using (1) and (2), we have ІОСІ = ЕР 


= = 


, ab 
This gives that the projection of a on Ё is =. Similarly the projection of b ona is lal 


Example 21: Find the projection of the vector a =i—2j+k to the vector b= 4i — 4j 7k. 
Solution: Тһе projection of a on b = W 
Now a-b = (i-2j+k). (41—4)+78)= (1) (4) + (-2) (-4) + (1) (7) = 19 
Andib = (D +CD O = V16+16+49 = 11 =9 
ab 19 
the projection of оп b = —— =— 
Proj aon bi 9 
3.510 Work done by a constant force 
If a constant force F acts on an object during any interval of time and the 
object undergoes a displacement S, then the work done on the object by the force 
F is defined as 
= Ё. 
ог W= FS Соз Ө, where Ө is ће angle between 
the directions of F and 5, as in (Figure 3.47). 
Example 22: Find the work done in moving an object 
along a vector 9i — + k if the applied force is 3i + 2j + К. 
Solution: Нее F -Jit2jek Figure 347 
$29i-j4k 
WzF.$z(3i * 2j - k)- (9i j +k) 
= 3(9) + 3(-1) + I(1) 
=27-2+ 1 


= 26 
Hence work done = 26 units 


1. Ifa-3i- 4-k, b-i—j + 3k and c = 2i + j – 5k then find 
(i) ab (ii) ас (iii) a-(b+e) 
(iv) Qat3b).c (v) (a-b).c 


2. Write a unit vector in the direction of the sum of the vectors 
й=2Ї+2]-5Ё апаБ=21+ }-7Ё 

3. Find the angles between the following pairs of vectors: 
(0 i-j-k, іў +28 (0) 31+ 4), 2j-5k (А-З ie jk 


4. Show that i + 7j + Jk is perpendicular to both i -j + 2k and 2i +j —3k. 

5. Leta = + 2j + Капа = 2i - j К. Find a vector that is orthogonal to 
both a and b. 1 

6. Leta =i + 3j- 4k and b = 2i - 3j + 5k. Find the value of m so that. a+ mb 
is orthogonal to (i)a (ii) b 

7. Given the vectors d and В as follows: 
(i) а= Mes b2i-2j-2k (iü)a=-3i+j+2k.b=- -j+ 5k 
Find in each case the projection of a on b and of b on a. 

8. What is the cosine of the angle which the vector 4/27 + }+Ё makes with 
y-axis? 

9. А force F = 2i + 3j + k acts through a displacement $=2 +j — Ё. 

Find the work done. 

Find the work done by the force F = 2i + 3j + k in the displacement of an 

object from a point A(—2,1,2) to the point B(5,0,3). 


10. 


© 


(i) Show that the vectors 37-2] + k , i—3 j + 5k and 2i + ]—4К form a right 
triangle.(ii) Show that the set of points Р = (1,0,1), О = (1,1,1) and К= (1 1,0) 


form a right isosceles triangle. 


И, 


12. Prove that the angle in а semicircle is a right angle. 


13. Prove that perpendicular bisectors of the sides of a triangle are concurrent. 


3.6 The Cross or Vector Product of two Vectors 


In section 3.5 we noticed that dot product |. 
of two vectors in plane or in space gives a scalar. ў" bee 
However, in this section we shall see that there is 5% 


another product known as cross or-vector product, je, 
which gives the result as vector in three : 
dimensional space. Figure 3.48(a) 
3.6.1 Let а and b be two non-zero vectors. The 
cross or vector product of a and b, denoted as a xb, b 
is defined by $, 

a x b = lal lbl sind -ity ^ 
where п is a unit vector perpendicular to the plane Figure 3.48(b) 
determined by a and b (See Figure 3.48 (a)) "a 


The direction of п is determined by the right hand rule 
“Join the tails of æ, b, stretch the fingers of your right hand along the direction of 
first vector а and curl them towards the second vector b through smaller angle 9 
between a and b (0<@<180°), then the erected thumb will show the direction of п 
ora xb.” 

If a and b are as shown in (Figure 3.48 (a)). and the plane containing a, b 
represents upper surface of a table then a x b is directed above the table. 

Clearly, the direction of b x a by stretching fingers along b and curling 
towards a gives the direction of the thumb of right hand downwards (under the 
table) direction from the plane (sec Figure 3.485). 

Hence bxacz-Ibllaisin&n 

where f is a unit vector perpendicular to the plane directed upward. 

In Figure 3.48(b) b x a is the scalar multiple of — ñ . 

If a and b are two vectors, then the length of a x b is given by la x bl = lal Ibl sing 
3.6.2 Immediate consequences of the definition of Cross Product 

(i) Since a x b = -b x a, hence vector product is not commutative i.e. 


a xb #bxa. 
(ii) ^ Parallel Vectors. Ша and В are parallel but in the a 
opposite direction as shown in Figure 3.49(a), 
then @= 180°. SEDES = 
In this case a x b = lal ibi sin180°n= 0 Figure 3.49(a) 


(.. sin 180°=0) 


If a and Ё are parallel but in the same direction as А а 
shown in Figure 3.49(b), then #=0° 


In this case а х b=lal bl sin O°n=0 (51п0%= 0) 7 5$ о 
Hence in either case a x b= 0 
If a x b = 0, then either at least one of the vectors a, b is Figure 3.49(b) 


zero or a and b are parallel. 
In particular a x 0 = 0 for all vectors а. 


3.6.3 Expressing Cross Product in terms of components 
Let a = x, i+ y,j+z,k and b=x,i+y>, ой be two vectors in space. Then using 
the properties of cross product, we have 
ахь = (Git y jt zk)X Colt у] + Zk) 
= мл (ixi)+ yy, (ix J)* xz ({(х®Е)+у,х,(}х1)+ ууу, Ux A+B (xk) 
ax (Exi) ду, (kx j) a2; (kxk) 
= ҳа, (0)+ х,у, (#)+ nz C7) yo (E) s (0) ла (i) tam (I) tan CC) аг, (0) 
= (иа - а) Qn - ах) Qus э (1) 


The expansion of 3 x3 determinant 


i j k| 
x у, z = Oz- ayi- (araj + (уур) O) 
х. Уз % | 
у К 
From (1) and (2), we have axbz|x, y, z, 
A Уз 22 


3.64 Application to Geometry 


Theorem: Prove that the magnitude of ax b 
represents the area of a parallelogram with adjacent 
sides a and b. 


Proof: Let a and b be two non-zero vectors 10 
representing the two adjacent sides of the 
parallelogram and @ be the angle between them as i H 
shown in Figure 3.50. We know from geometry that. о L r i 
Area of parallelogram = base x altitude Figure 3.50 

= lal Ibi sinQ = la x bl | 


Thus Area of parallelogram = la x bl 


во Erant 


Theorem: Prove that the area of a triangle li 


equals i lax Ol. 
Proof: From Figure 3.51, we have that 


area of triangle = i (area of parallelogram). 


th а 

By above theorem Figure 3.51 
Area of parallelogram =la x bl — .. Area of triangle — 3 lax bi 

where a and b are vectors along the two adjacent sides of the triangle. 


Example23: Find the area of the triangle whose vertices are A(2,2,0), 
B(-1,0,2) and C(0,4,3). 

Solution: Let AB and AC be the adjacent sides of the parallelogram determined, 
so the required area of the triangle is half the area of the parallelogram, that is 


Ax AO 
Since AB = (-10,2)- (22,0) = (-3,-2,2) and 
AC = (04,3) (2,2,0) = (22,3). 


Area of the triangle — i 


= Е. muy? Г 
so AB x AC = |-3 -2 2| z-10i + 5j -10k 
-2 2 3 
= |ABx АС|= 10+ (5+ C10)" = 225 = 15 
Area of the triangle = Циба) = 5 


3.6.5. Scalar triple product of ij and k 
By applying the definition of cross product to unit vectors 
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i,j and К, we have 
(a) ixizlillilsinü*n =0 ч 
ўхј = Й топ =0 а, 
Ех k= Ikl Ш sin0°n =0 * 
(b) іхј= ШИЙ sin90°%k =k j 
J x k= ИН sin90% =i / Figure 3.52 


kx i= lkl 51909 =} 


(с) ]ж=-@х]=-К 
Ех] z-(j xk) z-i 


ixk=-(kxi)=-j 
Thus 
ixisjxjžkxk=0 
ixj=kjxk=ikxi=j 
jx iz-kkxjz-hixkz-j =. 
For convenience we arrange unit vectors i,j,k in 
clockwise order as shown in Figure 3.53. Then the cross р 
product of any two consecutive vectors is the remaining third 
vector with a plus sign or a minus sign according as the order X. Z 
of the product is clockwise or anticlockwise. 
3.6.6 Anticommutative Property 
Theorem: If a, b are vectors, then 
axbz-bxa 
Proof: 
This property has already been proved geometrically. Analytically we prove it as 
follows. 
Leta = x + yj * zik, b = xi у,ј+ zk. 
i j К ij k 


Figure 3.53 


axb=\x, у %| =—|х, у, z| (by interchanging the rows of the determinant) 
ХУ 5 ^» а 
z-bxa 
Thus axb  z-bxa 


Ifa =0 orb = 0 ог sin @= 0, then clearly a x b = 0 
3.67 Distributive Property 
Theorem: If a, b and c are vectors, then 

(i) (arb)xeczaxctbxc (ii) ax(bte)=axbtaxc 
Proof: 
@ Leta=xityj+t zk, b = хі чу] +zk ande = xi + yj + zk, then 
atb(x, +x, )i+(y, ty, )j -(z,*z;)k and so 


i j k iaf k| Е 
(а+Ь)хс=|х+х, у+у, щ+,|=|х у, al ta у, ој=ахе+Ьхе 
X3 » 23 X4 Ys 25| 153 № 5 


Thus (a +b)xc=a xc +b xc 
(i) Proof is similar to (1) above 


3.6.8 Angle between two vectors 
One use of the cross product is to calculate the angle between two vectors. 
(i) Let a and Б be the two vectors. Then by definition of cross product 


la x bl = lal Ibl sine where 0 0s 7 


xb 

^ sinĝ= eben ie. the sine of the angle between n 
lal 

the two vectors is the modulus of their cross product A) 

divided by the product of their moduli. а 

xb Gi 

Hence @=sin™ la x M Figure 3.54 

lal 


Example 24: For the vectors а = 2i + 5j + 3k, b = 3i + 3j + 6k, and c-2i 7j +k, 
find 
Q  (a~b)x(c-a) 
(ii) a unit vector perpendicular to both a and b 
(iii) sing where 8 is the angle between a and b. 
Solution: (i) a-b = (21+ 5) + 3k)- (3it3j+6k) =-i + 2j- 3k 
с-а =(2i4 7) + 4k)—(2i+ 5j + 3k) = 2) + К 


na e m Ta 
M(a-b)x(c-a)--1 2 -3 =(2+6)i-(C1- Oy + (-2- 0k = 8i j - 2k 
0 2 1 
(ii) Let 2 be the required unit vector orthogonal to both a and $, then 
s 1. ахЬ a) 
laxbl 
D MISES 
axb=|2 5 3| -(30-9)i- (12-9)j + (6- I5)k 2 21i — 3j — 9k, 
34:3 6 


QU«CaCc9) = 4531 = 3459 
Putting in (1), we have 
».21-3j-9k _ Tim j-3k 


la xbl = 


34/59 459 
(iii) Since la x bl = lal Ibl sin where Ө is the angle between а, b, we have 
sing = 2%! . 50 = 3/59 _ _3/59_ _ 359 459 


4 sin => sing = 
ИП 438454 — 38х54 34/228 J28 


3.6.9 Moment of Force 
The moment M of a force F about a point P is defined as the product 


=|F| d, where d is the (perpendicular) distance between P and the line 


of action L of F as shown in (Figure 3.55) 
If r is the vector from P to any point Q on L, then 


ЧЕН sin ө A 
M =|Fid =|r/F sine | 
Figure 3.55. 

Since @ is the angle between rand F,so М= rxF 

The vector М= г x Fis called the moment vector or vector moment of Е about Q. 
Example 25: Find the moment about a point A(2,1,1) of the force F =7i + 4j — ЗЕ 
applied at (1,—2,3) 

Solution: If r is the position vector of the point P of application relative to the 
point A about which the moment is calculated, then moment M is given by M=rxF 


where r= АР =(2itj+k)—(i-2j+3k) =—(i+3j-2k). Непсе, 


ijk 
M=rxF =) 3 -2| =-[(С9+ 8+ (-14 + 3j + (4-21)k] =i + 11] + 17k 
74 -3 


1. Find the following cross products. 

(0Jx Qj+34 (ii)(2i- 3) хк (iii) (21-3, 3j + 5k) x (61+ 2j ЗК) 
2. Show in two different ways that the vectors а and b are parallel: 

(i) 42-i-2j-3k, b=2i-4/+ 6k. (ii) T= 3i - 6/-9k, b =i +2j- 3k 


3. Find a unit vector that is orthogonal to the given two vectors: 
(i) a= 1-2/+3Е, b= 2i+j-k (1) а 23i-J + бї, b = i+ 4j+k 
4. Ifáz3i-Gie5k, b- 2i- j* 4k, с=і+ј-К, сотрше 
()a4xb (ii) bx © (iii) (@+b )x(d—b) 
5. Use the vector product to compute the area of the triangle with the given 
vertices: (i) P: €2,-3), О: (3,2), К: C1,-8) 
(ii) P: (2, -1,3), О: (1,2, –1), R: (4,3, -3) 
6. A force Е = 34-2/+ 5k acts on a particle at (1, —2, 2). Find the moment or 
torque of the force about (i) the origin; (ii) the point (1,2,1). 
7. If A+B + C=0, show that AxB = ВхС= СХА. 


8. (1) Find a unit vector perpendicular to both à =i+/+2k, andbz —2i +j —3k 
ci) Find a vector of magnitude 10 and perpendicular to both 
=2/-3/+4А,5 24i-2j- Ak. 

9. Find the area of a parallelogram whose diagonals are: 
(i) d-444j -2k and b-—2i& 3/4 4k 
(i) 4 23i 2/-2k and B2 i- 3/4 4k 


3.7 Scalar Triple Product of Vectors 
3.7.1 Let a, b and c be three vectors. The scalar triple Product of the vectors a, b 
andcisdefinedby — a-(bx c) or (a x b). c 
The use of parenthesis with a x b is not important, as the only other alternative 
given to the expression a x b-c, namely a x (b-c) is meaningless. The scalar triple 
product a-b x c is usually denoted by [a b c]. 
3.7.2 Expression of Scalar Triple Product in Terms of Components 

Let axi y j-z,k, b-x, iy, j ez, k and с=хй+у, j+z,k be vectors, then 


ПЛ 
bxc =х у, | = bx eya }]+(х,у,—х,у,)К 
л » & 
a(b x є)= хууд — 522) — YXA) + Zp (Х,уу—Хуу›) 
à ла 
=!» У & 
A^» 5 
% » 4 
Thus a-(b x c) zm у & 
A^ №» 5 


which is called the determinantal form for scalar triple product of vectors a, b and c. 
Theorem: For any vectors a, Б and c, a-(b x c) = b-(c x a) = (a x b) 

Proof: Let a=x,i+y,j-+z,k, b=x,i+y,j+z,k and e=x,i+y,i+2,k, then by determinantal 
form for scalar triple product of vectors а, b and c, we have 


aAa 
a(bxe) = |х у, FH (D 
5 У 8 


* У 2, aM а 
Similarly ё (сха) = |» y, z| =-х у; z 
ee See Хх, № 2 
x » а 
=> (сха) = |х, у, z (2) 
Hau Ys 23 
% У 5 уа 
апа сах) = у, а =- » %; 
X № % х У © 
SN Z 
=> с(ахЬ) = |х у, 2, (3) From (1), (2) and (3), we have 
з » 5 


a-(b x c) 2 b-(c x a) =c-(a x b) 
By virtue of above theorem [a b c] = [b c a] = [c a b] 
3.7.3. Scalar triple product of ij and k 
Theorem: Let i, j and К be the unit vectors. Prove that 
(a) ijxk =jpkxiz=kixj=land (b) ikxj apixk=kjxiz—l 
Proof: The proof is simple, so it is left for students. 
3.7.4 Dot and cross are inter-changeable in scalar triple product 
Theorem: The positions of dot and cross in the scalar triple product can be 
interchanged. 
Proof: Let а= x,i+y,j+z,k, and b=xi+y,j+z,k and с=хи+уя+2 be any three 
vectors. Then 


зла 
а. (Б хе) = |x, у, z (1) 
з № 5 
By definition 
i j k 
axb = м а = (у-у), (угур) 
X M 2 2, 


(axb)e = (Y12219 (хил (2) 


a 9 A » Zn» A 
=м я а = ЗЕ X 2 
х №» a Eo» 8 № 3 3 
From (1) and (2), wehave a(b x c) =(axb)-c 
This shows that the position of dot and cross in the scalar triple product can be 
interchanged. 
3.7.5 (a) The Volume of the Parallelepiped 
Let us consider the parallelepiped with a, b and c 
as co-terminal edges are shown in (Figure 3.56). 
Then a = Å, b = OB, c OC 
Let a x b = d. Then by definition of cross product 
d is perpendicular to the plane containing а and Б 
and geometrically represents the area of the 
parallelogram OAFB given by laxbl. The ^ Figure 3.56 
parallelogram is regarded as base for the 
parallelepiped. If @ is the angle between the vectors d and c, then TODI = tel соз @ 
being the projection of ¢ ond represents the height of the parallelepiped. Then from 
elementary geometry, we know that the volume v of the parallelepiped is the area 
of the base multiplied by height. 
Hence volume of parallelepiped 
> Vv 
> Vv 


(Area of parallelogram) (Height) 
lax Bllelcos@ 
(a x b)-c 


The scalar triple product will be positive if @ is acute and с lies on the same side 

of the plane which contains а and b. 

As Ір х el represents the area of the other side OCGB of parallelepiped, hence 
v=a(bxc) 

Therefore v=a-(b xc) = (а х b)e 

This shows that a«(b x c) or (a x Б)-с is the volume of the parallelepiped with a, b, 

and с as the co-terminal edges. 

3.7.5 (b) Volume of Tetrahedron А tetrahedron is determined by three edge 

vectors а, b, c as shown in (Figure 3.57). 

The volume of a tetrahedron with a, b, c as its co-terminal edges is 

given by 


vet [abe] = 1 а. хо) 


3.7.6 Properties of Scalar Triple Product 
G) аЬ x c being the volume of a parallelepiped with a, b, c as co-terminal 
edges, hence the evaluation of the determinant 
я ла 
x, у, z| gives the volume of the parallelepiped as discussed earlier. 


№ № % 

(ii) If two of the three vectors are equal, then the value of the scalar triple 
product is zero because for any two identical rows, the determinant 
vanishes. 

` (ii) [abc] = 0 if and only if the three vectors а, b, c are coplanar. 

Example 26: Find the volume of the parallelepiped determined by 

a=2i+3k, Ь= 6) – 28, and c=-3i+ 3j 
Solution: Let v be the volume of the given parallelepiped. 
ез 
Тһеп Veabxe =|0 6 -2| =2(0+6)-0(0- 6) + 3(0 + 18) 
-3 3 0 
=12-0+54=66 

Example 27: Find the volume of tetrahedron with a, Ь, с as adjacent edges where 

a=i+2k, b=4i+ 674+ 2k and c= Ji + 3j - 6k 

Solution: Let V be the volume of tetrahedron. 


0 2 
6 :- 1 1(-36-6)-024-642012-18)] 
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= H (42-12) = = =9 Did You Know |) 
We ignore the minus sign, because volume is always | Two or. more vectors are 
non-negative. said to be * coplanar if they. | 


Example 29: Show that the points A(4, -2,1),B(5,1,6), не in the same plane or 


f 
CQ, 2, -5), DG, 5, 0) are coplanar. parallel to the same plane 
otherwise non-coplanar. | 


Solution: — Non-coplanar vectors lie 
Let а= АВ = (5-4)i«(1-2)j-(6-1)k-i 3j-5k in three-dimensional space. 
b = BC = (2-5)i«(2-1)j(-5-6)k--3i&j-1 Ik 
e = CD = (3-2) «(5-24 (04 5)k-i-- 35k 
The four points are coplanar if the vectors АВ , BC, CD are coplanar. We have 


whe Ы 
labc]-|-3 1 -11| =1(5+33)~3(-15+11)-S(-9-1) = 38+12—5=0 
i ED = 


Hence the four points are coplanar. 


L Find 4(6х@), ifà-25 +] +3 k b=-i+ 224 k апйб=3{+]+2Ё 

2. Find the volume of the parallelepiped whose edges are represented by 
a=3i+j-k, Б = 21-3] +, c=i-3j-4k 

3. For the vectors а = 31 + 2k, b=i+2j+k, c=—j+4k 
verify that a-bxe=b-cxa=c-axb but a-bxc=-cxb-a 

4. Verify that the triple product of ї—], j-k, and k- iis zero. 

5. Leta=ait+aj+a;k andb = bii + b; j b, К. Find a x b. and prove that 
(i) axb is orthogonal to both a and В (use dot product) (ii) Find (ax by 


(ii) Find (a-5), Jaf, [oP 
(iv) Show that [ахь = (a-a) (b- b) (a- b 


6. Do the points (4,—2,1), (5, 1, 6), (2, 2, —5) and (3, 5, 0) lie in a plane? 
7. For what values of c the following vectors are coplanar? 

(0) w=i+ 2) + ЗЕ, v=2i-3+4k, w= 3i cj + ck 

Gi) u-i-j-k, y-i-2j-k w=ci+j-ck 

(iii) u =i +j + 2k, v=2i+3j+k, ю=сі + 2) + би 


8. Find the volume of tetrahedron with the following 
(i) Vectors as coterminous edges a =i +2j 43k, b = 4i +5] + 6k, c=7)+8k 
(ii) Points A(2,3,1), B(-1,-2,0), C(0,2,-5), D(0, 1,-2) as vertices. a 
9. (i) Write the value of (£x f). k +i. (ii) Write the value of (& xj), è+ Jk 


REVIEW EXERCISE 3 


1. Choose the correct option. 
@ The value ofi- (xB) +h (ixk) v. xj) 
(a) 0 (b) -1 (с) 1 T (d) 3 
Gi) The vector 3i + 5j + 2k, 2i — 3j — 5k and 5i + 2j — ЗК form the sides of 
a triangle which is 
(a) Equilateral (b) isosceles, but not right-angled 
(c) Right-angled, but not isosceles — (d) right-angled and isosceles 


(iii) 


(iv) 


(у) 


(vi) 
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10. 


The two vectors T=27 +] +3k,b =4i — А} 6k are parallel if А = 
(a) 2 (b) -3 (с)3 (d) —2 

If [2+5] =] ‚ Шеп 

(a) ав paralleltob 5215 —(c)jz|-[P| ^ (d) None of these 
The projection of the vector 27 43] -2K on the vector 7+27+3K is 


1 2 3 

(a) j= b) -= -= 

т m Oa 
Find non-zero scalars œ, Bfor which a@(@+2b) — fa (4b —a) «0 for 
all vectors @ andb . 
(а) 422,82 3 (b) а=2, f-—3 
(с) &=1, B=—3 (d а=-2, В=3 
If a, b, с are position vectors of the vertices of a А ABC, then 
AB+BC+CA= 
(a) 0 (b) 2a (c) 2b (d) 3c 
If @ be the angle between any two vector @ and b, then|a-5|=|a~ bl, 
when @ is equal to 
(a) 0 (Or OF (Or: 
Find Aand y if (T+37+9k)x(3- AJ + uk )=б. 
If @=97-J +E and =27 —2] —Ё , then find а unit vector parallel to the 
vector 1+6. 
If F-xbeyjeck, find(rxi). (Fx j)+2y. 


(d) None of these 


If 2=77+)-4 and Б =27+6] +3, then find the projection of Ë onb. 
Find 4, ifthe vectors й=Ї+3]+Ё, b=2f-}-k and с=А}+3Ё are 
coplanar. x КЕ 

Vector d and 5 are such that |a| =V3, |5] = 3 and (axb) is aunit 
vector. Write the angle between @ and Ё. 

Find the area of a triangle whose vertices are (0,0,2), (-1,3,2), (1,0,4). 
Find the area of the parallelogram with vertices A(1,2,-3), В(5,8,1), 

С (4,-2,2),000,—8,-2). 

Prove that in any triangle ABC 

(i) a? = b? + c? -2bc cos A (Cosine Law) 

(ii) a = b cosC + с cosB (Projection Law) 


ищо 


Oz-zm»mr 
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UNIT _) SEQUENCES AND SERIES 


a, = a, + (п- d 


а ие р 


nthterm 1" term number common 
in the In the of terms difference 
sequence sequence in the 

sequence 


the Students. will beable to: 


Define a sequence (progression) and its terms. 
Know that a sequence can be constructed from a formula or an inductive 
definition. 

Recognize triangle, factorial and pascal sequences. 

Define an arithmetic sequence. 

Find the nth or general term of an arithmetic sequence. 

Solve problems involving arithmetic sequence. 

Know arithmetic mean between two numbers. 

Insert п arithmetic means between two numbers. 

Define an arithmetic series. 

Establish the formula to find the sum to n terms of an arithmetic series. 

Show that sum of n arithmetic means between two numbers is equal to n times 
their arithmetic mean. 

Solve real life problems involving arithmetic series. 

Define a geometric sequence. | 
Find the nth or general term of a geometric sequence. 

Solve problems involving geometric sequence, 

Know geometric mean between two numbers. 

Insert n geometric means between two numbers. 

Define a geometric series. 

Find the sum of n terms of a geometric series. 

Find the sum of an infinite geometric series: 

Convert the recurring decimal into an equivalent common fraction. 
Solve real life problems involving geometric series. 

Recognize a harmonic sequence. 

Find nth term of harmonic sequence. 

Define a harmonic mean. 

Insert n harmonic means between two numbers. 


Mathematics-XI 


4.1 Introduction 

In practical life you must have observed many things follow a certain 
pattern, such as the petals of a sunflower, the holes of a honeycomb, the grains on 
a maize cob, the spirals on a pineapple on a pipe cone etc. 
In our day-to-day life, we see patterns of geometric figures on clothes, pictures, 
posters etc. They make the learners motivated to form such new patterns. 
Number patterns are faced by learners in their study. Number patterns play an 
important role in the field of mathematics. Let us study the following number 
patterns 
(i) 2, 4, 6, 8, 10,... (ii) 1 Е 21,3,... (iii) 10, 7, 4, 1,-2,... (iv) 2,4, 8,16,32,... 

СТА А. 

(у) 4, > "uu "uU (vi) 1,2 + + He (vii) 1; 21; TEIZETLISeL IJ BITS 
It is n interesting study to find whether some specific names have been given to 
some of the above number patterns and the methods of finding some next terms of 
the given patterns. 
Observing various patterns various sequences were defined to solve various 
summation problems. 
Among various sequences A.P. (Arithmetic progression), G.P. (Geometric 
progression) and H.P (Harmonic progression) are most common. 
Idea on A.P. was given by mathematician Carl Friedrich Gauss, who, as a young 
boy, stunned his teacher by adding up 1+2+3+...... +99 +100 within a few 
minutes. Here's how he did it. 
He realized that adding the first and last numbers, 1 and 100, gives, 101 and 
adding the second, and second last numbers, 2 and 99, gives 101, as well as 
3 + 98 = 101 and so on, Thus he concluded that there are 50 sets of 101. So the 
sum of the series is 50(1 + 100) = 5050. 


4.1.1. Sequence 
А sequence is a function whose domain is the set of positive integers. The 


numbers in the range of a sequence are real numbers, called terms of the 
sequence. 
4.1.2 Construction of a sequence from a formula (inductive definition) 


Let f be a function defined by 
f (a) = 2n, ne[12,3...] 
f (1) = 2, the first term 


fü 
f (2) 2 4. the second term 
f (3) = 6, the third term .............. 
Thus the required sequence is 2, 4, 6, ... 


then 


In sequences, instead of using a symbol such as f(n) for the nth term 
(usually called the general term) which denotes the number that corresponds to a 
given integer n, it is customary to use the symbol a, for f(n). When the nth term of 
a sequence is known then we denote the entire sequence by the symbol [as], 
where а, аз a3,... are the first term, the second term, the third term of the 
sequence {an} and so on. Since the order among the positive integers induce the 


ordering among the corresponding terms of the Remember 
sequence, this clearly shows that the ordering TED = 
has a vital role in the definition of a sequence, — | A sequence may be desoribed 


so we can also define a sequence as follows. Бу specifying first few terms 
A sequence is a collection of numbers and a formula (or a set of 
arranged in particular order. formulae) giving a relation 
The sequence 1,1,2,3,5,8,...can be written as ‘between successive terms. 
х= = |, ЖЕ + 2, 0> 2, n EN. Such а formula i$ called 


This sequence of numbers is called the RECURSIVE FORMULA 

Fibonacci sequence. Some sequences may not Қо RECURRENCE 

be described by any гше 2, 3, 5, 7, 11, 13, 17,... [RECATION). 

the formula for an, the nth prime number has not J 

been found yet. 

Example 1: Write the first four terms ai, аз, аз, and a4 of each sequence, 
where ay = Ка). 


fe) 2-50 қае 40" D 
n — 2... 


(с) fa) = C1)" (рут) 


Solution: A sequence is said to be 
a) Since f(n) = 2n- 5 | finite if there is a first and 
а= f(1) = 20) -5 =-3 last term otherwise itis said 


аз = 12) = 2(2) -5 =-1 Орны, 


In a similar manner, аз= ЖЗ) =1 апа а= F(4)=3. „— 3 ‚= 

b) Since f(n) = 4(2)"" (Did Youknow € D 
ai-f(1)-4Q)" = 4 

Similarly, аз = 8, аз = 16 and a47 32. 


"The factor €1)" causes 
| the terms of the sequence 
c) a, = f(1) = CD! (1/141) =-1/2, to alternate signs 


ag = £(2) = C1 (2/241) = 2/3, 
аз = КЗ) = CD ( 3/341) 23/4. 


а= 4) = CL! (4/41) = 4/5. 


Example 2: Find the first four terms of the recursive sequence that is defined by 
ап = 2an +1; а=3. 
Solution: The sequence is defined recursively,so we must find the terms in order. 


(Did You Know $) 


а=3 . 
а= 2а+1 = 2(3) +1 =7 


аз= 2а›+ 1 = 2(7) +1 = 15 
а= 2а3+ 1 = 2(15) + 1 = 31 
The first four terms аге 3,7,15, and 31. 
4.1.3 Some special Sequences 
Some well-known sequences are given in the following example. 
Example 3: Write down the first five terms of each recursively defined sequence. 
(a) ВЕТ, ty, =f, H+), п=1,2,3,... 
(D  fosLl.f,í7G-Df, , г=0,1,2,3,... 
4-r 


(б) Eb Ры=-—тр„ ee 


Solution: (а) t,=1 
t =4+2=1+2=3 
t, =t, +3=1424+3=6 
t, =,+4=14+2434+4=10 
t=t +5=1+2+3+4+5=15 


(b) fo=l 
f=Lf,=lxl=1 
f-2f-2x1-2 


БЕЗ. =3х2х1=6 
[24 f, =4х3х2х1=24 
This sequence is so important that it has its own special notation, r !, read 
as ‘г factorial’. It is defined as: 0! = 1 and (r+ 1)! = (r + 1) x r!,r=0, 1, 2,... 
(0) m-l 


„эф andes 
ТЕТТЕ 


The sequences given in example 3(a), 3(b) and 3(c) are special type of 
sequences, called the triangle number sequence, the factorial sequence and Pascal 
sequence respectively. These sequences play an important role in the expansion of 
binomial expressions like (x + y)". 

The complete Pascal sequence in 3(c) is 


1,4,6,4,1,0,0,0,0,... 
This is only one of the families of Pascal sequences. Due to its importance, it has 
a special notation, 


8 ЕО 
и. 
4 4 4 4 4 4 
For example ()-ь[-4.[)-в. (2-4. (2: 4 ME and so on. 


Obviously, different Pascal sequences will have different multiplying factor. 


The general definition of a Pascal sequence is: 


ВЕ | À )- = Bk r-01,23... 
0 r+l r+l Vr. 


We obtain the following Pascal sequences for я =0,1,2,3,4,.. by using the 
above general definition: 


п = 0: 1, 0,0,0,0,0,... 
ms 1:11. 1, 010800. 
п = 2; 1, 2, 1, 0,0,0,... 
о = 3:1. 3.31010, ..: 
п = 4: 1, 4, 6, 4,1,0,... 


from which we extract the well-known triangle, called 


Summation Notation 
Summation notation is used to write series effectively. The symbol), 


the uppercase Greek letter sigma, indicates a sum. 


п 
У ак = а + а + аз eee + ал 
= 


The letter К is called the index of summation. The numbers 1 and n represent 
the sub-scripts of the first and last terms in the series, They are called the 


lower limit and upper limit of the summation, respectively. 


(mme — ЗМ (Remember) 


Using summation notation Sequences and Series 
Evaluate each series А sequence is an ordered list, 
212 whereasaseries is а sum of 
@ D the terms of a sequence. 
n For example. : 
(b) 25 1, 3, 5,7,9, 11,13,15 ва 
= sequence, and | 


© XOk-5 14334547 494114 13415 
1 a series. 


4 
Example4: Find the sum У, k7(k -2) 
kel 
4 
Solution: kk -2) =P U-2)+ (2-2) + 3° B-2) +4 (4-2) 
kal 
=(-1)+0+(9)+(32) =40 


ю 


Example 5: Find the sum Ус, is constant 
kal 


10 
Solution: Ус =с+с+с+... Фс =10с 
kel 


EXERCISE 4.1 | 


Classify the following into finite and infinite sequences. 
d)" 2,4,6,8,....50 (0 токо 
|: M 1 


(iit)... -4,0,4,8,...,60 (iv) l-3972; 7 2187 


2. Find the first four terms of sequence with the given general terms: 
@ Sed Gy Е 
2 
с тү" : n(n —1)(m — 2) 
(iii) B (v) 6 
3. Write down the nth term of each sequence as suggested by the pattern. 
@ TIT (i) 2,4,6,-8,10,... (ш) 1,—1Ь-1... 


4. Write down the first five terms of each sequence defined recursively. 


(1) & =3,4,,,=5-a, (н) а = 3а ==® 
5. Write each of the following series in expanded form. 

6 4 
() »Qj-3 fi) Menta 

jal rer 
л : = 
Gii) == (iv) (3) 

Ly 245 


6: Find the Pascal sequences for: (i) n=5 (i) n=6 (iii) п=8 by using its 
general recursive definition. 


42 Arithmetic Sequence (A.P) 
4.2.1. Numbers are said to be in Arithmetic Sequence (A.S) or Arithmetic 
Progression (A.P) when its terms increase or decrease by a common difference. 
Thus each of the following seguence forms an Arithmetic Progression: 
3:7, 11.15. 
8, 2,4, -10, 
а, atd, а+24, а+3ӣ,................... 


The common difference is found by subtracting any term of the series from that 
which follows ir. In the first of the above examples the common difference is 4; in 
the second it is —6; in the third it is d. 


4.2.2 The nth term of an Arithmetic Sequence 
We find a formula for the nth term of an arithmetic sequence. Let a, be its 


first term and d be its common difference. Then consecutive terms of the 
sequence are given by 


a 2a, *0d -a *(1-1)d 

а, =а+4=а +14 -4,*(2-1)d 
a,=a,+d=(a,+d)+d=a,+2-d=a,+(3-1)d 
a, =a, +d — (а * 2:d) t d 2 a, 4 3:d— 4 +(4-1)d 
а; =a,+d=(a,+3-d)+d=a,+4d=4,+(5-1)d 


=> a,=a,+(n-Dd 


Example 7: Find the 15" term of the arithmetic sequence whose first three terms 


are 20, 16.5 and 13. 
Solution: Here a, = 20,4 =16.5-20 =-3.5 and n=15. Substituting these values in 


the formula: а, =а *(n-Ud 


We obtain, а; =20+ (15—1)(-3.5) = 20-49 = -29 
If any two terms of an Arithmetic sequence be given, the series can be 


completely determined; for the data furnish two simultaneous equations, the 
solution of which will give the first term and the common difference. 

Example 8: The 8" term of an arithmetic sequence is 75 and the 20" term is 
39. Find the first term and the common difference. Give a recursive formula for 
the sequence. 

Solution: We know that a, = a, +(n—1)d 


t8 ne] = Un 
sequence. 


then. a, =а, +74 = 75 (0 
and а, =а, +194 =39 (ii) 
Subtracting (ii) from (i), we obtain 
-12d=36 => d=-3 
From (i) we get а, +7(-3)=75 ог а= 96 
Since а„=ар+(п—1)4 = 96 + (n-1)(-3) = 99 — 3n 
аһы = 99—3(п+1) = 99-3n-3 = 96-3п = (99 -3n)-3 = a,-3 
—3 is the required recursive formula for the given arithmetic 


4.3 Arithmetic Mean (A.M) 
4.3.1 When three numbers are in Arithmetic Progression, the middle one is said 
to be the arithmetic mean of the other two. 


à С . a+b 
Thus arithmetic mean of two numbers a and b is 


‚ where a and b are called 


the extremes. Mathematically, it is derived in the following way: 
Let A be the arithmetic mean between two numbers a and b, then a, A, b, 
form an arithmetic sequence. By definition, we have 


A-a=b-A 
2A =at+b 
Hence аА? 


Thus the arithmetic mean of two numbers is equal to one-half of their sum. 
Example 9: Find the arithmetic mean of V2 —3 and 4243 
Solution: Here а= (2-3, b= 2 +3 


дедш ENCES |, 


Between two given numbers it is always possible to insert any number of terms 
such that the whole series thus formed shall be an A. P.; the terms thus inserted 
are called the arithmetic means. 
4.3.2 Inserting n Arithmetic Means (A.Ms) 

Let A,A4,.,A4, be n A.Ms between a and b then 


a, Å, А,,...А„,Ь form a finite arithmetic sequence of n+2 terms, that is: 


au, =b 
а+(п+2-1)4 = b, where d is the common difference 
(п+1)4=Ь-а 
-bra 
~ n+l po 
Thus А=а+4 =а+—— 


А, =а+24 =а+2 (==) 


n+l 


Similarly As=a+4 Е z) 


А„=а+п = 
atl 


which are the required п A.Ms between a and b. Thus, А, A.» А, are real numbers 
such that a,A,,A;,..4,, is an arithmetic sequence, then 4, A... A, аге called the n 
arithmetic means between the numbers a and Б. The process of determining these 
numbers is referred to as inserting n arithmetic means between a and b. 


Example 10: Insert three arithmetic means between 2 and 9. 

Solution: Let Ai, Аз and Аз be the arithmetic means between 2 and 9 such that 

2, А, Az, Аз, 9 forms a finite arithmetic sequence of 5 terms with a = 2, b = 9. Let 
d be the common difference, then а; = b gives that 


а+44=9 = 2+4d=9 


4d=7 >d -i Thus the three arithmetic means are 


р 
4 4 
тү 
=а+24 =2+2(7)=+ 
^ 4-2 
А=а+34 =2+3(1)-® 
a) 4 


1. Find the 15th term of the arithmetic sequence 2, 5, B, .... 
. The 1” term of an arithmetic sequence із 8 and the 21” term is 108. 
Find the 7th term. 


M 


3. Find the number of terms in the arithmetic progression 6, 9, 12, ....., 78. 

4. The nth term of a sequence is given by a, = 2n +7. Show that it is an A.P. 
Also, find its 7" term. 

5. Show that the sequence log a, log(ab), log(ab’), lop(ab?), ......... is an 
A.P. Find its nth term. 


6. Find the value of ‘k’ if 2k+7, 6k-2, 8k—4 are in A.P. Also find the 
sequence. 


7. Ifa,+a,=6 and а; —а, =5. find the arithmetic sequence. 
8, f btc-a Gh a-b at b=c шел AP. then Mu. i ше iu ATP 
а b С a b c 


9. A ball rolling up an incline covered 24m during the first second, Zim 
during the second, 18m during the third second. Find how many meters it 
covered in the eighth second? 

10. The population of a town is decreasing by 500 inhabitants each year If its 

population in 1960 was 20135, what was its population in 1970? 

11. Ahmad and Akram can climb 1000 feet in the first hour and 100 feet in 

each succeeding hour. When will they reach the top of a 5400 feet hill? 

12. A man earned $3500 the first year he worked. If he received a raise of 

$750 at the end of each year for 20 years, what was his salary during his 


twenty first year of work? 
13. Find the arithmetic mean between the given numbers: 
C1418 б) АЕ 66 (0 (baby 


14, Insert: (i) Three arithmetic means between 6 and 41. 
(ii) Four arithmetic means between 17 and 32. 
aiti +p" 
SEDE is the arithmetic mean between a and b? 
a 
16. Insert five arithmetic means between 5 and 8 and show that their sum is 
five times the arithmetic mean between 5 and 8. 
17. There are n arithmetic means between 5 and 32 such that the ratio of the 
3rd and 7th means.is 7:13, find the value of n. 


15. For what value of n, 


4.4 Arithmetic Series 
4.4.1 As we know that associated with every sequence is a series, the indicated 
sum of the terms of the sequence. If the sequence happens to be the arithmetic 
sequence, then the associated series is called the arithmetic series. 

Let {an} be the arithmetic sequence then the series 


ata +..+а, = Уа is called the arithmetic series. 
k=l 
The arithmetic series in the general form or standard form is given as: 
п 


S, = а + (a, d) (а, +24)+...+[а, + (1—1)4] =) [a + (& - Dd] а) 
k=] 


where S, denotes the sum of the first n terms of the arithmetic series. 


442 Sum of first n terms of an Arithmetic Series 
The next result gives a formula for finding the sum of the first n terms of an 


arithmetic sequence. 
"Theorem: For an arithmetic sequence {an}, the sum Sp of the first n terms is given 


by 5, = 5 [2a +004] 


п 
=5 la *a,) 
Proof: The sum of the first n terms of an arithmetic sequence is denoted by S,. 
Let $=а+а,+ау+...... * à, 


Since d is the common difference between terms, Sn can be written forward and 

backward as follows. 

Forward: Start with | 

the first term, ar- ж 

[Keep adiing d. 5, =а + (ay +d) + (а + 2d) + - - - + an M die 
$,2 ay + (a-d) +. (a4- 2d) +---+а1 two equations. 


alarm а Keep | 2S, = (ay + an) + (а + an) + (ài + а) + - - - + (a; + а) 


т 
= п sums of (a; + an) 
25, = п(а + an) 
ss z (a +a,) Solve for Sn, dividing both sides by 2. 
a, 7 a, *(n-1)d, 
б = а +a, *(n-1)d]. 
n 
5, 7 7 [2a *(n-1)4]. 
Example 11: 2 (2а } 
Finding the sum of a finite arithmetic series. Use a formula to find the sum of the 
arithmetic series 2+4+6+8+.......... + 100. 


Solution: Тһе series 2+ 4 + 6 + 8 +......„+ 100 has n=50 terms with а = 2 


and з= 100. We can use the formula $ = F(a, +а,) to find its sum. 


Sso= 50( 2+ 100) = 2550 
2 


We can also use the formula 5, = 2а *(n-1)a]. 
Sso= 50/2 ( 2(2) + (50-1) 2) = 2550 


aS 12: The sum of an arithmetic series with 15 terms is 285. If а; = 40, 
find a; 
Solution: To find a;, we apply the sum formula 

5, iC *a,) — withn- 15 and ais =40 

15а +40) = 285 


15(а1+ 40) = 577 Multiply by 2. 
(a, +40) 238 Divide by 15. 
aj =-2 Subtract 40 
Example 13: The first term of a series is 5, the last 45 and the sum 400. Find the 
numebr of terms, and the common difference. 
Solution: If nbe the number of terms, then from 


5, = а +а,) 


400 = 5(5+45); 


Непсе п= 16. 
If d be the common difference 
45 = the 16" term = 5+ 154; 


Hence d- 22. 


Example 14: Find the sum of the first 200 positive odd integers. 
Solution: Since the per odd integers: 
1,3,5,...2n-1, form an arithmetic sequence with 
а= me 2,n= 200 then a, =a,+(n—-1)d 
=1+ (200 —1)(2) = 399 


2 


= 29901300) =Z ao) = 40000 


n 
S, ж (акка) = 
Example 15: Find the 18" term and the sum of the 18 terms of the arithmetic 
sequence: -8,-3,2,7,... 


Solution: Since we are given that: 


-8,-3,2,7,... is an arithmetic sequence. 
Then a, = -8,d = Sand n =18. We have to find аз and Sj. 
Since а, —aj(n—-I)d 


ав =- 8 + 17 (5); putting values of a; & d 


= 77 


Ку =5(4 +а,) 


Se= P (847) putting values of a; & ап 


= 9 (69)= 621 
Example 16: The 10th term of an arithmetic sequence is 32 and the 18" term is 
48, what is the sum of the first twelve terms? 
Solution: ^ Let a; be the first term, d be the common difference and п be the 
number of terms of the given arithmetic sequence. 
Then 44-32, а; =48 
a,*(10-Dd 232, a, * (18—1)d = 48 
a,+9d =32 (i) 
a, +174 = 48 (i) 
Subtracting (i) from (ii) we obtain 
8d =16 
d=2 
(i) gives that а+18 = 32 
а = 14 


Now S,= Ua +(n-Da} 


Sp= Zaps (2) =6{28+22} =300 
Example 17: Find the sum of all the integers lying between 100 and 600 that end 
in5. 
Solution: The integers lying between 100 and 600 that end in 5 are 
105,115, 125, ..., 595 
which form an arithmetic sequence with 
a, =105,d =10,а, = 595 
then a, =a,+(n—Dd 
595 =105+10"-10 
10и = 595 —105+10 
=500 
nz50 


Since S,= Fla + a,) 


Which gives 5, = (105 +595) 
= 25(700) 
_ = 17500 
44.3 Relation of A.M of two numbers with n A.Ms between them 


Theorem: The sum of n arithmetic means between two numbers is equal to n 
times their arithmetic mean. 


Proof: Let there be n arithmetic means between a and b such that 
a,a+d,a+2d,...,a+nd,b 
forms an arithmetic sequence with n+2 terms. Then 
TS 2a (n+2—Nd] 
n+2 
2 


2^ eet] ‚„Б=а+(п+1)а 


а+(а+1)+(а+24)+...+(а+па)+Ь = 


[а+{а+(п+1)4}] 


(a4d)+(a+2d)+..4(a+nd) =? 


(a b)- (a-t b) 


- (ab) [2.4] 


5 


(=) 

=n — 

2 

Thus the sum of n arithmetic means = n (arithmetic mean) 
4.4.4 Real life problems involving arithmetic series 
Example 18: Finding the sum of a finite arithmetic series 


A person has a starting annual salary of Rs.300,000 and receives a 1500 raise each 
year. 


(a) Calculate the total amount earned over 9 years. 
(b) Verify this value using a calculator. 
Solution: (a) Using S, 724, «(n- 14}. 


o D [2х 300000+ (10 -1)1500] = 3,067,500 
2 


(b) To verify this result with a calculator, compute the sum a, +a, +a, ++ +a, 


= 300000 + 301500 + 303000 + 304500 + 306000 + 307500 + 309000 +3 10500 
+312000 + 313500 = 3,067,500 


Example 19: A new car costs Rs.1200000. Assume that it depreciates 24% the 
first year, 20% the second year, 16% the third year and continues in the same 
manner for six years. If all the depreciations apply to the original cost, what is the 
value of the car in six years? 


Solution: Since the depreciations 24%, 20%, 16%, ... form an arithmetic 
sequence with 


а1=24, d 2 -4 and n = 6 
Calculating the sum of the depreciations over six years 


8, =F [2 *(n-Dd] 
8, - ases] 


= 3(28) = 84 
Now the total depreciation in six years is 84% of 1200000 


= = x 1200000 = Rs.1008000 
Thus the value of the car in six years = 1200000 — 1008000=Rs.192000. 
Example 20: A display of cans in a grocery store consists of 24 cans in the bottom 
row, 21 cans in the next row and so on in an arithmetic sequence. The top row has 
З cans. Find the total number of cans in the display. 
Solution: Since the display of cans are in arithmetic sequence with 
a, = 24, a, =3 and d = – 3 calculating the number of rows, we have 
a, 2a (n-D)d 
3=24-3n4+3 


3nz24 
n=8 


Now the total number of cans is given by S, = AG +a,) 


5, = 50443) 


= 4(27) 
= 108 cans 


EXERCISE 4.3 | 


1. Find the indicated term and the sum of the indicated number of terms in 
case of each of the following arithmetic sequence: 

(i) 9, 7,5, 3, ... ; 20th term; 20 terms 

(и) „зз 11® term; 11 terms 
Some of the components a,,a,,11,d and S, are given. Find the ones that 
are missing: 

ü а4=2,п=17,4=3 (i) a,=—40,S,, =210 

(ii) а=-7,4=8,5, = 225 ` (iv) a, =4, $, =30 


Find the sum of all the numbers divisible by 5 from 25 through 350. 


№ 


4. The sum of three numbers іп an arithmetic sequence is 36 and the sum of 
their cubes is 6336. Find them. [Hint: suppose the numbers are a — d, a, a+ d] 

5. Find four numbers in arithmetic sequence, whose sum is 20 and the sum of 
whose squares is 120. [Hint: suppose the numbers are a — 3d, a—d, a + а, 
a+ 3d] 

6. Ху, X2, Хз, ood are in A.P. If xj c X; 4X у= —6 andX4:-Xq Xi? 7 —11, find 

X3 882022: : 
Find: 1+3—5+7+9-11+13+15-17+.., up to 3n terms. 
Show that the sum of the first n positive odd integers is n^. 

- Find the sum of all multiples of 9 between 300 and 700. 

The sum of Rs.1000 is distributed among four people so that each person 
after the first receives Rs. 20 less than the preceding person. How much 
does each person receive? 

11. Тһе distance which an object dropped fram a cliff will fall 16ft the first 
second, 48 ft the next second, 80 ft the third second and so on. What is 
the total distance the object will fall in six seconds? 

12. Afzal Khan saves Rs.1 the first day, Rs.2 the second, Rs.3 the third and 
Rs. N on the nth day for thirty days. How much does he save. at the end 
of the thirtieth day? 

13. A theater has 40 rows with 20 seats in the first row, 23 in the second row, 
26 in the third row and so forth. How many seats are in the theater? 

14. Insert enough arithmetic means between 1 and 50 so that the sum of the 
resulting series will be 459. 


zo со 
e 9n 


45 Geometric Sequence 

4,5.1 In nature, certain phenomena can be described by geometric sequences. For 
example, archaeologists use the half-life of carbon 14 to estimate the age of 
ancient objects. Carbon 14 is a radioactive element that decays. gradually, 
changing to nitrogen 14. The half-life (i.e. the time it takes for half of a given 
amount to decay) of carbon 14 is about 5600 years. Thus, one kg of carbon 14 


will be reduced to 5 kg in 5600 years, to i kg in 11200 years, to i kg in 16800 


years and so on. Which is obviously a geometric sequence with r= i * 


A geometric sequence (progression) is a sequence for which every term after the 
first is the product of the preceding term and a fixed number, called the common 
ratio of the sequence. We use the same notations as we use in A.P. with one 
exception that is instead of d, the common difference, we use r, the common ratio 
in geometric sequence. 
Thus each of the following is a geometrical sequence. 
3,6, 127 DAD cessere 
EC M 1 и 

19 5€ 


a,ar,ar’, IP. ioseph ‚а 
The common ratio, and it is found by dividing any term by that which 
immediately precedes it. 1 

In the first of the above examples the common ratio is 2; in the second it is-3 : 


» 


О 


in the third it is г. A geometric sequence is recursively defined by equations of 


the form: 
a =a, 


and a,,-ra, where a; and r are real numbers, a, #0,r z0,andne N 
4.5.2 The nth term of a Geometric Sequence 
The nth term of a geometric sequence is given by: а, = ar" 
То find a formula for the nth term of a geometric sequence, we write down 
the first few terms using the recursive definition to observe the pattern: 
Ist term =a, = д =a" 


2nd term 22,7 ar =? 


3rd tem =q =ar =ar =a," 


4th term =a, =a,r=a,r° = дг“ 


nth term =a, = ar"? 
Example 21: Find the first five terms and the tenth term of the geometric 


sequence having first term 3 and common ratio - й 


Solution: Here a,=3, r-- 
Then the first five terms are 


31 3098 3403 
Е 


Substituting the values in the formula a, = a,r""' 


1 10-1 
we have а= ®(-1) with n = 10 


9 
- з(-2) eee 
2 512 


Example 22: Show that the sequence {a,}=2" is geometric and find its’ 
common ratio. 


Solution: Since а, =2" 


АРЕ 
Шеп 2,72 


92D 1 


аы _ 


а pH 2 


п 


апа r= 


The ratio of successive terms is a nonzero number independent of n, thus {an} is 


з * 1 
geometric sequence with r= n 


Example 23: If the third term of a geometric sequence is 5 and the sixth term is 
— 40, find the eighth term. 
Solution: Неге а, =5 and a, 2—40 then we have аг —5 and а! = –40 
on | rariz5 @ 
and ar? =-40 ii) 


ог 3=-8 =(-2) >г=-2 and a, = by (1) 


Now a= ar = В (y =-160 


4.6 Geometric Means (G.Ms) 
4.6.1 when three numbers are in Geometrical Progression, the middle one is 
called the geometric mean between the other two. 
Mathematically, it is derived in the following way: 
Let a and Р be the two numbers; G the geometric mean then 


2 Eos since a, G, b are in G. P., 
G a 
2 б? =ab; 
G = +аЬ. 
Example 24: Find the geometric mean of each of ће following pairs of numbers. 
-3 5 
(а) Gand 16 (b) T and z^ 


Solution: (а) By the above definition 
G=Vab -49xi6 = 4144 212, Since ab 20 ~ 6>0 
(bt)  G=-vVab ,Since a,b «0 -. G«0 


M - 
BELL 


4.6.2 To insert n Geometric Means between two numbers a and b 
Since the terms between a and b of a geometric sequence are called the geometric 
means of a and b. Thus Сү, G2, ....., Gn, are the n geometric means between a and 
b if а, Gi, Gz ....., Gn, b form a geometric sequence. Moreover it is a finite 
geometric sequence of п+2 terms with a; = a and an2 = b. 

Let r be its common ratio, then an.2=b gives that ar" =b, та, = ағ 


1 
sip" 


бһ=аг” = 45) 


Example 25: Insert two geometric means between 64 and 125. 
Solution: Let Gi,G; be the two geometric means between 64 and 125 such that 
64, Сі, G2 ‚125 is a geometric sequence. 
Thus 4,—64,n-4 and a, =125 
Let т be the common ratio of the geometric sequence, then 
a,=125 gives аг =125 
64r? = 125 putting value of a; 


= 

Hence G,=a,r = (64) В = 80 and С, = аг = Ө =100 
Example 26: Insert three geometric means between 2 and 32. 
Solution: Let G,,G2,G3 be the three geometric means between 2 and 32 such that 

2, G1,G2,G3, 32 

is a geometric sequence. 

We have а=2,п=5 and a, =32 > 

let r be the common ratio, then 

a, =32 


gives аг =32 


202322 м=16 =(2)* > ғ=42 


1 we have two sets of geometric means given below: If r=2 
then G,=a,r=(2)(2)=4 


0, =а = Qa -s 


G, = ar! = (2)(2) =16 It сап be seen from Example 25 
and 26 that if the number of 

Нг=-2 then required geometric means is 
p MU. even, a single set of geometric 
а = means is obtained, ifthe number. 


V EOM td E of required geometric 
ЩЕ Ges means is odd, two sets of 
G, = ap? = (2) 2) = -16 geometric means are obtained. | 


Write the first five terms of a geometric sequence given that: 


O а=5;г=3 (ii) а=61=-7 


mo (iv) a,=—;r=-~ 
16 3 y x 

Suppose that the third term of a geometric sequence is 27 and the fifth 

term is 243. Find the first term and common ratio of the sequence. 

Find the seventh term of a geometric sequence that has 2 and -/2 for 

its second and third terms respectively. 

How many terms are there in a geometric sequence in which the first 


(ii) а= 


and the last terms are 16 and a respectively and г =? 


Find x so that x+7,x—3,x—8 form a three term geometric sequence 
in the given order. Also give the sequence. 
If ap = l,a = та, = п; show that Inm 
Show that the reciprocals of the terms of a geometric sequence also 
form a geometric sequence. 
Find the geometric mean of the following: 
(D 3.14 and 2.71 Gi) -6 and —216 
Gii) x+yandx—-y йу) J2+3 and /2—3 

5 


(i) Insert 5 geometric means between © and 405. 


2 


(11) Insert 6 geometric means between 14 and wu 


10. Find iwo numbers if the difference between them is 48 and their A. М: 
exceeds their G.M. by 18. 


1l. Prove that the product of n geometric means between а and b is equal 
to the nth power of the single geometric mean. between them. 


ты pr 
12. For what value of n, ————— is the geometric mean between a and 
a" +b" 
b? 
4.7 Geometric Series 


4.7.1 Since with any geometric sequence we have an associated geometric series, 
which is the indicated sum of the terms of the geometric sequence. 


Let {an} is a geometric sequence, then Уа = а +а, +...+а, +... is called 
а geometric series. g 
If r is the common ratio, then the above series can be written in the form 
Уаг =4, tartar’ tar" +... (1) 
isl 
known as the general form of the geometric series. 
4.7.2 Sum of first n terms of a Geometric Series 
Theorem: Рог a geometric sequence with first term a, and common ratio г # 1, the 
sum S, of the first n terms is: 
S=% (1- ғ") 
^ l-r 
Proof: Let | S,-a +аг+аг +..+ar" 


(2) 


S, is the sum of the first n 
terms of the sequence. 
Multiply bothsides of the 
equation Буг. 


Sa= 41+ art art vec tare ear! 
1S,=ar+ artart rer xen ау Аза 


S,-1S, = а-а" Subtract the second equation from the first equation 
S, (1-В=а (1-1") Factor out S, on the left and a, on the right. 


Sn - a( l-1) Solve for Sn by dividing both sides by 1-г 
oe (assuming that r 1). 
which is the required sum of the first n terms of a geometric sequence. 


5, = a,(1-r") 
l-r 
а-а" а СТА 


Ѕіпсе 


l-r l-r 

PAM a cart is the last term | 
EE 

а -a,r 

= ‚г | 
gg а с) 


is the alternative form of the result given in (2) 
Example 27: Approximate the sum for the given 


values of n. 


(a) 1 +1/2 +1/4 + ...+(1/2)"';0=5, 10, and 20 


(b) 3 — 6 + 12 — 24 + 48 -.... +3(—2)"'; 
n=3, 8, and 13 


Solution: (а) This geometric series has 
a=] and rz 72 = 0.5. 


Ss = 1 (1 — 0.5°) = 1.9375 ‚ | 
1- 0.5 


$ю=1(1=0.5°) = 1.998047 
1- 0.5 


S: = 1(1-0.5") = 1.999998 
1-0.5 
(b) This geometric series has a, 3 andr ===-2 | 
$23(1-(—2y =9 
1=(=2) 
S: = 3(1—(—2)# =-255 
1-€2) 


Sn 23(1- C2)? = 8193 
1- C2) 


Example 28: Sum the series Z, -1, 5, ТЕРНИ 40 7 terms. 


Solution: The common ratio = -3; hence by formula at=") 


ЕЛЕ 


Тһе sum = 3 
its 1+= 
2 


2 Am) 
я) 
3l* 128] _2, 23152 _ 463 


5 3128 5195" 


Example 29: Compute: 2+6+18+54+162+486 


Solution: In this case q =2,r=S=3>1n=6 
Substituting the values in 


s -40D 
g r-l 


T 205-1) 


=729 -1=728 


6 
: 3 1 
Example 30: Given that а, age tar 48 and 5, = 327; find r and n 


Solution: Since a та, =48 


Then. аг"!=48 


> r! = 64 (i) 
Also, we have 5, = ie 


r 


129 4 
4 l-r 
129 -129r = 3 -192r 
63г = — 126 
г=—2 


From (i) we have 
(-2)"" =64 2 (-2)" = (-2)* 
n-l=6> n=? 
Example 31: Suppose that the third term of a geometric sequence is 27 and the 
fifth term is 243. Find а, r and $5. 
Solutlon: Since a, = 27 and a, = 243 
Then we һауе a^ = 27 (i) ам = 243 (ii), 
afar" 


Dividing (ii) by (i) we obtain 


аг? 243 
ат 27 
P=9 > г=+3 
We obtain two different solutions since there are two values of r. 
r=3 r=-3 
ar 221 арг? 227 
а(3) = 27 а|(—3)° = 27 
a9=27 а.9=27 
а =3 а= 3 
The first sequence is The second sequence is 
3,9,27,81,243,... 3,-9,27,-81,243,... 
§,= 3-4 s, = = 
Gol ral 
E (3243) -3 ga (-3)(243) -3 
3-1 i -3-1 
22132 2193 


2729-3 -363 
2 


10 
Example 32: Find the sum Ye 


izl 


10 
Solution: $762 2624 6-2? +6-2°+-.-+6-2° 


ial 


Do you see that each term after the first is obtained by multiplying the 
preceding term by 2? To find the sum of the 10 terms (n=10), we need to know 
the first term, a,, and the common ratio, r. The first term is 6. 2 or 12: 
ai= 12. The common ratio i$ 2. 


$, = (r1) Use the formula for Фе sum of the first n terms of a 
т geometric sequence. 


Ѕю= 12 (26-1) а (the first term) = 12, r= 2, and n = 10 because 
221 are adding ten terms 


= 12276 Use a calculator 
10 

Thus, Y62 212,276 
fe] 


4.7.3 Sum of infinite Geometric series 


Our discussion of series has so far been restricted to those associated with 


finite sequences. The series associated with the infinite sequence: 


2 n4 
GAT AT Ves s. 


is denoted by: ч 
а tarta +a += ar" 


1л 


and is called an infinite series. Important questions arise over here аге, what do 
we mean by the “sum” of an infinite number of terms, and under what 
circumstances does such a "sum" exist? The answers to these questions depend 
upon the concept of “limit” which is studied in a course in the calculus. However, 
for some particular infinite series we can give an intuitive idea of the concept of 


Consider the formula for the sum of the first п terms in a geometric 
sequence, we have already proved that: 


Gtacact.ta-na,r-l 
а-а ta -.. tC" a,rz-l 
8,7 a=) us (4) 
r-l 


80-7) Mz 
-r z 


(0) Since 5, = па» when r=1 
As n increases, the sum of the infinite geometric series increases without 
limit. Symbolically it is written as: 
lim 5, = lim na, =оо 


pares abe 
Thus the infinite geometric series in this case does not have a finite sum. 
(ii) ^ Here 5, =a -a +a —...* (-D"'a, whenr = -1 
The sum of the first n terms is ajor 0 according as п is odd or even; 
therefore the sum oscillates between the values 0 and а. 


T _ а" 10) .ar a 
(ii) 5, = ЖЕТ [Ц>1 = F 1121 


Since |r|>1, then the absolute value of each term is greater than the 


absolute value of the preceding term. Therefore such an infinite series cannot 
have a finite “sum”. 
Mathematically, it is shown that: 


This is the case which provides us a quite different situation and we have 


some useful result. 
Since |r|<1, then г" approaches zero as n increases with out bound, that is, 


ar 


we can make r" or as close as we wish to 0 by taking n sufficiently large. It 


bes 


follows that S, approaches = as n increases without a bound and we write 
Е" 


Si аах 
Di l-r л 
Mathematically, it can be shown as lim, ,, 5, = іп, (- ты ) 
-r 1-7 
ZA ва шп 
Iu Ei 
ташая (y 
]-r 1- © 
SK M cub 
ТЕЕ: 
This gives us the following: 


Theorem: 1 |r|<1, then the infinite geometric series: 


ied а 
a,tart+ar ekar + has the sum: T | 
E 


Example 33: Find the sum of the infinite geometric series: 
335 2d н 
8 16 32 64 

Solution: Before finding the sum, we must find the common ratio. 


22419993/65—1-378 =. 
rags 3/8 1632 


Because г = —1/2, ће condition that | г | < 1 is met. Thus, the infinite geometric 
series has a sum 


gaa This is the formula for the sum of an infinite 
l-r geometric series. Here а! = 3/8 andr= —1/2 
=| 23/8 = 38 23.2.1 
1-(-12) 32 83 4 
Thus, the sum of EIU + js Put in an informal way, as we 
b РЕЯ e Де у, 


1 
continue to add more and more terms, the sum is approximately ru 


Example 34: The sum of an infinite number of terms in G. P. is 15, and the sum 
of their squares is 45. Find the series. 
Solution: Let a denote the first term, r the common ratio; then the sum of the 


ы 8 p Med 
term is I and the sum of their square is Ten 
-r oat i 


H TA сызу edt | le 1 
ence Tem ( ) 
2 
а 
BUSES И К 2 
1-r (2) 
Dividing (2) by (1) —— 93. (3) 
ltr 
And from (1) and (3) tes; > - and therefore a=5. 
= 


Thus the series is 5, 5. 20. Ена 


Example 35: Find the sum of the infinite geometric sequence: а 
Solution: Неге a=lr=} and H=} <1 


Thus the sum exists and is given by the formula: 


4.7.4 Conversion of recurring Decimals into an equivalent fraction 
Recurring decimals furnish a good illustration of infinite Geometrical Progressions. 


Example 36: Convert 2.34 to a common fraction. 
Solution: Since 2.34 = 2.3 + 004 


23 а 
=o + (=) „а, = 0.04, |= 0.1<1 


1-0.1 


23 (255) 23 4 211 
=—+ =^ +— = 
10 


710 "90 90 


Example 37: Convert 021 to a common fraction 
Solution: Since 021 = 0.212121... = 0.21+ 0.0021+ 0.00002 1+... 
= 0.21+ (0.01)(0.21) + (0.01)(0.21) +... 
Which is an infinite geometric series with a; = 0.21, г = 0.01, 
а, 021, 7. 


and |r| = 0.01 < 1, so the sum exists and is given by 5 = I tani a 


Thus 021 = vi 
33 


4.7.5 Real life problems involving Geometric series 

Example 38: Computing a lifetime salary 

A union contract specifies that each worker will receive a 5 % pay increase each 
year for the next 30 years. One worker is paid Rs. 20,000 the first year. What is 
this person's total lifetime salary over a 30-years period? 

Solution: The salary for the first year is 20,000. With a 5% raise, the second-year 
salary is computed as follows: 

Salary for year 2 = 20,000 + 20,000(0.05) = 20, 000(1 + 0.05) = 20,000(1.05). 
Each year, the salary is 1.05 times what it was in the previous year. Thus, the 
шур for year 3 is 1.05 times 20, оо 05), ог 20, 0000 SOR Thus 


Year 1 - 2 


20,000 20,000(1.05) —20,000(1.05) 20,000(1.05) ^ 20,000(1.05)' 


The numbers in the bottom row form a geometric sequence with a; = 20,000 and 
r= 1+5 %=1+.05=1.05. To find the total salary over 30 years, we use the formula 
for the sum of the first n terms of a geometric sequence, with n = 30. 


g = Al г) _ 20,0001-(105)* _ 20,000[1-(1.05)"] 


n = = = 1,328,777 
1-г 1-1.05 —0.05 


(Use a calculator) 
The total salary over the 30-years period is approximately Rs. 1,328,777. 


Example 39: The tip of a pendulum moves back and forth so that it sweeps out 
an arc 12 inches in length and on each succeeding pass, the length of the arc 


traveled, is Z of the length of the preceding pass. What is the total distance 


traveled by the tip of the pendulum? 
Solution: Since the pendulum eventually comes to rest due to friction. We have 
the following geometric infinite sequence. 


7 тү т} 
122) аз (1) 2» (1) 12)... 


2 3 
and the total distance traveled 8 = 124(2) an«(7) an«(7) (24... 


which is an infinite geometric series with 


TA and |r|«1,so the sum exists. 
8 Did You Know 


Thus the total distance traveled = = 
E 


= 96 inches 


Example 40: 
А ball is dropped from x feet above a flat surface. Each time the ball hits the 
ground after falling a distance h, it rebounds a distance rh where r « 1. Compute 
the total distance the ball travels. 


Solution: The path and the distance the ball travels is shown on the sketch of 
figure. The total distance s is computed by the geometric series 


в = ар + 2a + 2аи? + 2аүг +... (D 
The common ratio is m (п) 
ч rd distance = a, 


distance = 2a,r 


distance = 2ar” 


ae, 
P 


distance — 2a 


Adding the first term of (I) with (II) we form the total distance as 
2ат (=) 
ата, 
For example, if a = 6 ft апа г = 2/3 , the total distance the ball travels is 


EXERCISE 4:5 || | 


1. Compute the sum: 


L) 13+6+12+...+3.2? (ii) 8444241442 


ii 21-2! 428... 6210 — (iv T $e 
|2-4-h i ng 
WI р’ DNE tvi “Zp y F СС to 7 terms. 


N 


Some of the components a,,a,,n,r and 5, of a geometric sequence are 
given. Find the ones that are missing. 


a, =1,r =-2,a, = 64 (ii) гон =1 
ан =-2,5, =—63,a, =-96 
9, Find the first буе terms and the sum of an infinite geometric sequence 
having а, =2 and a, =1 
4. Findthevalueof: (0 08 ©) 163 GD 245 (iv) 0123 


5. Find г such that: S,, = 2445; . 
6. Prove that: S, (S3, —$;,) = (5, — San)? 


7. Find the sum S, of the first n terms of the sequence © | 


8. The sum of three numbers in С. Р. is 38, and their product is 1728; 
find them. 

9. The sum of first 6 terms of a geometric series is 9 times the sum of its 
first three terms. Find the common ratio. 


10. How many terms of the series: 14+/3+3+.... be added to get the sum 
40+13V3. 


11. 1Ёр®,д“ r terms of a G. P. be a,b,c respectively,prove that ЕЕ 


12. Find an infinite geometric series whose sum is 6 and such that each 
term is four times the sum of all the terms that follow it. 


2 
13. “Е pos E where 0«x« 3, then show that pecu. 
D s E 1+ у 

14. А ball rebounds to half the height from which it is dropped. If it is 
dropped from 10 ft, how far does it travel from the moment it is 
dropped until the moment of its eighth bounce? 

15. А man wishes to save money by setting aside Rs.1 the first day, Rs.2 
the second day, Rs.4 the third day and so on, doubling the amount each 
day. If this continued, how much must be set aside on the 15° day? 
What is the total amount saved at the end of 30 days? 


16. The number of bacteria in a culture increased geometrically from 
64000 to 729000 in 6 days. Find the daily rate of increase if the rate is 
assumed to be constant. 

4.8 Harmonic Sequence 

4.8.1 A harmonic sequence is a sequence whose reciprocals form an arithmetic 

sequence, 


The sequence: ld. Lå (1) 


is not an arithmetic sequence. However the reciprocals of these numbers, namely: 
2, 4, 6, 8,10 do form an arithmetic sequence. Thus the sequence (1) is an example 
of a harmonic sequence. A harmonic sequence is also called a harmonic 
progression (Н.Р). 


Example 41: Three numbers a,b,c are in H.P. when аа zb 
с 


b-c 


Solution: Given 2.9 i then a(b-c) 2 c(a—b) 
є b-c 
ог ab—ac-ca-bc Dividing by (abc), we obtain: 
о 11 
cb ba 


Thus в 
а 


TL are in A.P. and hence a, b, c are in H.P. 
c 


48.2 Finding nth Term of a Harmonic Sequence 


The typical form of a harmonic sequence is 
ль f 
а'а+4'а+24'` a+(n—ld 
The general term or the nth term of this Н.Р. is 
1 
a * (n—-Dd 


whose reciprocal а, +(п-Ю4 is the nth term of the A.P. 
Example 42: Find the twelveth term of the harmonic progression: 6, 4, 3,... 
Solution: The 12" term of the corresponding A.P. 

111 twelth 


g 

id 1 12 

-—,n- 
12 


is a, =2+02-0( 4) ^ a,-at(n-Dd 
3 
^n 
Thus the 12" term of the given H.P is d 


4.9 Harmonic Means (H.Ms) 


4.9.1 (i) A number H is said to be the Harmonic Mean (H.M) between two 
number a and b (a + 0,5 = 0) if a, H, b are in Н.Р. 


6'4' 
1 
with a; — x’ 


] 
Then АЗЕ Stare АР i-(i4) лер і the AM 
a 


H'b H 2\a b 
between — and — 
1 _atb 
Н 2аЬ 


ie is the H.M. between a and b 
a+b 


Gi)The numbers Я,,Н,,..Н, are said to be the n Harmonic Means (H.Ms) 
between two number a and b (a #0,b # 0) if 


a, H, Ha, Hys H, b are in Н.Р. 


Е | ТУТ К 
Then obviously: —,—,—,—,...—,— are in A.P with n+2 terms. 


++ = , utilizing a, = a; + (n—1)d 


=> д =®а—5_. 
ађ(п+1) 

1 = 
E E E ee 

H, a ab(nt+l) nb+a 
J gee "a = ап+1) 
Н, а аһ(п+1) (n-])b+2a 
СЕЕ a-b х8 __ab(n+1) 
H, a ` ab(n+l) 3 (n-2)b+3a 
d al " a-b e H _ ab(n+1) 
H, a ab(n+l) "^ b+na 


3 1 
by using gH AS 1=1,2,3,...,п. Hence H, H,, H,,..., H,, are the n H.Ms 


between a and b. 
Example 43: Find the harmonic mean of 24 and 16 


Solution: H = where а= 24, b = 16 
a+b 


Then р 2000 кина 
24+16 40 5 


Example 44: Insert four harmonic means between -jand a 


137 
Solution: Let H,,H,,H, and H, be the required H.Ms, then 


ah eae are in H.P 
2 13 


Dow Дк 
2, 13 in A. 
HH, HAB, are in A.P 


with! а =52 Did You Know 
а; =13 El id 
a, t 5d =13 
-2+54 =13 
d=3 
1 
Now —=-2+3=1>4H,=1 
H, 
-L -143-245 M, =} 
H, 4 
pe ned ДУ | 
Н, 7 
-L =743=105 H, =+ 
H? 0 
Непсе T TIE are the required 4 H.Ms. between E лас 
"4710 Ed pr 25 13 
Example 45: Find a relation among Arithmetic, Geometric And Harmonic 
Means. 
Solution: Let a €0,b x0 be any two positive numbers, 
atb 
Шеп А=— 
2 
Н= Zab and G - Jab 
a+b 
(i) Me uie Ч aa =ab =(VJab) -G —AG,H are in С.Р 
2 atb 


Gi) A>Git > Jab 


atb>2Vab 
a*b-24ab » 0, 
(Ма – Jb Y.» 0, which is always true 


1. 


E "Se m 


A>G (1) 
СУНДЕТ САА 
a+b 


а+ь> 2/6 
(Ja — № Y» 0, which is always true 
„ б>н (2) 
(1) and (2) > A>G>H - 


Find the indicated term of each of the following harmonic 
progressions: 


Тот tem (ii) 62,5. 20" term 
(ш) 52.32.23... gh term 
ЗУ sS T 


Find five more terms of the H.P. a 1-1... 


The second term of ап Н.Р is T and the fifth term is a . Find the 
th 2 4 
12" term. : 
Find the arithmetic, harmonic and geometric means of each of the 
following. Also verify that Ax H = G°. i 
i) 3.14 and2.71 Gb -6and-216 Gil) х+уапіх-у 
a” +p" 
a +b" 
Insert two harmonic means between 12 and 48. 


For what value of n will be the harmonic mean between а and b? 


Insert four harmonic means between т mi. 


Prove that the square of the geometric mean of two numbers equals the 
product of the arithmetic mean and the harmonic mean of the two 


numbers. 
The arithmetic mean of two humbers is 8, and the harmonic mean is 6. 


What are the numbers? 4 
The harmonic mean of two numbers is OF and the geometric mean is 6. 


What are the numbers? 


(iii) Ifa; b, care in G.P., then N 
(a) а?, b c?arein G.P. (b) a? (b+c),c? (a+b), b? (atc) are inG:P. 


(ee 2s cS are in G.P. (9) None of these 
(iv) Ifthe nth term of an A.P is 4n4 1, then the common difference is : 
(а) 3 (b)4 (c) 5 (di6 
(v) Which of the following is not a G.P.? 
(OAN (Б) 5, 25, 125, 625,...... 
(c) 1.5, 3.0, 60,120... (d) 8, 16, 24, 32, .. 
vi), There are four arithmetic means between 2 and -18. ее 
(2) —4, -7, —10, —13 p Ig cs etc 
(с) -2, =5, –9, -13 4) =2, —6, —10, —14 


CiD If A, G and Н are АМ, G.M and Н.М. of any two positive 
numbers, then find the relation between A, G and Н. 
(a) А?= GH (а =АН GH =АС (d) G?=A?H 
(yiii) Find the number of terms to be added in the series 27, 9, 3, ...... so 
that the sum is 1093/27 
(a) 6 (b) 7 X (d. 9 


(ix) Find the value of p (p»0) if +p.2-+2p т age me the нне 
совет of genetic propio 
3 5 1 
= (b)— (сї = 
"a г T ШЕ 


CO The 10" term of harmonic progression 1/5, 4/19, 2/9, 4/17,...ів 
(a) 11/4 (b) 13/4 (c1 4/13 (d 4/11 


Oa) Find the sum of 3 geometric means between 1/3 and 1/48 (т> 0). 
(14 (6) 5/24 (с) 7/24 1d) 1/3 


If the first term and common difference in an A.P аге 8 and -1 
respectively, then find: : 

(i) General term Gi) The Progression (jii) The 10th term and 

GV) The expression for sum to n terms and hence sum to 10 terms. 


If the sum of the n terms of the series 54, 51, 48, .... is 513, then find the 
value of n. 


If the sum of n terms of an A.P. is 2n- 3n? generate the progression and 
find the nth term 


Find the sum of all natural numbers between 250 and 1000 which are 
exactly divisible by 3. 

Find the sum of the series 1, 2/5, 4/25, 8/125, ........, 0 

Ifa, b, c are in АР. and x, y, z are in ОР, show that x" y! z^ = х° yz 

Find the arithmetic mean between 105 and 257 5 


Find three numbers of а С.Р. whose sum is 26 and product is 216. 


. How many odd integers beginning with15 must be taken for their sum to 


be equal to 975? 


A gas-filled balloon has risen 100 feet. 
In each succeeding minute, the balloon 
rises only 50% as far as it rose in the 
previous minute. How far will it rise in 
5 minutes? 


term we end with 


5 the formula for 
Н the nth term 

sigma for 

summation 


the term we start with 


гос An 


k is the index 
(It’s like a counter. 
Some books use i.) 


WAZ 


wit the students wil 


Recognize sigma (F) notation. 
Find sum of 

e the first n natural numbers ( £7), 

e the squares of the first n natural numbers (Z n”), 

e the cubes of the first n natural numbers ( n3). 
Define arithmetico-geometric series. 
Find sumito n terms of the arithmetico-geometric series. 
Define method of differences. Use this method to find the sum of n 
terms of the series whose differences of the consecutive terms are 
either in arithmetic or in geometric sequence. 
Use partial fractions p find the ГЕ to-n terms and to infinity the 


series of the type —— — 


== LAPIS 


e 


ө} т t= ©) 


> 


mm 


a(a at (a SES 22). 
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5.1 Introduction 


In the previous chapter, we computed the sums of arithmetic and 
geometric sequences. In this chapter, we discuss a few more techniques for 
computing sums of some other sequences. Since we are already familiar with the 
standard notation, called the sigma notation (X) and its rules. However here we 
properly define it with a few examples of summation notation. 


5.1.1 Sigma Notation 
The letter “У,” of the Greek alphabet (pronounced as sigma) is used to 
denote the sum of a given series. The letter Zis placed before the rth term, say,a,. 


We, thus write X a, to denote the sum of terms of the type а,. If we want to sum 
up terms a, for values of r corresponding to г=1,2,3,...п, we denote the sum by 


X a, or by Ya, 
= 1 


Example 1: Find the following sum. 


) Eea- Moe Gb) Y CONE 
( = ( рате iii = 
dE. Nm uH = 
4 
Solution: (i) У, &(k-3 = 1? (1-3) +22- 3) +3° 3-3) 4^ (4-3) 
= = (2) + (4) +0 +16 =10 
3 2* 20 2! » 23 


8 Xn wm ды) Oa GED 


n 


=1+1+4 42-16 
š 3 3 


ш Cave 
k=2 
= CPV + CD + CDNA CDS +106 
242-48 «2-45 +6 


10 1 1 
Example2: Simplify --) — 
> j » 1+2 
Solution: It can be seen that most terms are common to both sums and will 


cancel. In the second sum, let k = j+2 and in the first sum, let К = j, then we 
10 10 


t Хі Liki 


mo J м jt2 ш 


k=3 
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This example illustrates how changing the index can simplify expressions 
involving several sums. 
5.1.2 Evaluation of sum of the first n 

i. Natural numbers 

ii. Squares of natural numbers 

iii. Cubes of natural numbers 
Before evaluation of the above mentioned sums, here we discuss a general 
principle that will allow us to compute a wide variety of sums. 
Suppose by, b», ... , bys is a sequence 

and a, =b,,,—b, 


п n 
then Уа, =}, bb) 
jal 


jal 
z(b-b) + (b, -b,) +...+ 6и-В,) 
= —b + (b, —b,)+ (b, - b) +...+(b, —b,) + b, 
ЖЫ 
Thus if a, =, b; 
then Ува; = b1 
ju 
This statement seems very simple, yet in practice it can be very powerful. 


Suppose we want to compute Уа je If we can find a sequence bi, b2,... such that 


Jel 
bj, 7b, =a, , then we can write down the answer immediately, that is Б, =, . 
(i) Let b, = р (1) 
Шеп b,,,-b, = G+ =j? 
=2]+1 


thus here, we take а,=2]+1 


Now using » a, zb, -5 
ja 


È (2j+1)=(a+1} -1° by (1) 


p 
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ЭЖ Bp 12 п +2л 


Ja j=l 


2, ј+п= п +2п 


= 


a 
29, ј= п? +2п-п 
= 


2$ jenen 
ja 
Hence ja ueni 
21 2 
(ji) let ВЕЛ (2) 
then By -b-rYy-P 
=з} +3]+1 


thus herea; =3)? +3/+1. 


Now, using the following > aj =, 


Y BF +3i+) = (n41y-P by (2) 
j=l 

зу у +È j +X = - 

Ja j 


2 Eo p 


ЗУ P =+- e 
Ja 
=(1+1}-(n+1)-2n(n+1) 


= пит -2- 3n] 


E +2+4п-2— 3п] fasi +n] 


_ n(n*DOn*D 
E 2 
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Hence Y = [nen en] 
pe 


Gi) Le b=j (3) 
Шеп b-b =+- P =47 +67 +441 
wetake а, =4j°+6/?+4j+1 
Now, using the following 
bI a, zb, -b 
jal 


У 47 +674j4+) =(п+1)* –1* by(l) 


“1 


УУ 2+6) Peay ey 1=(n+1)*-1 
jal ja 


pe ja 
DNE (100010) (=) *n- (n -1 


jul 
Dy PozD'-1-n(n*l)2n41) - 2n(n41)-n 
ГЫ 
= (n+1)* - (л +1)-л(п+1)(2л+1)-2л(п +1) 
= (п+1)[(п+1)#-1-2л*—-лп-2л] 
= (п+1)[п%+3п*+3п+1—-1—-2л* —3n] = (n1) [m +n] 
= п'(л+1)? 


n A 2 
Hence Y, f ЫЕ 
ГЕП 4 


> р [ee] 
NS 2 
Example3: Find the sum of the n terms of the series. 


124234344 
Solution: Let T, be the general term of the given series, then 
T,- s+) 
ad YT, =D QD 


ja 


T 
T 
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= n(n+1)(2n+1) nat) 
6 2 
d [2014.3] 


m Qn44) 


= n(n 4 D(n4 2) 
3 
Example4: Find the sum of the n terms of the series 
1:22 42.32 434^ + 
Solution: Нее T, = iC je 


ten YT, = 


› 


(Р+2р+р 


реў, іў J 


j=l ja 
2 
n (n*1* NECS 
4 6 2 
d [3n? + 3n -- 8n & 44 6] 


ые [3n +11л+10] 


1 
ED п(п+1)(п+ 2)(3л +5) 


Find the sum of n terms of the series whose nth term is 
27 + 8n! -6n^. 
Solution: Giventhat Т, 22" «8i? - 6n 
then 7,-2" «8j -6f 
У. Т, =), Q^ «8j 6?) 


jal vl 


oe gr у i os j ` 


+ je 


Example 5: 


2-1 6 
=2" -1+a(n+1)[2n? +2n~2n-1] 
=2"—-14+n(n+1)(2n?-1) 


«ея нии] 
4 = = 


1. Sum the following series up to n terms 
(i) 2432452 472+. (Чор +(2+22)+(2 +2243?) +... 
(ш) 22+42+6 +... (v) PSS He (VPS HO H 
- Find the sum 1-2 + 2.3 +3-4 + -~ + 99-100 
. Find the sum P +3? +57+77 -+ +99? 
- Find the sum 2 + (2+5) + (2 + 5+ 8)+--- to n terms 
Sum 2 + 5+ 10 +17++ to n terms 
Sum ton terms. 1:2:3 +234 + 3455 +... 
Sum to n terms 1-5-9 + 2-6-10 + 3-7.11+... 
Find the sum to 2n terms of the series whose nth term is 4n^45n41 


f$ P? I AH р ыы 


- Find the sum of n terms of the series whose nth term is: 

()n'Qne3) (i)3(442m) — 45? 
5.2 Arithmetico-Geometric series 

Since we are already familiar with the arithmetic and geometric sequences 
and their related series. Now, we discuss here another important sequence and its 
related series, which we obtain from arithmetic and geometric sequences, 
5.2.1 A series which is obtained by multiplying the corresponding terms of an 
arithmetic series and a geometric series is called Arithmetico-Geometric series. 
For example, 
[a+(a+d)+(a+2d)+...4(a+(n—-Dd] [Le rte er “| 


=а+(а+4)ғ+(а+24)г? +...+(а+(п-1)4) г" 
which is arithmetico-geometric series. 


Unit 5 | Miscellancous Series 


. nth term of Arithmetico-Geometric Series 
A series which is formed by multiplying the corresponding terms of an 
A. P. and a G. P. is called an arithmetico-geometric series. Thus nth term of such 


series has the form [a--(n- Dd] x r"7 
522 Sum of n terms of Arithmetico-Geometric Series 

Let 5, asa dyr (a 24) [a 7 Dd] "a (0) 
then r$, = ar (a d)! * [at (1-24] г”! +[а+(п-1)4]т" 0) 

‘subtracting (2) from (1) we obtain 

(1095, - a (dre dr! 4... dr") -[a (n- Dd] r 

п-1 
"E uem e [a (n- Dd] г" 


“jer l-r 1-г 
NEM ас [е 9 
i-r ü-r? @-)* (1-7) 
which is the required sum of the n terms of arithmetico-geometric series. 
10 
Example 6: Sum the series мезада бен to n terms. 
-2 (Woe — M 
ала Sept Las am 
S15 S 5 Ban 
ic Дт 3n-5 3п-2 Sum to infinity of an 
n Ssi tate m Arithmetico-Geometric 
$5 5194 09 a 5" Series 
а аз ра 33 3-2. КЩ lise 
гоа cts git ВО ur E 5" Then 1°30 азп-—э° 
2. Equation (3) reduces to 
SE e) 
Sin s 15€ US" $45) 9 yo АБЕ 
l-r (i-r) 
3 1 23 3n-2 which is the required sum 
52-9 |- to infinity of arithmetico— 


geometric series 


= - 7 = 
301) 2" 221,3. 3. 31-2 А (2.3 2) 


4 5) s anaes | s ^4 iia ss 
21. b (15+12п-8\ 7 12n47 2 5=35_121+7 
(4 sU une JU mp 16 165" 


Example 7: Sum the series. 
2-1+4-3+6-9+8-27+10-81+...1о n terms. 


Solution: Let $=2-14+4-3+6-9-+...+(2n—2)-3"? 2.3", (i) 
Multiplying by 3, the common ratio of the geometric series, we get 
3-8=2.3+4-9+6-27+...+(2л—2).3”'+2п-3". Gi) 


Subtracting (ii) from (i), we get 
(-3)5=2-1+{3(4—2)+9(6-4)+27(8-—6)+... +3” (2n-2n-2)] -2n-3*. 


(2) 5224» [2(39927..10 (n-1)terms)] ~2n-3" 
eni E I] as 
3-1 


=2+3"—3—2n3" --1-3" (2n-1). 


1 
e S=—{ 1+3" (2n-1 
зе нэт] 
Example 8: If x<1, sum the series 


1+2х+3х* +4? +.....to infinity 
Solution: Let S-142x43x +424... (i) 
х$= xt+2x7 43x +... © (ii) 


Subtracting (ii) from (i), we get 
aS (l= x) =H HR +? +... 
The R4S is an infinite geometric series with a=] and r=x<] 
1 
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1 1 L QU 

: Example 9: Show that 24x 48 x 86х 16? х... —2 
1 1 A кч 

Solution: Let  x-2*x 4*x 8!'5 x 16? Х.. оо 


X 1 d ES 
log x = log 24 + log 4* + log 8'6 + log16” 4... oo 


1 1 1 1 
log x =—log2+—log4+— log8+— logl6+...c¢ . 
log x 7 ор 3108 16 log 3 og 


1 1 1 1 
log x =— log 2+—log 22 + — log 2? + — log 2° +... 
pc LR EAE E E 


1 2 3 4 
log x= ов2+ 2106 2+2 052+ S 10g 2+... 
вв шыу ыссы 


02.3 df Р 
1 (2.3.5. s) 2 
ши "m 
p.234 : : i А б 
Now, —+=—+-—+——+...°ә is an arithmetico-geometric series 
4 8 16 32 
її 3 4 
Let 5$==<—+=—+—+——+...° ii 
4 8 16 32 en 
1 JP ded: 
= + +...99 
, 2 8 16 32 64 
On subtracting Eq(iii) from Eq(ii), we get 
1 ЖЕ РЕ wil 
= ++... 
2 4 8 16 32 


(iii) 


8=1 
Л (i) => log х= 1х1082 
log x = 1062 


Ax22. 


1. Sum to п terms the following series 
O 1.2+2.22+3.2 44-2 +... Gi) 1+4х+7х*+10х° +." 
(й) 14224327 e Ax +... Gv) 1434347 s. 
(v) 1-7x413x! -19x +... 

2. Find the sum to infinity of the following series 


@ 2432x422 +P x ..32x«l (ii) Ee 
3. Find the nth term of the following arithmetico—geometric series 
Ot 2103098 А», 
-+е+=+—+-—+.—+... 
128418 800160832. 
4. Find the sum of the following Arithmetico—geometric series 
7 11 
5+—+1+— +... 
3 27 


‚44 
5. If the sum to infinity of the series 3 + 5r + TP +......о1їв TU 
find the value of r. 


5.3 The Method of Differences 
In the case of some series in which the difference of successive terms form an 
A.P, or G.P., the following method can be employed to find the nth term. The sum 
of such a series to n terms may then be obtained. 
Example 10: Find the nth term and the sum to n terms of the series 
1+7+ 17+31+49+.......... 


Solution: a,—a,=6 
а-а, =10 
We have aia 


а, —à, , =(n-I)th term of thesequence 6,10,14,... 
Adding calumn-wise, we get 
a,—@, =6+10+14+ 18 +......іо(п -– 1) terms, 
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a, -a, -t p.624] 


а, -а, trem -8] = ansa] n- Qn 2) = а, = 4+ (n- 1) (2n-2) 


ла, 71-2(0-1) 01) E-a =1] 
^. a,72n^ -1 
ла 22r -1 
2 Бол x п(п+1)(2п+1) п(п+1)(2л +1) 
єз a m2» —y]m2.——— — t=? a 
наи бно 
_ т(п+1)(20+1)—3п _ т(п+2)(21—1) 
3 3 
the required sum =a rt 
Example 11: Find the nth term and the sum to n terms of the series 
3+5+9+17+31+.......... 
Solution: а-а =2 
а,-а,=4 
We have а,-а,= 


a, —4,_,=(n-1)th term of thesequence 2, 4,8,... 
Which is a G.P. Adding column-wise, we get 


а, —@, =2+4+8+......10(п—1)їегт5, 
2Q"! -1) 
=a, = 95-2 
a, d, ач 
а,=2" -243 [. a, =3] 
а, =2" +1 Н 
ʻa, =? +1 
sa, =[2+2 +2 +2 e +2"] VII 
20 D a en-2 


~. the required sum 2 2" +n—2. 


(пи у us chançons Series 


Find the nth term and the sum to n terms of each of the following series: 
. 4+13+28+49++76+....... 

„ 4+14+30+52+80+114+....... 

. 4+10+18+28+40-....... 


QUA d» Wr =| 
w 
+ 
tA 
T 
um 
= 
+ 
nN 
oO 
+ 
со 
[5] 
M 
à 
T 


54 Summation by the method of Partial Fractions 
If the general term of a series consists of the products of the reciprocals of 

two or more consecutive terms of an A.P., then the term can be split up into 
partial fractions and the series can be summed. The method is illustrated in the 
following examples. 1 1 1 1 
Example 12: Sum the series 35 * 7.1 тү. + jggt (0 п terms 
Solution: Here, the factors in the denominators are the products of two successive 
terms of an A. P 3, 7, 11, 15, 19, 
^. rth term of the given series, а, = c — 

(4r - 1) (4r +3) 
Expressing a, as the difference of its partial fractions, we have 


=й 
* A[4r-l 4r43 


By putting r21,2,3,...(n—1).n іп succession, we get 


ETE 
4|4n-5 4n-1 
l| 1 1 

а -—|———- 

" 41 41-1 4n*3 


Adding column-wise, we get 


Sa tas =" 
— 413 4n+3] 3(4n+3) 
n 
2. The required sum =———. 
T 3(4п+3) 
Example 13: Find the sum of the series: 
1 1 1 
К ge 
14 47 7-10 
La 
(3п – 2)(3п +1) 
Breaking it into Partial Fractions, we have 
TEE SA es 
(3п-2)(3п+1)  3n-2 Зп+1 


+... to infinity. 


Solution: —' Here Т, 


Multiplying both sides by (3n-2)3n +1) , we have 
I= А(3п+1) + B(3n - 2) 
Comparing the coefficient of n and the constants both sides, we get 
0=34+38 (i) 
1=A-2B Gi) 
Solving (i) and (ii) we get A =з ‚В --5 
у те ДЫП ol 
^^ 38n-2) 331+ 3130-2 3л+1 


теу | Lo d. 
and 277 =>, (55 zx) 


I 


A699] He 4 
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1. Find the sum of the following: 

E um duh 1,1 

@) nasty . to n terms. (ii) ЕНЕД to n terms. 

1 NM 

Gii) moe 8 ЕП T° а тапу аг) 43 at 13-22 +55. mae шыш 
2. Find sum of the series: » POS 
3. Find sum of the series: rs 

кт (е ) 
= = 1 

4. Find sum of the series: 2 MIENIA 


REVIEWIEXERCISE 5 


1. 


Choose the correct option 


G) Ift = 6n +5, then tn = 
(а) бп-1 (b) 6n +11 (c) 6n+6 (d) 6n-5 


(ii) The sum to infinity of the series 1 e £ dp Pal Baa 
(а) 6 (b) 2 (c)3 (d)4 


(iii) Sum the series: 1 + 22 + 32? +...... + 100-2 
(а) 99:21009 (Ы) 100-2190 үс) 99-2190 1 (а) 1000-2! 
(iv) Тһе nth term of the series 1:2 + 2-3 + 3:4 * ... is 
(a) (п> —п) (b) (n? + п) (с) n (d) None of these 
(у) The sum ofn terms of the series whose nth term is 1+ 2" 
(a)n-2*!  (b(nt1)*23*! (c)n+2 (20-1) (d) None of these 
(vi) Evaluate У(3 + 2"), where r= 1, 2, 3, .... 10 
(а) 2051 (b) 2049 (c) 2076 (d) 1052 
(1+2) 61243), 
2 3 
(n+1)(2n+3) 
2 


(vii) What is the nth term of the series 1++——* cot 


п+1 sc 


(a) 3 (D 


(c) à (п+1) (d) 
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(viii) Sum of n terms of the series 1° + 34594 P+... is 
(а) n°(2n?-1) (b) 2? +3п? (c) (n2) (9) n+ 8n+ 4 
2, Sum the series to n terms 1.2+2:3+3:4+--- 
Sum the series 1-3.5+2-4.6+3.5-7 + ton terms. 


4. Sum the series +... 


a i rs 
1.4.7 4.7.10 7-10-13 
5. Sum the series 5+12х+19х? +26х° +- to n terms. 


6. Sum the series: RR ТАИ to n terms. 
122 Se 354. 
Tk Find the sum of n terms of the series 
(i) Sum the series: 1-22+3-32+5-42+-- to n terms. 
(ii) Sum the series: 3:12+5.22+7-32+--- to n terms. 
8. Find the sum of n terms of the series whose nth term is 
(i) п2+37 (ii) 2n?33n (iii) п(п+10п+4) (iv) Qna 
9. Find the sum of the first n terms of the series 
(i) 3474134214314 (й) 2+5+14+41+" 
10. Find the n* term and the sum to n terms of the series 
++) 4 (++) + att+4+4) de 
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Alter reading this unit; the students: will be able Io: 


Know Kramp's factorial notation to express the product of first n natural 
numbers by п! 

Recognize the fundamental principle of counting and illustrate this principle 
using tree diagram. 

Explain the meaning of permutation of n different Objects taken r at a time 
and know the notation "P. 

Prove that "P, = n(n-1)(n - 2)... (n- r *1) and hence deduce that 


С п! 
(ner)! 

"pi = п! 

0! =1. 


Apply "P; to solve relevant problems of finding the number of arrangements 
of n objects taken rat a time (when all n objects are different and when some 
of them are alike). 

Find the arrangement of different objects around a circle. 
Define combination of n different objects taken r at atime. 
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Solve problems involving combination. 
Define the following: 
statistical experiment, 
sample space and an event, 
mutually exclusive events, 
equally likely events, 
dependent and independent events, 
simple and compound events. 
Recognize the formula for probability of occurrence o. an event E, that 


and deduce that 


‚ OS P(E) <1 


Apply the formula for finding probability in simple cases. 


Use Venn diagrams and tree diagrams to find the probability for the 
occurrence of an event. 


Define the conditional probability 
Recognize the addition theorem ( or !aw) of probability 
P(AUB)= P(A) + P(B)- P(ADB), where A and B are mutually exclusive 


events. 

Recognize multiplication theorem (or law) of probability 

Р(АПВ) = P(A) Р(ВІА) or Р(АПВ) = Р(В) Р(А!В) where Р(ВІА) and P(AIB) 
are conditional probabilities. 

Deduce that P(ANB) = P(A) Р(В) where А and В are independent events. 
Use theorem of addition and multiplication of probability to solve related 
problems 
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61 Introduction 


Counting is one of the most fundamental skills. People start to count 
on their fingers when they are in kindergarten or even earlier. But how to count 
quickly, correctly, and systematically is a lifelong course 
In order to study probability, it is first necessary to learn about combinatorics, the 
theory of counting. 


In this unit, we will develop techniques and formulae for counting the 
number of objects in a set. These formulae are used in computer science to 
analyze algorithms. They are also used to determine probabilities, the likelihood 
that a certain outcome of a random experiment will occur. 


6.1.1 Kramp's Factorial notation to express the product of first n natural 
numbers by n! 


Factorial Notation 

If n is a positive integer, the notation n! (read "n factorial") is the product of all 
positive integers from n down through 1. 

n! = n(n- 1) (n—2)------- (3) (2) () 


0! (zero factorial), by definition, 0! = 1 


Technology 
The First Ten Factorials Most calculators have factorial 


(ues yl keys. Ta find 5!, most calculators. 
1!=1 use one of the following: 
21=2 3122 Many Scientific Calculators 
31=3-2-1=6 sk 
41=4-3-2-1=24 

5!=5.4.3.2.]=120 

6!=6-5-4-3-2-1=720 

N=7-6-5-4-3-2-1=5,040 

| 81=8-7-6-5-4-3-2-1= 40,320 

91 =9.8.7.6.5.4-3.2.1=362,880 


Note The Difference 


2:3! 22(3-24) =12 
(2:3)! = 612 6: 5:4:3:2:1—720 
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Example 1: Simplify the following expressions: 
8! 51 1 1 d (n+1)! 2 n! 


а. Д a Ш ^ 
7! 213! 214! 31.3! n! —(n-3) 
8! 87! 
Solution: а. uz 
51 543! 54. 
"2:31. 2035 21° 
1 1 
C ——tL- i 
21-41 313! 2141 


pose ee 
3M! 3141 31741 144 
! ! 
4 05D! Ged | 
n! n! 
» n! _ n(n-1)(q -2)0-3)! (Ре 9 
“(n=3)! (n-3)! 58) н 
= пп 001—2)? 3л? + 2n АЗЕ factorial — 
Example 2: Write the following in factorial form: | eer 
З: us (n—-3Yn—-2Yn-1) а. - 
9 9-8-7-5 ш n(n—4) | 212! 
Solution: (i) 13-17 —171615-14-13-12!- 13-6-4! 
9-8-7-5 9.8-7-6-5-4! 16-15-14-13-12! 


_17! 6:51-4113-121_ 171131614! 
EET 161-51-12! 7161-121-91-51 
(n-3)(n—-2)(n -1) (710-2073) (п—1)(п—2)(л —3Yn -4)! 
n(n—4) = mA n(n—-4y(n—4)! 
_ (n-DIa-Dm-2Xn-3n—5! 
~ n(n—ln-2Yn-3)Yn-4n—5)(n—4)! 
_ (n-Dn-5!. (n-0(-2Xn-3(n 5! 
7 пп) (n-4)! 


(а-1(п—5)! (Q-D!  (@-0) 0-5)! 


nlin—4)!  (n-4) — ni((n—4)- 


Gi) 


1. Evaluate the following. 


=)! 
dy М (ну 354t (iti (n-1) ») 2 
31341 51-41 (n+)! (51) 
2. Write the following in terms of factorials. 
(i) 19-18-17-16-15-14 (ii) 2-4-6-8-10-12 
y =, x n(n Di +2) 
üd — n(m-1) (iv) 20038 
3. Prove the following. 
! 
(i) 1o 2 s S E (ii) GEDE ыу 
6! 7! 8! 8! (п+3)! 
4. Find ће value of n, when 
n(n) _ 12(n!) h n! (n-l! 
e, i) oL = 
(п—5)! (n—4)! (n—4)! (1—4)! 


5. Show that (j) 2277" э! =2^(1-3-5-<(2п—1)) 


Gi) aet 


2^ (13-5 (2n- 1) (2n) 


6.2 Permutation 

As we know that counting plays a vital role in many areas, such as 
probability, statistics and computer science. In this section and in the next, we 
shall look at special types of counting problems and develop general formulae for 
solving them. 
The following principle of counting will be helpful and basic to all our work. 


6.2.1 Fundamental Principle of Counting 


Let Ej, E», . . . „Ex be a sequence of К events. If for each i, Е, can occur in пу 
different ways, then the total number of ways the events may take place is the 
product тут... m. 


This principle is also known as the multiplication principle. 
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Example 3: How many different 6-place vehicle number plates are possible if 
the first 3 places are to be occupied by letters and the final 3 by numbers? 
Solution: Since the first three places are to be occupied by the letters A,B,C,....Z 
and the final 3 places by the numbers 0, 1,2, . . . , 9. 

Hence each event Бу, = 1,2, 3 occurs in mj = 26, i= 1, 2, 3 different ways 


and each E;, i= 4, 5, 6 occurs in m; = 10, i= 4, 5, 6 different ways. Then by the 
fundamental counting principle the total number of vehicle number plates is 


m, mo ma-m4msme = 26:26:26: 10-10-10 = 17576000 
Example4: How many functions defined on n points is possible if each 
functional value is either 0 or 1? 
Solution: Let the points be 1, 2, 3, ..., n. 
Sincef (i) = О or 1 for each i=1, 2,3, . . . „n. Hence each event Ei, iz1,2,3,...,n 
has m; = 2, į = 1,2, 3,..., n possibilities. Thus by the fundamental counting 
principle the total numbers of possible functions is 
mm, m, m, 2.2.2.2 =2" 
Example 5: There are 5 roads joining A to B and 3 roads joining B to C. Find 
how many different routes there are from A to C via B. 


Е. 
| aa 


Solution: There are two operations to be performed in succession. 
AtoB 5 ways 
BtoC 3 ways 


Number of routes from A to C =5x3=15 
Example 6: How many 3-letter code symbols can be formed with the letters A, B, 


C without repetition? 
Solution: Consider placing the letters in these boxes. CEE 
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We can select any of the 3 letters for the first letter in the symbol. Once 
this letter has been selected, the second must be selected from the 2 remaining 
letters. After this, the third letter is already determined, since only 1 possibility is 
left. That is, we can place any of the 3 letters in the first box, either of the 
remaining 2 letters in the second box, and the only remaining letter in the third 
box. The possibilities can be arrived at using a tree diagram, as shown below. 


TREE DIAGRAM OUTCOMES 
B-——€C ABC 
ha a 
еа ышт 
ees CAB 
© FX : К СВА 


We see that there are 6 possibilities. The set of all the possibilities is 
(ABC, ACB, BAC, BCA, CAB, CBA}. 
Example 7: How many 3-letter code symbols can be formed with the letters А,В, 
С, D, and E with repetition (that is, allowing letters to be repeated)? 


Solution: Since repetition is allowed, there are 5 choices for the first letter, 5 
choices for the second, and 5 for the third. Thus there are 5:55, or 125 code 
symbols. 


Example 8: How many 5-letter code symbols can be formed with the letters A, B, 
C, and D if we allow a letter to occur more than once? 


Solution: We can select each of the 5 letters in 4 ways. That is, we can select the 
first letter in 4 ways, the second in 4 ways, and so on. Thus there are 4°, or 1024 
arrangements. 

6.2.2 Explaining the meaning of permutation 


Ап ordered arrangement of a finite number of elements taken some or all 
at a time is called a permutation of these elements. 


We use the notation "Р. or P(n,r) to denote the number of permutations of n 
elements taken r at a time, where r is a positive integer such thatr € n . 

Now, we develop general formula for the solution of special types of 
counting problems. 


-XI ARU 


6.2.3 "P. zn(n-D)(n-2)..(1- r1) 

Theorem: Prove that В. = п(п-1)(л-2)..(п-г+1) and hence deduce ће 
п! 
{n-r)! 
Proof: To find a formula for "P. , we note that the task of obtaining an 
ordered arrangement of n elements in which only г<л of them are used without 


repetitions, requires making г selections. Therefore, for the first selection, there 
are n choices; for the second selection, there are (n — 1) choices; for the third, 
there are (n — 2) choices; and so on. Hence the events: 


Б occurs in m, = п ways 


following: (i) "P = a) "PR =n! (ш) 01-1 


E» occurs in m; = (n— 1) ways 
E; occurs in тз = (п-2) ways 


and E, occurs in m, = (n-(r-1)) =(п-г+1) ways 
Thus by the Fundamental Counting Principle 


^P, = тутутут, = n(n—1Y(n-2)-QG—- rl) 


) Since "Р. = п(п—1)(п—2)--(п1—г+1) 
ap =n(n-IMn—2(n-r 2—7 
(n-r)! 
р (п ғ)! (n-r)! 


(i) Since "P. = (п 11-2) -(n- r1) 
Now, putting г = n in the above, we obtain: 
ар -n(n-D(n-2)-(n-n41) = n(n-DGi- 2)-1 
zn(n-1(n-2)-3:2 =n! 


1 
Gii) Since"P, =n! then by using (ii), we obtain: z 


1 (п-п)! 
тта, = 01=1 
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Example 9; How many distinct six digit numbers сап be formed from the integers 
1, 2, 3, 4, .., 9 if each integer is used only once? 
Solution: Since the total number of digits is 9 and each number we have to 
find, consists of six digits. No repetition is allowed. Therefore, this is a problem 
of permutation. 
-. The required number of six digit numbers =°P, 
_ 9-8-7.6-5-4:3! 9-876543! 
p Ssh Dip oma 
=9'8-7.6:5-4 =60480 
Example 10: How many different words can be made out of the letters of the 
word “triangle”? How many of these will begin with t and end with е? 
Solution: 
(i) There are 8 different letters in the word “triangle”. Therefore, the number of 
8! 8! 
(8-8)! 0! 


(ii) If *t and “е” occupy the first and last places, then we are left only with 6 


different words = % = 


= 8! = 40320 


different letters. Thus the number of different words in this case is 

‘P= 6! = 720 
Example 11: How many different arrangements of 10 objects taken 4 at a time 
can be made with one particular object (i) never occurs (ii) always? 
Solution: There are 10 different objects and we are taking 4 at a time. Then 


К dps. dO" | 
the possible arrangements are "P, = полю = 5040 (1) 


@) Since one of the objects never occurs, so we are left with 9 objects. Thus 
9! 

9-4) 3024 (2) 

(ii) Тһе possible arrangements that the particular object always occurs is 
obtained by subtracting (2) from (1), i.e. 5040 — 3024 = 2016 
6.2.4. Permutations with Repeated Elements 

Consider the example of finding the number of different 9 digit numerals 

that can be formed from the digits: 6, 6, 6, 6, 5, 5, 5, 4, 3 and consider one such 
numeral: 665566543 G) 


the possible arrangements taking 4 at a time = °P, = 


With this ordering of the 9 digits, there are 4! Permutations of the digits 6 
and 3! Permutations of the digits 5 which have no effect on the above numeral. 
Therefore, there are 4!:3! arrangements of digits in the numeral given in (i) which 
do not result in a distinguishable permutation of the given nine digits. Hence if X 
is the number of distinguishable permutations of the given 9 digits, then 4!-3!-X=9!, 
where 9! is the number of permutations of 9 distinct elements taken 9 at atime. 

АХ = P 2520 
4131 

The above example shows that in case of repeated elements, the number of 
permutations is reduced. Hence we have the following result. 

Theorem: The number of distinguishable permutations of n elements taken 

all at a time, in which m; are alike, m; are alike, . . . and my are alike is 
n! 

m Vm, V. m, ! 

Proof: Let X be the required number of distinguishable permutations. Now, if we 

replace m; alike elements by mi different elements, then the number of 

permutations of m, distinct elements taken all at a time is пц!. Similarly the 

replacement of mz, . . . my alike elements by different elements give rise to m. 

. . my! permutations respectively. 

Thus the simultaneous replacement of alike elements by different elements 
increases the number of permutations to X. m,!. mg!. . . my! 

Since n = mj + по +... + my, then the number of permutations of n 


distinct elements is n! 3l 
- Xm un Lm en! => X = — . (ть —  — $ 
Emam tam en! xou ss. C xD 


к We usually omit those digits, 
Where X is generally denoted by, ee | which occur once. | 
рз. Т - — 


n n! 
Thus — 
тутот) m Lan, Lam, | 


Example 12: Find the number of different arrangements that can be made out of 
the letters of the word “assassination” taken all together. 

Solution: The total number of letters is 13, out of which 4 are s, 3 are a, 2 are 
i and 2 are п, son = 13, mi = 4, m; = 3, m = 2, m - 2 


Thus the required number of permutations = д СГ 13а 9! 
m,m, Hl, 4,3,2,2 41:312121 


=10810800 
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Example 13: How many eight — digit different numbers are possible using all of 
the digits 1, 1, 1, 1, 2, 2, 3, 4? 
Solution: The total number of digit is 8, out of which four are 1s and two are 2s. 
So here п = 8, пи = 4, m; = 2, 


n ! 
thus the total eight digit munber=( á ] Г ] 81 gan 


т.т, 4,2) 412! 
6.2.5 Arrangements of Distinct Elements Round a circle 

We have been arranging elements in a row and have seen that 4 elements 
can be arranged in a row in 4! = 24 different ways. Suppose we arrange these 
same 4 elements in a symmetric circular pattern. For example let us arrange A, B, 
C, D around a circle. One such arrangement is shown in Figure 6.1 and others 


in Fi 6.2. 
in Figure " H 


D c 
Figure 6.1. 


Figure 6.2 


Now to check, whether these four arrangements are different or not. Let us ignore 
the positions of A, B, C, D and consider only their relative order as we go around 
the circle in a specific direction. We see that these four arrangements are the 
same. For example if we begin at A and move clockwise around any of the circles 
we get the same arrangement, ABCD and then back to A again. Thus the four 
different arrangements ABCD, BCDA, CDAB and DABC are not distinguishable 
in a circular arrangement. 

In general, if there are X distinct circular arrangements of four elements, 
there would be 4-Х arrangements of these elements along a row. But since the 
number of arrangements along a row is 4! , 


1 
then ме һауе 4-X=4! > е RS 


Extending this, we have the following: 

The number of distinguishable circular permutations of n elements is (n-1)!. 

In arranging keys on a ring or different beads on a necklace, it is agreed that two 
arrangements are the same if one arrangement can be obtained from the other by 
turning over the ring (or the necklace) is reflection of one another. Thus in case 
of the Example 15 of four elements A, B, C, D, the following two arrangements 
are the same under such conditions (reflection of one another). 


Figure 6.3 


Consequently, there are three different arrangements of four different keys on a 
ring (or four different beads on a necklace), that is, the number of different 


di 3! 
arrangements is ees : М 
2 2 
More generally, the number of different arrangements of keys on a ring (or 


=i 
n different beads on a necklace) is ua ‚ 


Example 14: In how many ways can six people be seated around a circular table? 
Solution: In this case n = 6, so that six people can be seated around a circular 
table in (6 — 1)! = 5! = 120 ways. 

Example 15: How many different necklaces can be formed by stringing eight 
beads of different colors? 


(n-1)! 


Solution: The number of different necklaces is 


2 П 
So for n = 8, we have ar => =2520 different necklaces. 
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1. 
2. 


12. 


13. 


14. 


15. 


Evaluate (i) °Р (ii) ^p (ш) “P, 
Solve forn (i) "B =56("В) (1) "Р=9("“Р) — (i) "P, = 600 
Prove the following by Fundamental Principle of counting 

(2 РТ=п( ж РУШ O eror 2.) 


In how many ways can a police department arrange eight suspects in aline up? 
In how many ways can letters of the word ‘Fasting’ be arranged? 


How many 4 digit numbers can be formed with the digits 2,4, 5, 7, 9. 
(Repetitions not being allowed). How many of these are even? 

How many three digit numbers can be formed from the digits 1, 2, 3, 4 and 
5 if repetitions (i) are allowed (ii) are not allowed. 

How many different arrangements can be formed of the word “equation” 
if all the vowels are to be kept together? 

How many signals can be given by six flags of different colors when any 
number of them are used at a time? 


. In how many ways can five students be seated in a row of eight seats if a 


certain two students (i) insist on sitting next to each other? 
(ii) refuse to sit next to each other? 


. How many numbers each lying between 10 and 1000 can be formed with 


digits 2, 3, 4, 0, 8, 9 using only once? 

How many different words can be formed from the letters of the following 
words if the letters are taken all at a time? 

(i)Bookworm (ii) Bookkeeper (iii) Abbottabad (iv) Letter 

Find the number of permutations of the word ‘EXCELLENCE’. How 
many of these permutations (1) begin with E (ji) begin with E and end with 
C (iii) begin with E and end with E (iv) do not begin with E. (у) contain 
two 2L's together(vi) do not contain 2L’s together. 

If five distinct keys are placed on a key ring, how many different orders 
are possible? 

In how many ways can 7 people be arranged at a round table so that 2 
particular persons always sit together? 
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6.3 Combination 
So for, we have been concerned with permutations, which are ordered 
arrangements of elements of a set. Now, we focus our discussion on arrangements 
in which order is not important that is, subsets of a set. 
6.3.1 Let S be a set containing n elements and suppose г is a positive integer 
such that r<n .Then any subset of S containing г distinct elements is called a 
combination of n elements taken r at a time. 
Notation: The notation, we use for the number of combinations of n elements 
n 
taken r at a time is "C, or ( ) е 
Р 
Example 16: Suppose S = (a, b, с, d]. Find ће number of combinations by taking 
3 letters at a time. 
Solution: ^ The subsets of S taken three elements at a time are: 
(a, b, с}, { a, b, d), { a, с, d), (b, с, d} 
Therefore, — *С,=4 
The distinction between permutations and combinations is that changing the 
order of a set of elements gives a different permutation but {һе same combination. 
For example in the above example there are four subsets of {a,b,c,d}, taken three 
at a time , because ^C, - 4. But the elements of each one of the four subsets can 
be arranged in a definite order in 3! or 6 different ways. Thus the total number of 
different arrangements in a definite order in all four subsets is 


4 
64-'P, or 314C, = 'P, 


4 
or'C, = * = jaa we have the following important formula. 
! 
6.3.2 Theorem: Prove that "С, = гл And hence deduce that 


г\(п-г)! 


xe MAEN sd n| em п} z n) п} [т 
(1) |+ ‚@) (=! ‚ dii) (te^ ,v) MILI «C 


Proof: To find’c, , we must find the total number of subsets of r elements each 
of that can be obtained from a set of n elements. Since each of these 
combinations (subsets) contains r elements, which can be permuted among 
themselves in г! ways. Thus "C, such combinations will give "Сг! 


permutations. But we know that the number of permutations of n elements 


n! >C = n! 
' (n=r)! "тару 


taken r at a time is "P. Es "C ram pim 


1 
O Fr=n,then "С = 21 „|, < 0!=1 
п(п-п)! 0! 


а п! п! 


fii) If =o then "gree"! ш. 
OKn—0)! n! 


(i) Ifr=1,then "се LTD, 
1(п—1)! (а=! 

GU Fr=n-1,hen'c gomme 1 „лт! _„ 
(Оп (DA 


(v) Putting (n — г) for r, we have 


(п- ғ)! (n-n4 т)! т? r) ri 
Example 17: Prove that "C, +"C_, = "ЧС, 
Solution: — Taking LHS="C.+"C_, 


п! п\ 
= 
rXn-r)!  (г-1)(п-г+1)! Did You Know 
n! n! “The: пи mber of combinations 


es, ИН ж 
=н у? —Din—-r+)Din-p! of n thin, rata time is equal 
с пере! ‘to the Я combinations 


п! $ 1 LOEn sinn at dein 
== m 
(r-DIn-r)!ir n-r4l C. 
id combinations are called | 
п! n-reltr _ complementary. | 
С (r-DKa-r)t г(п-г+1) Put r=n, then "Су='С„=1 | 
(п+1)л! 


Ur Diar i-r) 


£ mD e (п+1)! 
"и=г+10)1 [+07] 
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Example 18: From 12 books in how many ways can a selection of 5 be made, 
(i) when one specified book is always included, (ii) when опе specified book 
is always excluded? 
Solution: (i) Since the specified book is to be included in every selection, we 
have only to choose 4 out of the remaining 11. 
Hence the number of ways = "С, 
_ 11x10x9x8 _ 
^ 1x2x3x4 — 
(ii) Since the specified book is always to be excluded, we have to 
choose the 5 books out of the remaining 11. 
11х10х9х8х7 _ 
1х2х3х4х5 — 
Example 19: Out of 14 men in how many ways can an eleven be chosen? 


Solution: Тһе required number = "C,- "C, = 14x13x12 _ 364 
1x2x3 


1. Solve the following for n. 
(i) "С, =36 Gi) ""C,=6."'C, (iii) "C, =30."C, 


330. 


Hence the number of ways = "С, = 462. 


Find n and rif "Р =840 and "С, =35 

Find n when "C, : "C, 236 :3 

Prove that (i) ""C,+""C_, ="C, (ii) r."C, Ел АСА 

How many (i) straight lines (11) triangles are determined by 12 points, 

no three of which lie on the same straight line. 

6. Find the total number of diagonals of a hexagon. 

7. Consider a group of 20 people. If everyone shakes hands with everyone 
else, how many handshakes take place? 

8. A student is to answer 7 out of 10 questions in an examination. How many 
choices has he, if he must answer the first 3 questions? 

9. An 8-person committee is to be formed from a group of 6 women and 7 

men. In how many ways can the committee be chosen if (1) the committee 

must contain four men and four women? (ii) there must be at least two men? 

Gii) there must be at least two women? (i) there must be more women than men? 
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6.4 Probability 

Unconscious application of probability theory is very wide and indeed, 
practically every one is applying it without realizing. The phrases like “He is 
reliable”, “He is a liar”, “He is not likely to come” and so on are all probabilistic 
and we use them by “applying” probability theory. Basically, probability 
originated in problems related to games of chance and was developed” 
mathematically by Pascal (1623 — 1662) and Fermat (1601 — 1665). Today, 
probability has grown far beyond the area of games of chance and has 
applications in genetics, insurance, physics, social sciences, engineering and 
medicine. 

Before defining probability, we define and explain certain terms which are 
used in its definition. 
6.4.1 (i) Statistical Experiment 

Intuitively by an experiment one pictures a procedure being carried out 
under a certain set of conditions. The procedure can be repeated any numbers of 
times under the same set of conditions and upon completion of the procedure 
certain results are observed. The experiments are of two types 
(a) Deterministic experiment An experiment is deterministic if, given the 
conditions under which the experiment is carried out, the outcome is completely 
determined. For example if pure water is brought to a temperature of 100° C and 
760 mm Hg of atmospheric pressure the outcome is that the water will boil. 
(b) Random experiment An experiment for which the outcome cannot be 
predicted except that it is known to be one of a set of possible outcomes. is called 
a random experiment. 
For example (i) Tossing a coin (ii) Rolling a die. 
Since our interest lies in the random experiment, so in this text by experiment we 
mean random experiment. 


(ii) ^ Sample space and an event 


The set of all possible outcomes of a random experiment is called a 
sample space and is donated by S. The elements of S are called sample points or 
outcomes. 


For example (а) Tossing a coin once, then 


S= {H, TJ where H and T are the possible outcomes. 
(b) Tossing a coin twice, then the possible outcomes in the sample space are 
HH, HT, TH, TT. 


(с) Rolling a pair of dice, then we have the following sample space 
S= [pi] = L23456] 


(D (12) (3) (1,4) (1,5) (1,6) 

(2,1) (22) (2,3) (2,4) (2,5) (2,6) 

JGD G2 (3,3) (3,4) (3,5) (3,6) 

(дл) (4,2) (4,3) (44 (45 (46 

(5,1) (5,2) (5,3) (5,4) (5,5) (5,6) 

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6) 
Event: Let S be the sample space of an experiment. Any subset E of $ is called 
an event associated with the experiment. For example E = (HH, TT) is an event 

associated with the experiment of tossing a coin twice. 


(ii) | Mutually Exclusive events 
Two events are said to be mutually exclusive if they cannot both occur at 
the same time. Mathematically, it is expressed as: 
If AQ В = ф, then A and B are mutually exclusive events. 
For example rolling a die, let A be the event that even number has shown up 
while B be the event that odd number has shown up and C be the event that a 
number less than 4 has occurred. 


Here S=({1,2,3,4,5,6) 


Let А = {even number has shown up } = (2, 4, 6} 
B = {odd number has shown up } = {1, 3, 5} 


and C= (a number less than 4 has occurred}= {1,2,3} 


Now 4NB=¢=>A and B are mutually exclusive while ANC ={2 ) and 
BC 2(1,3) showing that A, C and В, C are not mutually exclusive. 


(iv) Equally likely events è 

Two events are said to be equally likely if they have equal chances of 
happening. In other words, each event is as likely to occur as the other. For 
example rolling a die we have 5 = {1,2,3,4,5,6 ) and each simple event 
Aj={j:j= 1,2,3, 4, 5, 6 } is as likely to appear as the other. Hence they are 
equally likely events. 


(у) Simple and compound events 

Events of the form {s} are called simple events, while an event containing 
at least two sample points is called a compound event. For example E; = {НН} is 
a simple event and E; = { HH, TT } is a compound event associated with the 
experiment of tossing a coin twice. 
If the random experiment results in s ands є A, we say that the event A occurs or 


илк те ih «ша Ка ad olm 
appens. The YA; occurs if at least one of (Did You Know ) 


the Aj occurs. The Q nom if all Aj occur. 


relative to S) fails to occur. 

6.4.2 Let $ be the sample space of a random 
experiment, and E be an event. The probability 
that an event E will occur, denoted by P (E) is 
given by 


P(E) = 


_ the number of favorable (successful) outcome 
g the total number of outcomes 

no. of elements in the event E 
E no.of elements inthe sample space 5 


Since E is a subset of S, then obviously 
0s n(E) <п(5) Dividing by n (S). we obtain 


0 š п(Е) Е n(E) 
п(5) п(5) п(5) 
Hence the probability of an event is always a number between 0 and 1 inclusive. 

By the above definition, it is quite clear that P(g) = 0 and P(S)=1 that 
is why фіѕ called an impossible event while S is called sure or certain event. If E 
and F are two events such that. P(E) « P(F) , then we say that F is more likely 
to occur than E and if P (E) = P (F), the events E and Е are equally likely. 


ro < P(E) s 1 


Example 20: (a) If a coin is flipped, find the probability that a head will turn up. 
(b) If a fair die is tossed, find the probability that an even number 
has shown up. 
Solution: (а) HereS={H,T} 
Let A = ( head has shown up = {Н ] 
Since, the outcomes are equally likely, then using the formula: 


ETE 
PUT S) 2 


(b Here S={1,2,3,4,5,6} 
Let В = { even number has shown up }= ( 2, 4. 6} 


Since, the outcomes are equally likely, then we һауе Р (8) = лв) =з L 
n(S) 6 2 
Example 21: In a three child family what is the probability of having 
(i) three boys? (ii) at most one boy ? 
(ii) at least one boy (iv) exactly one boy ? 
Solution: Sometimes a tree diagram is very helpful in constructing a sample 
space S. 
First Second Third Outcomes 
child child child 
Pl B BBB 
x G BBG 
8 B BGB 
в ай 
G BGG 
B GBB 
B ай в 
а d GBG 
B GGB 
G d 
G GGG 


Hence S - ( BBB, BBG, BGB, BGG, GBB, GBG, GGB, GGG } and the 
outcomes are equally likely. т 
a) Let A = { having three boys ] = ( BBB } then Р mere a 
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1. 


n(C) 4 | 


then P(C): 


nos) 8 2 


(iii) Let D = { having at least one boy } 
= { BBB, ВВС, ВСВ, BGG, GBB, ОВС, СОВ } 


then Р(р)= 20D 27 
n(S) 8 
(iv) Let Е = { having exactly one boy }= { BGG, GBG, СОВ } 
then — P(g) = 209.3 
n(S) 8 


Let S = {1, 2, 3, 4, 5, 6} be the sample space of rolling a die. What is the 
probability of (i) Rolling a 5? (GD Rolling a number less than one? 
(11) Rolling a number greater than 0? (iv) Rolling a multiple of 3? 

(у) Rolling a number greater than or equal to 4? 


. A bag contains 4 white, 5 red and 6 green balls. 3 balls are drawn at 


random. What is the probability that i) АП are green (ii) АП are white. 


. A true or false test contains eight questions. If a student guesses the 


answer for each question, find the probability: 

(i) 8 answers are correct. (Й) 7 answers are correct and 1 is incorrect. 
Gii) 6 answers are correct and 2 are incorrect. 

(iv) at least 6 answers are correct. 


. Three unbiased coins are tossed. What is the probability of obtaining 


(1) all heads (11) two heads (iii) one head 
(iv) at least one head (У) atleast two heads — (^i) All tails. 


A committee of 5 person is to be selected at random from 6 men and 4 women. 
Find the probability that the committee will consist of 
(1) 3 men and 2 women (ii) 2 men and 3 women. 


6. If one card is drawn at random from a well shuffled pack of 52 cards. 
Then find the probability of each of the following. 
G) Drawing an ace card, (i) Drawing either spade or hearts, 
(iii) Drawing a diamond card, (iv) Drawing a face card, 
(у) Not drawing an ace of hearts. 


7. Two dice are thrown simultaneously. Find the probability of getting: 
(1) doublet of even numbers (її) a sum less than 6 (iii) a sum more than 7 


(iv) a sum greater than 10 (v) a sum at least 10 (vi) six as the product 
(vii)an even number as the sum (viii) an odd number as the sum. 
(ix) a multiple of 3 as the sum (x) sum as а prime number 


6.4.5 Laws of Probability 

. It is easier to compute the probability of an event from known 
probabilities of other events. This is true if the event can be expressed as the 
union or intersection of two other events or as the complement of an event. Some 
basic elementary laws of probability are given below in the form of theorems. 
6.4.4 Use Venn diagrams to find the probability for the occurrence of an event 


TFA and B. ж; 


We know that if A and В аге two sets, then the shaded parts in the following 
diagram representAUB. 

The above diagrams help us in understanding the formulae about the sum of two 
probabilities. 

We know that: 

P(E) is the probability of the occurrence of an event E. 

If A and B are two events, then 

P(A) = the probability of the occurrence of event A; 


P(B) = the probability of the occurrence of event В; 
P(AU B) - the probability of the occurrence of AUB; 
Р(АПВ) = the probability of the occurrence of ANB; 
The formulae for the addition of probabilities are: 


i) P(AUB)= P(A) + P(B), when A and B are disjoint. 

ii) P(AUB)= P(A) + РОВ) -Р(АПВ) 

when A and В are overlapping or ВС A. 

Theorem: If A and B are any two events in a sample space S, then 
Р( AUB)=P(A)+P(B)-P( ANB). 

Proof: From the Venn diagram, it is clear that 


B 


п( AUB)=n( A)+n(B)-n( ANB) 


andn( АПВ) has been subtracted simply because it has been considered twice. 
Now, by definition we have 
n(AUB)_n(A)+n(B)-n( ANB) 


BASE n(S) п(5) 
PLA) = n(B) n n(AnB) 
n(S) п(5) n(5) 


=Р(А) + P(B) - P(AnB) 
This law is generally called, addition law of probability. 


Corollary 1: If A and B are mutually exclusive events, then 
P( AUB )=P(A)+P(B) 
Proof: Since A and B are mutually exclusive events, then 
АПВ=ф and P(ANB)=P(p)=0 
Hence P(AUB)-P(A)* P( B)- P( ANB )reduces to 
P(AUB)=P(A)+P(B) 
Now, generalizing the above, we have the following: 


Corollary 2:1f A, , Az, ..., An are mutually exclusive events, then 


долоод, Je PUA YE P(A) РСА) 


Example 22: One integer is chosen at random from the numbers 1, 2,3,..., 50. 
What is the probability that the chosen number is divisible by 6 or 8 ? 
Solution: Here S={1,2,3,---,50} and п(5)=50 

Let A = ( number is divisible by 6 }= ( 6, 12, 18, 24, 30, 36, 42, 48 ] 


and В = { number is divisible by 8 } 
= ( 8, 16, 24, 32, 40, 48 ] then A^ B-(24.48] 


Now, substituting P(A)e 2, P(B)- 2. and P(ANB)= 2. 


inthe following, we obtain 
6 2 12. 6 


8 
P(AUB)=P(A)+P(B)-P(ANB) == + 5 7 35750 725 


Example 23: If two dice are rolled, find the probability of obtaining a total 


of 7 or 11. 
Solution: Неге S= {@J:i.j = 1,2,3,4,5,6} and n( S)=36 
Let A = { a total of 7 occurs } 
= ( (6,1), (5,2), (4,3), (3, 4), (2,5), (1,6) } 


and B = { a total of 11 occurs ] 


= { (6,5), (5,6) } then Аг\В=@ 
Now Р(А)=-5. and Р(В)=-= 
36 36 
Since A and В are mutually exclusive, so we have 
P( AUB)=P(A)+P( В) =É + 


Complementary events 

Suppose we divide a sample space S into two subsets (events) E and E’ such that 
G) EnE'=¢ and ü) | EUOE'-S 

Then Е’ is called the complement of E relative to S and Е and Е’ are called 

complementary events. 

Theora If E and Е” are complementary events, then Р(Е’)=1-Р(Е) 

Proof: Since EVE’=S Then Р(ЕОЕ')=Р(5) 


or Р(Е)+Р(Е')=1, > EnE'-9 

or Р(Е')=1-Р(Е) 
Example 24: A coin is tossed 6 times in succession. What is the probability that 
at least one head occurs? 
Solution: Tossing a coin 6 times in succession, we have n(S)-25- 64 


Let Е = { аіІеаѕі 1 Н occurs]. then Е'={ no H occurs} 


SN | 
and Р (E )= 64 " thereis only one outcome event , where all tails occur. 
> 1 63 
P(E )=1-P{ E )-1-— == 
(Е)=1-Р( 1-1 = 


6.4.5 Conditional Probability 

The probability of an event may change if the information of the 
occurrence of another event is given. For example, if an adult is selected at 
random from certain population, the probability of that person having lung cancer 
would not be too high. However, if information that the person is also a heavy 
smoker is provided, then one would certainly want to revise the probability 
upward. 


Let А = { An adult has lung cancer } 
and В ={ Ап adult is a heavy smoker } 
Then the probability of an event A, given the occurrence of another event B, is 
called a conditional probability and is denoted by P( AIB ) . 
For events A and B in an arbitrary sample space S, we define the conditional 
P( ANB 
probability of A given Bby P( AIB) En ‚ P(B)>0. 

P(AnB) 
P(A) 
Example 25: What is the probability of rolling a prime number in tossing a die, 
given that an odd number has turned up? 
Solution: Here $ = { 1, 2, 3, 4, 5, 6 } 


Similarly, P(BIA)= , P(A)>0. 


Let A= { a prime number has rolled }= { 2, 3, 5} 
and B= { an odd number has turned up } = ( 1, 3,5} 
then AnB={3,5} 


We have P(B)=2 and P(AnB) =< 


ANB 
Now, using the formula P( AlB) = (An ), P(B)«0 
P(B) 
с (лов) 
ae _P(ANB 
Р(АІВ) = 2-== S P(BIA)*———— 
(418) 373 ine P( BIA) P(A) 
6 


or  P(AnB)sP(A)P(BlA) 

This shows that the conditional probability сап be used in expressing the 
probability of the intersection of a finite number of events and we have the 
following theorem known as the multiplicative theorem. 


ІА and B are any two events in a sample space S then 


P(AnB)-P(A)P(BIA), P(A)#0 


-P(B)P(AIB). P(B)#0 


The above theorem can be easily extended to a finite number of events. 


For example in case of three events A, B and C it becomes: 
P( ANBOC)=P( A) P( BIA) P(CIAnB) 


Example 26: An urn contains three red and seven green balls. A ball is drawn, 


not replaced and another is drawn. Find the following. 
(i) P ( red and red ) (i) P (red and green). 
Solution: Total number of balls = 10 


(i) Let  A-( the 1* ball drawn is red } 
and В = { the 2™ ball drawn is red } 

So using the multiplicative theorem, 

P( red and red )- P( ANB) =P( A) P( BIA) 


Substituting Р(А)= 5 and P(BIA)- 


We obtain, Р( red and red у ee 
109 15 
(ii) Let С = { the 1* ball drawn is red } 
and D = ( the 2™ ball drawn is green } 


So using the multiplicative theorem again. 
P( red and green)=P(CND)=P(C)P( DIC) 


Substituting P(C)e and P(DIC)=2 


We obtain, —P(red and green) == еш 
6.4.6 Dependent and Independent Events 

In general P(AlB) and P(A) are not equal. However, there is an 
important class of events for which they are, If P( AIB)- P(A), then the 
knowledge of B occurring does not change the probability of A and we say that A 
is independent of B. Similarly, if P( ВІА) = P( B),we say that В is independent 
of A. Thus two events A and B are said to be independent if the occurrence 
(or non-occurrence) of one does not affect the probability of the occurrence 
(and hence non-occurrence) of the other, otherwise they are called dependent. 
Hiustrationl: In the simultaneous throw of two coins, ‘getting a head’ on first 
coin and ‘getting a tail on the second coin are independent events. 
Iustration2: When а card is drawn from a pack of well shuffled cards and 


replaced before the second card is drawn, the result of second draw is independent 


of first draw. 
The following theorem gives the probabilities of simultaneous occurrence of 


two independent events. 
Theorem: If A and B are independent events, then P( ANB )= P(A)P(B). 


Proof: Since multiplicative theorem gives that: 
P(AnB)=P(A)P(BIA) (i) 
=Р(В)Р(А!В) Gi) 


Further, A and В are independent, then we have Р( BIA )=Р( B) and 


P( AI B )- P( A) substituting in (1) and (ii) we get the required result: 
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P(AnB)-P(A)P(B) 

The above theorem can be extended to any finite number of mutually independent 
events. If Ai , А, Аз, . . . , An are mutually independent events, then 
P(A^AnAnnA)-P(A)P(A) Р(А)--Р(А,) 
Example27: A space shuttle has four independent computer control systems. If 
the probability of failure of any one system is 0.001, what is the probability of 

failure of all four systems ? 
Solution: Let E= [ failure of system і, j21, 2, 3, 4 } 

Since the events E;, i= ,1 2, 3, 4 are given to be independent, so using the 
following. 


P(E ПЕ, ПЕ, ПЕ,)=Р(Е )Р(Е,)Р(Е,)Р(Е,), i=1,2,3,4 


=(0.001)' = 0.000000000001 


1. Suppose events А апі В аге such that P(A)== o р(в)=2 


апі P(AUB)-7. Find P(AnB). 


2. If A and B are 2 events in a sample space S such that 
Jo үтү Ө aptum Э EIOS 
P(4)- z.P(B)- 5. P(AUB) ==. Find (i) (402) (ii) P(AnB) 


3. Given P(A)=0.5and P(AUB)=0.6, find P(B) if A and B are 
mutually exclusive. 

4. A bag contains 30 tickets numbered from 1 to 30. One ticket is selected at 
random. Find the probability that its number is either odd or the square of 
an integer. 

5. A student finds that the probability of passing an algebra test is H . What 
is the probability of failing the test? 

6. In the two dice experiment, given that the first die shows 4, what is the 
probability that the second die shows a number greater than 4 ? 


7. One card is drawn from a pack of 52 cards, what is the probability that the 
card drawn is neither red nor king. 


8. If a pair of dice is thrown, find the probability that the sum of digits is 
neither 7 nor 11. 


9. 


10. 


Ajmal and Bushra appear in an interview for 2 vacancies. The probability 
of their selection being and : respectively. Find the probability that 

(i) both will be selected (ii) only one is selected 

(iii) none will be selected (iv) at least one of them will be selected. 


А basket contains 20 apples and 10 oranges out of which 5 apples and 3 
oranges are defective. If a person takes out 2 at random what is the 


probability that either both are apples or both are good? 


REVIEW EXERCISE 6 


1. Choose the correct option 


(0 


ii) 


(iii) 


Gv) 


In how many ways can we name the vertices of a pentagon using any 
five of the letters О, P, ©, R, S, T, U in any order? 
(a) 2520 (5) 9040 (c) 5140 (d) 4880 


How many two-digit odd numbers can be formed from the digits 
{ 1,2, 3, 4, 5, 6, 7) if repeated digits are allowed? 
(2) 14 (b) 42 (с) 28 (d) 21 


How many six-digit numbers can be formed from the digits 
(2, 3, 4,6,7, 8) without repetition if the digits 3 and 7 must be together? 


(а) 120 (b) 180 (c) 144 (d) 96 
(п+2)(п-2)! 
ТЕТ а 
n+ nt 
Фе (96-9 OF (0655 


In how many different ways can 5 couples be seated around a circular 
table if the couples must not be separated? 

(а) 768. (b) 724 (c) 844 (d) 696 
А committee of 4 people will be selected from 8 girls and 12 boys ina 
class. How many different selections are possible if at least one boy 
must be selected? 

(a) 2865 (b) 3755 (c) 4225 (d) 4775 
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(vii) The number of all possible matrices of order 3x3 with each entry 0 and 


lis: 
(a) 18 (b) 27 (с) 512 (d) 81 

(viii) How many diagonals can be drawn in a plane figure of 8 sides? 
(а) 21 (b) 20 (c) 35 (d) 81 


(ix) If P(A) =~, P(B)=0,then P(A! B) is 


(а)0 (b) i (c) not defined (d) 1 
(x) IFA and В are events such that Р(А1В)= P(BIA) then 
@)ACBbuA#B (b)A=B ()ANB=Q@ (d) P(A)=P(B) 


OF *G=*C,,;findr. (ЛЕС = * C,, ; find'Gy 

56 54 ; 
+З : Lm = 30800: 1, find r. 

. In how many distinct ways can x yz be expressed without exponents? 

. In how many different ways can be six children seated at a round table if a 
certain two children (1) refuse to sit next to each other? (ii) insist on sitting 
next to each other? 

6. Six people including Faisal and Saima are to be seated around a circular 

table. Find the probability that Faisal and Saima are seated next to each 

other. 


7. If P(A)=0.8, P(B)- 0.5, P(Bl A) 20.4, 
бла ()P(AnB) GDP(ALB) Gi P(AUB). 

8. How many 6-digited telephone numbers can be constructed with the digits 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, if each number starts with 35 and no digits 
appears more than once. 

9. How many numbers greater than a million can be formed with the digits 
2,3, 0, 3, 4, 2, 3? 

10. A party of n men is to be seated round a circular table. Find the probability 
that two particular men sit together. 


11. Given the following spinner, determine the probability: 
P (Orange) 
P (Red or Green) 
P (Not Red) 
P (Pink) 


wh won 


MATHEMATICAL INDUCTION 
‘AND BINOMIAL THEOREM 


имо 


Мет reading this unit, the students will be ble t 


Describe the principle of mathematical induction. 

© Apply the principle to prove the statements, identities or formulae. 

Use Pascal's triangle to-find the expansion of (xF y)J'where misa small ^ 
positive integer. 

e State and prove binomial theorem for positive integral index 

* Expand (x+ y)" using binomial theorem and find its general term. 

* Find the specified term in the expansion of (x+y n 

• Expand (1 +x)" where n is a positive integer and extend this result for all 
rational values of n. ; 

e Expand (1 +x)" in ascending powers of x and explain its validity/ 
convergence for |x| < 1 where nis a rational number. 

© Determine the approximate values of the binomial expansions having indices 

as -ve integers or fractions. 


-ZaPrPner 


Q 


To understand the basic principles of mathematical induction, suppose а 
set of thin rectangular tiles are placed as shown in the following Figure (7.1). 


When the first tile is pushed in the indicated direction, all the tiles will fall. 
To be absolutely sure that all the tiles will fall, it is sufficient to know that 

(a) The first tile falls, and 

(b) In the event that any tile falls its successor necessarily falls. 

This is the underlying principle of mathematical induction. 

We know, the set of natural numbers N is a special ordered subset of the real 
numbers. In fact, N is the smallest subset of R with the following property. 

A set S is said to be an inductive set if 1€S and x +1€S whenever x ES. 

Since N is the smallest subset of R which is an inductive set, it follows that 

any subset of R that is an inductive set must contain N. 


Mathematical induction is one of the developed techniques of proof in the 
history of mathematics. It is used to check conjectures about the outcomes of 
processes that occur repeatedly and according to definite patterns. 


For example: 
P4345 thes. Б-ды. + (21-1) zm (1) 
TEZI Eloton + = (2) 


"e n(n +1)(2пт+1) 
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are all propositions, statements which involve the natural number n. Equation (1) 
above asserts that the sum of first n positive odd integers is equal to the square of 
n. We see that the L.H.S. of (1) reduces simply to: 


i=] if^ asi 
14324 =2? if n=2 
1+3+5=9=3° if n=3 апіѕо оп. 


It is impossible to verify (1) for each п є М, because it involves infinitely many 
calculations which never end. To avoid such situations, the principle of 
mathematical induction is applied. 


7.11. The Principle of Mathematical Induction 
The principle of mathematical induction is stated as follows. 
Let P(n) be a property that is defined for integers n, and let a be a fixed integer. 
Suppose the following two statements are true. 
1. P(a) is true. 
2. For all integers К> a, if P(k) is true then P(k+1) is true. 
Then the statement for all integers n> a; P(n) is true. 


The principle of mathematical induction is explained through the following 
examples. 


Example 1: Prove that for everyn =№ 1+2+3+...... +п 
Solution: Step 1. For п=1, the statement becomes 


Land) 


~ basis (p(1)) 


Thus the statement is true for n =1 
Step2. Let us assume that the statement be true for п=КЕ М, that is, we assume 


~ inductive hypothesis (P(k)) 


Step3. Letn = kel and consider 


(25s E) (e) „ЖЕ? ++) 
(adding К+1 to both sides of P(k)) 


Mather atics -ХІ, 
ШЕЕ 


PES 
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2 2 
= (#+2)(& 1) _ (К+ DE 2) 
2 2 


= ЖЕНИ 2+1) hk+) +) 
2 


Which is just the form taken by the proposition when п = К+1. So the above 
proposition is true for n=k+1 and thus by the principle of mathematical induction, 
it is true for all positive integers n. 
Example 2: (i) Find 2+4+6+...... +500 

(ii) Find 5+6+7+8+...... 450 

(iii) Find an integer hz2, find 1+2+3+.....+(Һ—1) 


Solution: 
(i) 244+6+4---+500 = 2- (1+2+3+-+250) 
= 2{ 25025) (by applying the formula 
for the sum of the first n 
= 62.750 with n =250) 


(ii) 5+6+7+8+..-+50 = (1+2+3+---+50)—(1+2+3+4) (by applying the formula 


` 50251 for the sum of the firstn 
--Я -10 with n 250) 
= 1265 (by applying the formula 
for the sum of the first n 
with n =һ— 1) 


(iii) 1424344 (h—1) = (E eda (A=1)-h 


2 
A 

Example 3: Prove that 1? 42? +3? +- +n? = morem 

Solution: Stepl. Ғогп = 1, the proposition becomes 


pap 10200110 = E = 1. Thus it is true for n =] 


Step 2. Suppose the proposition is true for n = А, then 
k(k +1)(2k+1) 


s (G) 


1242? 43? 4 k? = 
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Step3. letn=k+ 1 and consider 


12422432... +k2+(k+1)? = EES (et » erates ef (ON 
E k(k +1X(2k +1)+6(К + D? _ (+1ЦЕОЕ+1)+ 6+1] 
6 6 
(+1) (2k? +k 4+6K46)} _ (k+D(2k2+7k +6) 
= eT GT с 
_ CD +2)(2K +3) 


6 
Which is just the form taken by the proposition for n = k + 1. So the above 
proposition is true for n = 4+1 and hence by the principle of mathematical 
induction, it is true for all positive integer n. 


It must be noted that the application of the principle of mathematical induction is 
not limited only to P(n) stated by means of an equation. The principle can also be 
applied in cases where no equation is involved as we shall see in the following 


examples. 

Example 4: Show that a-b is a factor of a" — 5" for all positive integer n. 

Solution: То show that a — b is a factor of a" — b", we will use induction on n. 

Step 1. Let n = 1, then a^ — b" = a — b and since a — b divides а— b, so a- b 
is a factor of а — b. Therefore the above statement is true for n = 1. 


Step 2. Let the above statement is true for n = k then a-b is a factor of a-b". 
= a-b divides a^ —b* and as such we can write 
a* —b* = (a-b) Q........ (1) where Q is the quotient. | 
Step 3. Let n =k + 1 and consider a ** — b**'. We can write 
a! Lp" za a-b'b (Adding and subtracting the term ab‘) 


=a'a-ab‘+ab* —b*b 
= a(a* —b* ) + b* (a—b)= а(а—Ь) Q + b* (a — b) (Using 1) 
=(a—b)[aQ+b*] 

>  a-bdivides a'"-b^" with quotient aQ + b* 


kal p | 


=> a-b is a factor of a 
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Therefore the above statement is true for n = k + 1 and hence by the principle of 
induction it is true for all positive integer n. 
Example 5: Prove that if n is a positive odd integer then x + y is a factor 
of x"+y" 
Solution: Since n is given to be a positive odd integer, so we can write 
n=2m-I where m is a positive integer. Therefore x"4y"2x^" 4. y?! 
To prove the above statement, we will use the method of induction on m. 
Step 1. Let m = 1, then 7! + y" = 47/7 + y?! = x у and since x + y 
divides x + y, so x + y is a factor of x + y. Therefore the above statement is true for 
mzl. b 
Step 2. Let the above statement is true for m = k then x + y is a factor of 
xt 4 yt 
> x + y divides x 


So ме can write х2 4 у! = (ху) О — (I) where О is the quotient. 
Step 3. Now let т=А+1 and consider 


24-1 kel 


+y 


Pu yer “Т! + ул р Ly yu = yet, x? туух 
= xy? Pie aa Pr х? + УКУ" 
= XA r2 ry] +y” беж) 
=x? (xey)Q + у? (yx)yex) (Using 1) 


x? (x+y)Q + y" (у-ху(х+у)= (x+y) [х* О + у? (95291 


or RIT q у = (x+y) Q; where Qj = x^ Q «y^ (y-x) 


=>х+у is a factor of 21771 — уН! 


So the above statement is true for m = k+! and hence by induction it is true for all 

positive integral values of m. 

Therefore x+y is factor of x" +y” where п is a positive odd integer. 

7.1.2 General (extended) form of principle of Mathematical Induction 
Sometimes it happens that a given statement and proposition does not hold 

for first few positive integral values of n but after those values of n it becomes 

true; For example let us consider the statement n? > n+3 
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We see that when п=1 then 1 2143 or 1> 4 which is false. 
Whenn=2 then 2?>2+3 апа 4 > 5 which is again false. 


When n = 3 then 3? > 3 + 3 or 9 > 6 which is true. That is, the above statement is 
false for n = | and 2 but is true for all values of n greater than 2. 


Similarly if we consider the statement п> 4п? +п+1 
then this statement is not true for n = 1,2,3,4 but it becomes true forn = 5 and 
higher values. 


In such situations the principle of mathematical induction is defined as under: 
Let P(n) is a given statement or proposition such that. 
(i) P(n) is true for n = m, where m is the least positive integer. 
(ii) If P(n) is true for n =k where k >m then p(n) is also true їог п = &+1 
We then say that P(n) is true for all integral values of n 2 m. 
This is called general (extended) form of the principle of mathematical induction. 


Example 6: Prove that n^» 4n^ + n + 1 forn 25 
We are to prove that п> Фп? +1+!  Югп25 


Solution: In this case our induction will start from n=5 

Step 1. Let n=5, then n! = 5! = 125 and 
Ап? +1+1 =4(5)? +5 + 1 = 100 + 5 + 1= 106 

Clearly 125 > 106 so the above statement is true for п = 5 

Step 2. Let us assume that the above statement is true for n = К> 5 then, 
Ю>АЙ +К+1 (1) 

Step 3. Now let n = к+1, then п? = (1)? 

and so (k+l)? = К?+3Е? +3k+1> 4k? Me 37 +31 


= (&+1)*> 4k? 43k +4К+2 (изїпр (1)) 

ээ(к+1)?> 4k? +3kk+4k+2= (Е+1)?> 4k? +3k-5+4k+2 as k25 

=> (К+1)?> 4h? +15К+4К+2 > (k+l)? > 4k? + 9k+6k+4k+2 
=> (Е+1)?> 4k? + 9k+10k+2 => (+1) > 4k? + 9k+6k+4k+2 
> (k+1)?> 4k? + 9+6 (as 6k-+4k+2>6) 

=> (kei) > 4k? +8k+k+4+2 => (Е+1)?> 4k? +8к+4+К+2 


— (kel) Hk? +2k+1) Mee = (k+1) > 41) (eI 
Which is of the form (1) for n = Ё + 1, so the given proposition is true for n=k+l, 
thus by induction it is true for all n 2 5. 
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Example 7: Prove that 2” <) forn»l 
n 


Solution: We are to prove that 2" (| fora 122255. (1) 

бїер 1. 

Let n=2, then 2" 22? 24 [| =F) E SINN. (3208 2407 
n 2 2) 204-2) үз. 4 


Therefore 4«6 and once 2" <) is true for n = 2 
п 


Step 2. Let us suppose that the above assertion is true for n=k for k>1, then 
3 4i 
"<, кырые ЁШ 


k kN2k —k)t 
МОЕ 
ГҮ гос (2) 
Step 3. Let n = k+I and consider 2**, we can write 
P Я 261-2 
kok, 
2: 2':2« EE ere (3) 
Now (2k +2)(2К +1) _ НИНЕ _ 2(k+k+1) exl k +41 
(+1 (k +1)? kl k+l k+l 
- |Р JE 1252251 
k+l k+l 
512 Забан From (3), we have 
(k+1) 
ри «282 2k) (0Е+20Ж+4) op оны „ООО 
Ном (kat? d KY) AKAD 
mm (2k-+2)! ка. Qkr2) Ы 
ТОЕ) HT) (CE D! Ce D! 


250 (uu) which is of the form (1) when n is replaced by +1. 
So the given statement is true for n =Ё+1 and hence it is true for all n > 1. 


2n 
Thus E } forn» 1. 
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Establish the formulas given below by mathematical induction. 


1? 


23 


п. 


125 


15. 


ИКЕ 
: 


2+4+6+.-.-+2л = п(п+1) 


145494.......4(4n-3) = п(2п—1) 


З+6+9+....... +3п = oat 
3+7+11+...+(41-1) = n(2n 1) 
2 
12 +22 +3 н=л” = [ee | 
2 


иш) + 22) + 3G) +---+л(а) = (п +051 


ҮЗА АЕК +п(п +1) = fetu 


Я н 42" = 2-1 


и 


+ 


5 adis. 
oM 


-D49-— (= 


Show by mathematical induction that 


2" _ mH ; ; 
@) x is an integer. (ii) — = m i9 is an integer. 


. (i) 2">n VneN. (й) п! >т for every integer n2 4 
. (i) Show that 5 is a factor of 33742?" where n is any positive integer. 


(ii) Prove that 2?" -] is a multiple of 3 for all positive integers. 
Show thata + b is a factor of a"—b" for all even positive integer n. 
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7.2 The Binomial Theorem 


Tn algebra a sum of two terms, such as a + b, is called a binomial. The binomial 
theorem gives an expression for the powers of a binomial (a + b)", for 
each positive integer n and all real numbers a and b. 


7.2.1 Statement and proof of the binomial theorem 
The binomial theorem in its explicit form is stated as under. 
Theorem: If a and b are any two real numbers and n is a positive integer, then 


f 
(a+ by = o a"b" + (") a™'p! f) ab +t (") ать" +. a'b” 
0 1 2 r n 
which more compactly can be written in summation form as: 


ү >з v ("Y и 
(a + b) =>. ("}- b 
Proof: Mathematical induction provides us the best way for confirming the 
validity of the binomial theorem. 


(a+b)" 42 P «(2 at lp! «(5 ap? +...+ () a" "bh asso () aM (i) 


n 


Step 1.If n = 1 , then from (i), we obtain 


(а b)'- (5) ий) ai= a +b GA- 1) 


which is true. Thus the statement is true for n = I 
Step 2.Suppose that the statement is true for n =k, then 


(а+Ь)* = es “5+ [1 а? +f) abe ++) ШЕРҮ... ST) 


2 n 


Step 3. We now prove that the theorem is true for n = k + 1. Multiplying both 
sides of equation (ii) by (а + Б), we have 


(a+b)(a + b)*=(a+b) (# УН аы {+ De. + (‘| 


=(at+b)' = 0 e(t аќ! iB a^ lp? i алар Ө 
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= (a^ y= В «(4 E Ae] "re + 
Qe 
vmm [HT en EME HOPES oe 


therefore; 


(a * b)" = К нро. EH p, к а +...+ FU ems аб! 
0 1 2 г k+l 

which is of the form (1) forn=k +1 

So the given statement is true for n = k + 1 and thus by the method of induction it 

is true for all positive integers n. 

7.2.2 Properties of the Binomial Expansion 

The expansion of (a + b)" has the following properties. 

(i) The number of terms in the expansion of (a+b)" are п+1 i.e. the number of 

terms are one more than the exponent n. 

Thus the expansion of (a + b)! will contain 8+1 = 9 terms. 

(ii) ^ In the expansion of (a + b)” the first term is а"? , the second term is 

n a^^''and the third term iD a"~p? and so ол . In each term the exponent of 


а decreases progressively by 1 and the exponent of b increases progressively by 1, 


but the sum of the exponents of a and b in each terms is always equal ton. 
(ii) Ја the expansion of (a + b)” the terms () аЬ" and ( A 
Ж 


а ) a'b"" are 
equidistant from the beginning and the end. For () аЬ" is preceeded by r terms 


and followed by n — r terms while ( " janp'-'is preceded by n- r terms and 


(n—-r)ir! ri(n—r)! 


followed by r terms. Also since ( > оа ye a () 
pn 


So the coefficients of terms equidistant from the beginning and end are equal. 


(v) In the expansion of (a + b)" , if n is even, the number of terms are odd and 
there will be only one middle term. If n is odd, the number of terms are even and 
there will be two middle terms. 
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(у) For n even in (a + 5)" , the e (5:3) term is the only one middle term and 


for n odd the CLE nd (53) th terms are the two middle terms. 


(vi) Ла (а +6)" ifbisreplaced by —b then (a — b)" has expansion of the form 


(a—b)" = В 4) ать + (^ асар В "OS (") n 


ог (a—b)" = e alb + (2) a3 +......... +(-1)" b". 
We note that in the expansion of (a — b)" the terms are alternately positive and 
negative, 
(УШ) Inthe expansion of (a + b)" the (r+1)th term which is () a"^'b' is usually 
г 
called the general term and is denoted by Tr. 
al". Шш nor pr 
Thus Ты = @ ah = EST aq" t.p | 
We note that for using binomial formula for given value of п, in the expansion of 
(a-t b)", the most important task is to find the binomial coefficients 


7.2.3 Pascal’s Triangle 
Consider the following expanded powers of (а + b), where a + b is any 
binomial and n is a whole number. Look for patterns. 
(а + Бу —1 
(а + b)ima+b 
(а + Б) = а? + 2ab + b* 
(а + Б)? = а? + За2ь + Зар? + D 
(а + b! = a^ + 4a3b + ба?Ь? + дарэ + bt 
(а + Б) = aò + 5а46 + 100362 + 100263 + Sab? + Ь5 
Each expansion is а polynomial. There are some patterns to be noted. 
(i) There is one more term than the power of the exponent, n. That is, there are 
n+ 1 terms in the expansion of (а + by’. 
(ii) In each term, the sum of the exponents is л, the power to which the binomial 
is raised. 
(iii) The exponents of a start with п, the power of the binomial, and decrease to 0. 
The last term has no factor of a. The first term has no factor of b, so powers of 
b start with 0 and increase to n, 
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(iv)The coefficients start at 1 and increase through certain values about “half-way” 


and then decrease through these same values back to 1. 


The above binomial expansions can be written in the following triangular form 


1 
a+b 
а? + 2ab + b? 
d + 3a?b + За? + b’ 
п? + 4a3b + 6a?b? + dab? + bt 
af + 50% + Юа36? + 10а?Ь? + Sab? + 55 


For each of the above expansions, we write down the 


binomial coefficients in the following fashion 


Did You Know 2) 


Pascal’s triangle is most 
convenient to obtain the 
coefficients of the 
binomial expansion 

(а + b)" whennisa 
small number. 


n Values of binomial coefficients 
0 1 

1 1 1 

2 1 2 1 

3 И 

4 | 4 6 4! 


5 15 10" 10g 5 


1 


The above configuration of numbers is called Pascal’s Triangle. 


Example 8: Find the expansion of (x+ DE 
Solution: By the formula, 


(x+ у) = хб Cyt С,“ у + 5С? у? + Суху? + Суху? + Coy? 


= х5 +6л®у+15х^у* +202? +15? y! +697 + ye 


On calculating the value of °C,, °C,, *C,,........ 


Example 9: Find the 6th term in the expansion of (3x +2y)”. 


Solution: Let Т»ин term be the sixth term of the expansion (3х+2у)?. We 


remember that the Тий term for the expansion of (a + Б)" is ты=[') агы” 


So, for the given expansion (3x +2y)" 


тыя) (3х)? (2у)'. Here we haven 212, a = 3x and b = 2y 
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Since we are interested in finding the 6th term i.e. Tẹ, so choosing г = 5 and 
putting in the last result , we have, 


12 2- 12! 
Ts, =т,{; Jes" $ (2у)° =Т= amos У 
ST, = 1109842187 злу? = Т, 198218732: 
=> T= 55427328 xy! 
Example 10: Find the coefficient of x? in the expansion of (2x? -2 )" 
X 


Solution: Let Т. of (2x? 3)? be the particular terms containing x^. 
= g 


Now for the given expansion (2x? 3.) 
x 


та) оза) ciy- [ч Gag aye 


5 
= єз (P)a ‚3 ax -e» (^p anm 
y г 


Tra- (-1) ( 


But this term contains x? and this is only possible if х2 = x?and thus 20-3r = 5 
=> 3г= 20-5 ог 3r=15 = r=5 Putting this value of г= 5 in (1) we get. 


jas „37. 20-3" a) 


1 

Е 
10 ' 

Tsa =T=) b ) UU ВЕЛЕ эТ,=(—1)° (5) 25.3535 


So the required coefficient is (1) С) 25. 3# = — 1% 32243 


10:9-8.7-6-5! 


32-243, that is the required coefficient of 
123455! 


Required coefficient = — 
х? = – 1959552 
9 
Example 11: Find the term independent of x in (==) 
x 
3 


9 
Solution: Let Teth term of EJ be the particular term which is 
S à3 


independent of x. The Teth term for the above expansion is 
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(e sr Carme 

_ е0). E <) т Š Hour 
eri в 


But T „„th term is free of x and this is possible if x 
=> 3r= 18 and sor=6 
Thus Тл = Tes! = Ту i.e. 7th term of the given expansion is independent of х. 


cra) Le as. 9 1 
TaD (95) y" ae 


9876! ] 1 987 1 1, 7 


18-3r 


= х giving 18 -3r=0 


» 
Thus the 7^ term of the expansion (59-4) is independent of x and its value is. 
X 
10 
Example 12: Find the middle term in the expansion of (=) B 
Жж, 

а х 10 
Solution: Since in (2-3) ‚п = 10 which is even, so that total number of terms in 

x 8. 


the above expansion = 10+1 = 11. Thus it has only one middle term which is 


(222) un term = (Ex) em - = 6th term.i.e. 6^ term is the middle term 
Now T „for (®+)'° is given by 
да 
qi 10), a i7 (x yr : Е 
м | (S075). Putting г= 5 
r х а 

_ (10) (ау хү 10! (a) fx) 109-8765! _ 

ai e ( JG) В С 515!" (5) (5]- 512345 


So the 6" term of (Z + )'° is the middle term and it is 252. 
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EXERCISE 7:2 


1. Expand by using Binomial theorem. 


(i) (»-2) (i) ^ (Leg) iti) (5+5) 


E 


2. Find the indicated term in the expansions. 
10 4 
(i) 4" term in (2+2) (1) 8" term in c (iii) 3™ term in б ss 
2 y vx. 
3. Find the term independent of x in the following expansions. 
9 10 м 
p (423 = ( -ij 

(i) ( 3 3) (ii) (s (ш) | x = 

4. Find the coefficient of 
20 1 гү by 
(i) x? in(x* -x) (ii) (2-2) (ii) afb’ in (2-2) 
х х. 3 
5. Find the middle term іп the expansion of: 
8 E 9 10 
(i) (E+) (ii) 6-5) (iii) (з -2) 
2 3 
23 
6. Епа the constant term in the expansion of (25 = EAE 
5 

7. Find 

© (243) «(27 V8) Gi (14 /2) -(L- 2) Gib (a+b) (a - b 
8. Find the numerically greatest term in (3 22x)", when х = 3 
9. Find the numerically greatest term in the expansion of (x-y)? 


when x= 12 апау = 4. 
10. Prove that sum of Binomial coefficients of order n = 2". Also prove the 
sum of odd binomial coefficients = sum of even Binomial coelficients = 2" '. 


+ TIS (єл иЗ аваке ("с 1 
4/ 


e 


Show that C,+2C, x & 3 Cax^ +........ + ПС"! = n( 1)" 
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7.3 Binomial Series 
7.3.1 Expansion of (1 4 x)" where n is a positive integer 

By Binomial theorem, for any two real numbers a and b and for a positive 
integer n 


(atb)" =a "matt pe Da D атр п qe, rb" G) 


3! 
and this expansion contains (n + 1) terms. Now in particular if a = 1 апд b=x 
then the above expansion becomes 
n(n—1) xi тп 000—2) pa 

2! 3! 
Thus we observe that when n is a positive integer then the binomial expansion 
(a +b)" or (1 + х)" terminates after (n + 1)th term. 
7.3.2 Expansion of (1 + x)" where n, the exponent, is a negative integer or a 
fraction 
If n is a negative integer or a fraction, then the expansion (ii) never ends and thus 
in such a case the expansion becomes 

щл-1) a, n(n- Da -2) Lm m (ш) 

21 3! 
When n is a negative integer or a fraction then the series as given in (iii) is 
convergent if — I«x«1 or 1х1<1 and it is divergent if IxI»1. 
Since at this level we will be interested only in those series which are convergent 
so we will say that if n is a negative integer or a fraction then the series 


(19x) = nx e IRL ние, +x" (ii) 


(1+х)"= 1+ лх+ 


(1+ х)" = p ene пир аласара. is valid only if Ixi<!. 


The series of the type 1+ nx + POD рии... is called the 


binomial series. 
The general term of the binomial series is 


Ты = "и-пи Des ny 
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ál 
Example 13: Find the first four terms in the expansion of (1 +x) ? 


з Е) dene, 


сй 
Solution: (1+ х) 2 214 (5 


ЕЕС“ 
2! 3! 
ЖОЙ ЕУ 
E m IPSE 
ODE EN PERS Жек ырк ра Pn. 
2 2 6 
1 
{Ете IPIE Е 
(14x) 1 219157 227276 
E XN 
2=]- 252-23 
(1+2) 1 7+3 XY Um. 


Е 1 
Example 14: Find the first four terms in the expansion of (9+4) "for 3 к 
{з 


Solution: 


=3|1+—.—+ — —|cteeee 
2 9х 2! 9х 3! 9x. 
(o 
Al Eel du е (LE E zs fn 
002282 528152 6 729x3 


ЕЕ 
9х 81х 8x6 72923 


| 
Ie 


2 3 64 | 


+—-— > + —— +. 
9х 81x 729 
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Example 15: Compute E to an accuracy of at least four decimal places using 


binomial expansion 


Solution: 


4 4 a 4 31 4l 
200, SG) Н 
(р-н 3/1 ЗА ЗА 3/ 1,3 ЗА ЗА 3 1 
4 2 2 16 6 64 
си ДТ 112205 LATREIE NOTUM ы н 
12 916 333664 3 3 3 3 24 256 
= 12150350: жэ m 
12 M4 81х64 2354: 


= 1 + 0.08333-0.00694 + 0.00096 - 0.000016+.......... 


Taking only these five terms and neglecting the other we сап write 


E = 1.00000 + 0.08333 — 0.00694 + 0.00096 — 0.000016. 


Where= stands for ‘approximately equal to’. We have used here the symbol = 
because we have omitted all the terms after the first five terms. So we cannot 


expect even think for exactness. 
E = 1.07719 = 1.0772 
Example 16: Evaluate 435 by Binomial theorem 


Solution: 


JE =G6-1)? = [4-5] 


B ID a3 2 
P= (зв)? 23 
36 


1 


4 


ыы y GIG) Jay eI ay 


2! 3l 


ре aids -1135 
| 72 2221296 24 2À 2/6 466566 2222 


=6[1-0.013888-0.00009645--0,000001339] 


435 ~6[0.9860142] 
485 = 5.9160852 
485 = 5.9161 
Example 17: 1f x be so small that its square and higher powers may be neglected 
then evaluate 
à) JA x (ii) 006-54 
4-Х ^ 
(9+2х)2 
Solution: 2 Й 


ДЕ 1) 
vui p 2 
S eee 2 N2 (2 Free ГАА л 
2 24 2! 4 12 144 
П ИТП ЕР 
= а m RB 
2 Вр 227271 12 144 
1 C s сы. 
= 2 ШУЛ Ignoring terms containing x?, х3,..................] 


Pi- 


1 1 

1 1 УУ СҮЗ 5 

= a+otao'(i- =] 

(i) Now taking 152506305, 16 
j т 
9422? (1+ =) 

ан (1-2) 4 n m оү 

= Е 2q——x}2 eels T 

з (l 167) 04—À 


1 
3125) 
9 


1 
2 


= 

X: 
Nie 

н 

+ 

ie 

eo 
nil 
= 1 

усш, 

ў 

RS 
— 

ea 

1 
юе 
ale 

я 

+ 
Жл 

х 

= 

$ 

1 
e| 

AP 
(my 


= 2 Га, I) entes | Калат 
3 2 32 
= ы ppt qwe ПЕЕ Бл rl Ды РЕ 
3 2 Oo КУДУ Гу ул ч, 
4 x 32x 45x К т 4 
= —|14+=| | 1-———— | Ignoring terms containin; X Ke. 
i z] ( 9x32 ) EROS CODE ning Xa 
E zb] (- TE X COT Cx Again ignoring term 
| 2 9x32) 3\ 9x32 2 containing x? 


1 1 
(143)?(16-53)? = 
Е 


- MEE ) 4 =? eu 


т 2 9x3) 3 9x32 3 288 
(9423)? 

a 1 

= (1+х)2 16-55)? _ КЗ 
1 3l ' 288 

(9425? 


7.4 Application of the Binomial Theorem 
Approximations: We have seen in the particular cases of the expansion of 


(1+ x)" that the power of x go on increasing in each expansion. Since |] «1. so 
lf < for 2,3,4... 
This fact shows that terms in each expansion go on decreasing numerically 


if [x «1. 
Thus some initial terms of the binomial series are enough for determining the 
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a: 1 = far m 


approximate values of binomial expansions having indices as negative integers or 
fractions. 
Summation of infinite series: The binomial series are conveniently used for 
summation of infinite series. The series (whose sum is required) is compared with 
lene x шшш. + 
to find out г. values of л and x. Then the sum is calculated by putting the values 
of n and x in (1+х)" 

21,251 258 1 58 1 


Example 18: Find the sum of the series it Ею ЕП 


Solution: ^ Suppose that the given series is identical with the expansion (1+х)". 


We have (14x)" =14nr+ "ИР. а + MEADOR? +. (i) 
221992:589811192:5:3 01 
5 = 1 + LRL eese i 
32 362 3692 б) 
Comparing (i) and (ii), we ge t 
= 21 шы OAD a25 т 
DEC cm pp 
: Кл n(n-l , 5 
Squaring mx. and F Бб so that 
n(n-D a 5 
А ex LE) LESE LESSE] 
mui 1 2 m 361 n 4 n 2 
9 


=> Sn=2n-2 > Sn-2n=-2 => 3п=-2—>п=- 


Putting this value of n in nx = 25 


1 
We get T ag a nt => =2х=1=>х=-> 
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EN EE 142y -7- 
Example 19: If y = aurcs ake ———— Show that у? +2у - 7-0 
Solution: Giventhaty224.33,.57 ,.— 
4 48 4812 
39615 351. 
DHT D E E 
=y 1 fld ал? + (1) 


Let the series on the R.H.S. of (1) be identical with the expansion (1 + x)". 
We have. 


(1+х)" =1+пх+ BERD а Pe DoD о, Le 1ЧИ (2) 
Comparing right hand sides of (1) and (2), we һауе, 
пх= HEN and m x -2 нн (4) Squaring equation (3) 
nr= x ed (5) Dividing equation (4) by equation (5) 
n(n-Dxà 35 
inet ae or no Ds X = = x = 
6 


n(n-D 5 n-ti 5 
2^ 6 п 3 
or 3(n -1) = 5п=>3п—3 = 5n -3 = 5n- 3n 2n =-3 


> 


3 h 345 3 3 3 yal 
-—nz-- Pu =- in n= —, we get | -|х= 59-2 = — 
А tting л 3 7 g ( 2 7 WX 


Nie 


-2 
x=— or x=- 
4 


> m 3,35, 357 
So У+1 = (1+ x)" = D WETIZTHELU er тыл сы becomes 


ES x 
yt la (1-9 or У+1 = (0? 20! = (1) 


ог 


ie (+1? =8 > у?+2у+1-8=0=—>у°*+2у-7=0 


1. Find the first four terms in the expansions of 
+ 


3 
2 


-l 
@ а-а)? (i) a -x 
2 (i) Find 4/26 correct to 3 decimal places. 
(i) Evaluate : 


(iii) (8+12x) 


to four significant figures. 


998) 
(iii) Find the cube root of 126 correct to five decimal places. 
3. Expand | uptox’. 
1+х 
4. If x is such that x? and higher powers may be neglected, then show that 
1-3x es dx 
1+4х 2 


5. If x is so small that its square and higher powers can be neglected, then 
show that 
2 
(8-33)? 


5 
= l-=x 
(2 +3х)/4—5х 8 


6. If x is large and if 4 may be neglected, then find the approximate value 
x 


E zyx? —2х 
й (2+0? 
7. If x^ and higher powers are neglected, such that 


Li 1 
(1230 *- (1-х) ^ 2 a—bx^ . Find a and b. 


& F x is of such a size that its values are considered up to x”. 
1 
IMS 1 
Show that: Ó*29 70930? ise 
1--х 8 
6 2 
a 5 з SG ПК 
ES Find the co-efficient of x" in (= 
ых 


10 Find the sum of the following: 


() TERM TN TIEN cem (ii) i-e Eus EL 


2 we 07 FINE ees ООР 


И Е. then y? +2у-1=0 


2 2! 25 3! 26 


12. If2y= ILE. iex al then 4y*+ 4y- 1-0 


13. If xis so small that x^ and higher powers of х can be ignored. Show that 
2п+(п+1)х 


the nth root of 1 + x is equal to 
2п+(п-1)х 


14. — Ifxis nearly equal to unity then show that px^—qx* = (р-9) pr^ 


REVIEW EXERCISE 7 er. dil. 


1. (i) — Whatisthe middle term in the expansion of (2x-5y)? 
(а) 600 xy?  (b)20xy?  (c)5000xy (d) 6 ху? 
(ii) What is the coefficient of the term containing xyi in the 
expansion of(x* -2y 2 ? 


(а) 84 (b) -280 (c) 560 (d) 448 
Gii) The expansion of (х+ ЕЕ) +(х-/ё-ї]в a polynomial of 
degree 
(a) 5 (b) 6 (07 (d)8 
(iv) | Number of terms in expansion of (Ух+/у) + (E-W) is 
(a) 6 (b) 11 (c) 20 (d)5 
v (v2 +1) + (2 E 2 bet m 
(а) 58 (b) 58/2 (с)—58 (а)-58 V2 
(vi) (y (55; — * es) ЕЕ ED 
(а) 2-1 (b) 27 (c)2"' -1 (9) 2" 
(vii) Ѕит of coefficients of last 15 terms in expansion of (l+x)” is 
(a) 25 (b) 2” (c)2” (4)2* 
(viii) C 4 C3 + Cs +........... + 1Co = oos 


(a) 512 (b) 1024 (c) 2048 (d) 1023 
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2. Find the middle term in the expansion of (2x° + 3y)* 
3. What is the coefficient of the fourth term in the expansion of (2x — 4уу? 
4. 2'xy is a term in the expansion of (ax + 2y)*. Find a. 


2\0 
5. What is the constant term in the expansion of Ex 
x 


6. Find an approximation of (0.99) using the first three terms of its 
expansion, 


7. For every positive integer n, prove that 7" —3"is divisible by 4. 


8. Prove that (1-- x)" 2(1-- nx), for all natural number n where х>—1 
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UNIT D FUNCTIONS AND GRAPHS 


т reading this unit. the students will be able to 


Recall 

function as a rule of correspondence, 

e domain, co-domain and range of a function, 

= one to one and onto functions. 
Know linear, quadratic and square root functions. 
Define inverse functions and demonstrate their domain and range with 
examples, 
Sketch graphs of 

= linear functions (e.g. y = ax- b), 

e non-linear functions (e.g. y = ). 
Sketch the graph of the function y = xi' where n is 

e a+ ve integer, 

= a-—ve integer (x), 

= arational number for x>0, | 
Sketch graph of quadratic function of the form y =ax?+bx+c, a0), b,c |. 
are integers. | 
Sketch graph using factors. 
Predict functions from their graphs (use the factor form to predict the equation 
of a function of the type f (x) = ax’ + br +c , if two points where the graph 
crosses x-axis and third point on the curve, are given). 
Find the intersecting point graphically when intersection occurs between 

= a linear function and coordinate axes, 

= two linear functions, 

o a linear and a quadratic function. 
Solve, graphically, appropriate problems from daily life. 
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8.1. Introduction 


In many practical situations the value of one quantity depends on the 
value of another quantity. Such dependence of one quantity on another is 
described mathematically as function. For example, one of the indicators on the 
dashboard of a car shows that the amount of petrol in gallons in the tank is 
decreasing and another indicator shows that the distance travelled in kilometers is 
increasing. In this example, we observe that there are two variable quantities and 
there is a relation between them. The variable quantities are the number of gallons 
of petrol in the tank and the number of kilometers travelled. Thus, the distance 
travelled in kilometers is the function of numbers of gallon of petrol in the tank. 
As another example, the temperature of air(Remember 9 D 
throughout the day depends on the instant of time, Samm | 
so we can say that temperature of air is a function Ё — is a symbol that | 
of instant of time. In general, if a variable denoted always represents the same | 
by y (say) is associated in a definite way with а umber, on the other hand, | 

| 


variable x, then y is said ta be a function of x. А visa окый, that 
д m resenti di t 
To be more specific, “If the values of y depend on | ШП the same pum. 


xin such a way that each value of x determines 

exactly one and only one value of y, then y is a 

function of x". 

Symbolically, we write у= f(x). (1) ` 

Which reads as“y is a function of x or simply y is equal to f of x” In equation (1) 
the variable x is called the independent variable (or argument) whereas y is 
called the dependent variable. 


8.1.1 Function as a rule or correspondence 

In this section, we give formal definition of a function. 

A function from a set X to a set Y is a rule or correspondence that assigns to each 
element x in X a unique element y in Y. Symbolically, we write it as f XY and 
read as "f is a function from X to У”, 

The elements of X are called pre-images and the corresponding elements 
of Y are called the images. If ye Y is an image ОЁ xe X under the functions f, we 
write it as у= f(x). Equivalently, we say that y is the value of the function f at х, 
see(Figure 8.1). 


Figure (8.1) 
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Illustration: The following is a function, which relates the time of day to the 
temperature. 


Time of day (P.M.) Temperature (in °C) 


Figure (8.2) 
Example: Let X-(a,5,c] and y={1,2,3}. State whether or not the tules indicated by 
the following figures are functions from XtoY. 


J 


(а) 


Sotution: 
(1 The figure (a) does not define a function, because the element с of 
the set X has not been assigned any element of Y. 
(2) The figure (b) does not define a function, because the element b of 
X has been assigned two elements of Y. 
(3) The figure (c) does define a function, because every element of 
X has been assigned a unique element of Y. It may be noted that 
definition of function does not require that each element of Y 
should be an image of some element of X. 


Example 2: Evaluating a function 
Let g(x) 2 x^ t 4x41. 
Find each function value. a. g(2) b. g(t) c g(x+2) 


Solution: 
a. Replacing x with 2 in (х) = —х? +4х+1 yields the following. 
g(2)=—(2) +4(2)+1=-4 +8 41-5 


| 


For You Information | 
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b. Replacing x with г yields the following. 
g(t)=—(t) +4()+1=—2+4г+1 


| Although fis often used as a 
c. Replacing x with x +2 yields the following. | convenient function name and 
#(х+2)=-(х+2) +4(х+2)+1 | xis often used as the 
EN ‘independent variable, other 
=-(P 44x44) 4404841 ‘eter can also he used. For - 
T. QN (example, f (x) =лх7—7х +12, 
5 4х-4+4х+8+1 а) = 11812 апа 
=-х +5 8(5) 55/—7s +12 all define 
|the same function. 


8.1.2 Domain and Range of a Function 2 
Let f:X > be a function from a set X to a set Y. Then set X is called domain and 
the set Y is called codomain of the function f The set of all those elements of Y 
which f is assuming is called range of the function f. 

If the domain is not specified,then it is assumed to be the set of all real numbers. 
If f is a function of X into Y, the range is a subset of Y but need not be all of Y. This 


has been shown in (Figure 8.4). 
E 


[кїп xo fad: 
у= Р(х) is the name of the 
| function. 
yis the ПОРОРО СУТО 
xis the рый! vanik Bli: 
| yis the value of the function atx. 


Domain Figure (8.4) Range ccodomain 


8.1.3 One-to-one and onto Function 

(а) A function /:X —›Ү15 said to be one-to-one (or injective) if distinct 
elements of X have distinct images in Y i.e. if xy and x2 are distinct elements of X, 
then f(x) = f (x;) in Y. Equivalently, if Ох) = f(x) then x =x. 
Sometimes we write 1-1 function for one -to-one function. 

(b) А function f: X —Y is said to be onto (or surjective) if each element 
of Y is the image of some element in X i.e. the range of f is the whole set Y. 
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A function f which is both one — to — one and onto is called bijective function. 
Consider the functions f and g as shown in [Figure (8.5) (i) and (ii)]. 


J 8 
XY XY 
(i) (ii) 


Figure (8.5) 

Figure (i) represents a function f which is one —to — one but not onto (why?) 
Figure (ii) represents a function g which is onto but not one-to-one (why?) 
Example 3: Show that the function f : /R— IR defined by f(x) 2 3—5x is both 
one-to-one and onto i.e. bijective. 
Solution: For any two elements x, and x, of X, we have 

РО) =3-5 and f(x) 23-5x, 
If f(x) = /(х,)!һеп3—5х =3-5х, > =. 
Thus f is one-to-one. 
Now the range of f(x) 23—5xis the whole set JR so it is onto. 
Hence fis both one-to-one and onto i.e bijective. 
Example 4: Show that the function В: R— Ж defined by g(x) -2x^ +115 
neither one-to-one nor onto. 
Solution: The function g(x) = 2x? +115 not one-to-one, because 
g(-2) = 2(-2)? +1=9=2(2)? +1=g (2), that is — 2 and 2 both have the same 
image 9. 
Now the range of Е (x) = 2x +115 the set of real numbers greater than or equal to 
1, that is, Range £- |1,5) = JR, so g is not onto function. Thus g is neither 
one-to-one nor onto. 


8.14 Linear, Quadratic and Square Root Functions 
We begin with the definition of: 


(a) Linear Functions 
A function f is a linear function if it can be written as f(x) = mx + b, 
where m and b are constants. 
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(If m =0, the function is a constant function f(x) = b, if m =] and b= 0, the 
function is the Identity function f(x) = x) 
For example, 


f) = xl, g(x) = -3x- 4, h(x) 23x—8 are linear functions. 
The domain of a linear function is the set of all real numbers. 


(b) Quadratic Functions 
A quadratic function f is a function that can be written in the form 
J(x)2 ax! + bx + c, a#0, where a, b and c are real numbers. 
Forexample, f(x)=3x?+4x+1, and g(x)= 53^ — x —7 are quadratic functions. 
The domain of quadratic function is the set of all real numbers. 


(c) Square Root Function 
A function of the form f(x) - x where x20, is called a square root function. 
The domain of square root function is the set of all non-negative real numbers. 


82 Inverse Function 
Let /:X—Y beaone- 
to-one and onto function. 
Then for each element in 
the domain of f, there is a 
unique element in the 
range of f and for each 
element in the range of f, 
there is a unique element 
in the domain of f. In this case the correspondence /^:Y — x is also a function, 
which is called an inverse function of f. Thus the inverse function f! of fis 
defined by 


Domain of f fs) Range of f t 
(1) Not every function has an. | 
[inverse 1 | 
f |(ii) A function has an inverse | 
Range of f^ @ mans off? (1f and only if it is 1-1 and onto 
Figure (8.7) 


It is evident that (/7'y'- f. Thus fand f~ are inverses of each other. 
The above figure illustrates the concept of inverse function. 
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8.21 Domain and Range of Inverse Functions 
It is clear from the definition of inverse function 


Г that domain f~" = range f and range У‘ = domain f 
Example 5: If f:x 5v is given by 


Figure (8.8) Figure (8.9) 


Find f^. 
Solution: Since f is both one-to-one and onto, so it's inverse exists, shown 
in the (Figure 8.9). We note that. f~’ is also bijective. 

Algebraic method for finding the inverse of a function 

If the function f is given by a simple formula, then the inverse function f ~! can 
be found by an algebraic method which involves the following Тш» 

Step-I Write у= f(x) 

Step-II Solve the equation in step-I for x in terms of y. 

Step-III In the resulting equation in step-H, replace x by f (у). 

Step-IV Replace each y in the result of step-III by x to get Fo) 

Step-V Check the answer by verifying that f^ (f(x) )= x. 

Example 6: Let f = IR 4f be the function i y =f) = 2x -1 
defined by f(x) - 2x-1, find 7109. Е 


Solution: We have f(x) = 2х-1 
Step-I Write f(x) =2x-1=y 
Step-II Then 2x-l=y 


+1 f ў 
=> 2x=ytl=> xe н Еїрше (8.10) 


м 


Un 


f(x)= х®+х—1, 
|! Find'the images —2,0,2,5 © If f(x)=5,then find the values of x 


(i) Find f (x41) ау Eng 020/00 


И f(x) =7x -2 g(x) =F Mx) = 40257 x! A(x) = x +1, then 


determine бет) NU 


Find all real values of x such that f (x): 0. 


(i) f(x) =15x-3 (н) Ро) = х -8х+15 

(и f@=x-x (o }(ху=—х7—5х +5 
Find the domain and range of the function f(x). 3 
(i) f(x) =5x7+2x-1 | fos x —16 


Find the inverse function of the following functions. 
(Ш fiy=2x-3 (€ J fole =-5 o (iv) fa) 2 42x 


If f@=2°-2, find 0) 710) NAI 
un ied 


Find (i; Domain and range of f. ПЭ Domain and range of £' 
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8.3 Graphical Representation of Functions 

This section is devoted to the representation of functions by graph. The 
graph of a function is a pictorial representation of function that is obtained by 
using the xy-plane. 

Let f be a function defined by y = f(x), The set of all points (х, y) such that 
xis in the domain of f is called the graph of f and we say that the point (х, y) is 
on the graph of /. To be more specific, if С denotes the graph of у, then 
G={(x.y): у= /(х) where xis in the domain of f . 

Equivalently, the graph of f is the graph of the equation y= f(x). 

The graph of a function may be obtained by constructing a table of corresponding 
values xof f. Each of these points may be plotted by placing a dot at appropriate 
location in ће xy- plane. Then joining them together by means of a smooth curve 
gives the required graph of the function. 


8.3.1(a) Graphs of Linear Functions 


We sketch the graph of linear functions of the form y = ax+b where a,b e R and a0. 
y 


Example 7: Sketch the graph of the function 
Ро) = 2x41, хе {0,1,2,3,4} 


Solution: For graph of this function, we assign 
values to x from its domain and find the 
corresponding values of y in the range of f 

as shown in the table: T 
y= /(х)=2х+1 


юш вс o o 


Plotting the points (х,у) in Cartesian plane and 
joining them with curve, we get graph of the given 
function as shown in the (Figure 8.11). 

Example 8: Draw the graph of the function 

у= Р) =2х+ЬхЕ IR. 
Solution: Тһе domain of the function is the set” 

of all real numbers №. For the graph of y = f(x)=2x+1, we assign some values to 
x from its domain and find corresponding values y in the range of f as shown in 
the table: 


The graph of the function is shown in figure (8.12). 
As x can be any real number, the line is infinite in 
both the directions representing all the real numbers ^ БЕ 
in the line. The domain and range of linear function 
are the set of all real numbers. 
(b) Graph of Non-linear functions 

In this section, we will sketch the graph of 
non-linear functions, that is functions of the form 


РО) =x", f(x) = x’ and so on. 
3,9 (3,9) 


Example 9: Sketch the graph of the function 
y-fto-x 


Solution: In the following table some of the 
corresponding values of x and y are given Gok {ор 
———-———— 


(24) (2,4) 


о 


Figure 8.13 


The graph of the function у(х) = х? is shown in figure (8.13). The function f(x) = д? 
is called a squaring function. The graph of squaring function is called a parabola. 


Its domain is the set of all real numbers and its range is the set of non-negative 
real numbers. 


Example 10: Let f(x)=.° . Sketch the graph of f. 
Solution: We construct a table of values for 
Ха) = x as follows: 


3 


1234567 


Plotting the corresponding points and 
joining them by а smooth curve, we 
obtain the graph of the function in figure 
(8.14). The function f (х) = x is called a 


cubing function. 
The domain and range of the cubing function are the set of all real numbers. 


Example 11: Sketch the graph of the function f (x) = vx . 
Solution: The given function fis a square root function. The following table gives 
some values of y corresponding to values of x. y 


у= (к) = 


Figure 8.14 


The graph the function is shown in 
figure 8.15. 


8.3.2 Graph of the function of the form y=." 
Sometimes we group together different 


functions and write them in a single form while , Figure 8.15 
observing .the definition and properties of the a 

functions. For example, consider the power 

function y = x" where m is any constant. 

Now, if 

(a) т=п ie. a positive integer, we have another function of the form у = л" 


(b) т=-н i.e. a negative integer, we have another function of the form 
E 1 
Yea eed 


(c) m =L i.e.a rational number, we have yet another function of the form 
n 


1 
у=х",х>0 
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We see that all these functions are represented by a single function of the form 
yar" (1) 

where n is any constant. The single function in (1) representing different functions 

is called a family of function. 

Tn this section, we will sketch the graph of the family of functions y = x". The 

power function can also have fractional and irrational exponents. However, the 

discussion of such power functions is beyond the scope of this book. 


(a) Graph of y = х" where nis a positive integer 


Clearly the domain of y = х" is the set of real numbers. 


(1) When n -1, we have у= х. The following 
table gives the values of the function y = f(x) =x 


The graph is shown in figure (8.16) which is 

a straight line passing through the origin. 

(2) Whenn=2, we have у= х?. The graph of 
the squaring function у = x^ was sketched 
in example 9 which is reproduced in 
figure (8.17). The graph of у= х? 
is a parabola. 


(3) When 1-3, we have у= x which is called 
cubing function. The following table gives 
some values of the cubing function y =x’. 


The graph of the function is shown in figure (8.18) 


(4) When n-4, ме һауе у=х', you! 
The following table gives some values of the function ^N | pote 
у= x / 
: 
\ | ТД ad 
The graph is shown in figure (8.19) Figure 8.19 


(3) When n=5,we have у= х? The following table 
gives some values of the function у= х? 


The graph of the function is shown in figure (8.20) 
Remember that 

(i) When the values of л are even, the function 
f(x) =x" are even functions and the graphs of the function f(x) = x" are 
symmetric about ће y — axis. In this case, all the graphs have the same 
general shape as the parabola у= х? 

(i) When the values of n are odd, the functions f(x) x" are odd functions 
and the graphs of the function f (x) = х" are symmetric about the origin. 
In this case, all the graphs have the same general shape as у= x for 
odd n greater than 1. 


Gii) Ву increasing nthe graphs in both cases become flatter over the, 
interval -1< х <1 and steeper over the interval х>1 and х<-1а5 shown 
in figure(8.21) and figure (8.22). 


mc 


The domain of the function fee is the set of all real numbers except x #0. 
x 


ES ELE E 
Figure 8.21 E: 


LI 


(1) when n = –1 we have y LL | Some of the values of the function are 
m 


given in the following table. 
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The graph of the function is shown in figure (8.23) 
(2) -When n=-2, we have eis . In the following table some of the values 
E: 


of the function are given. y 


Figure 8.24 
Figure (8.24) represents graph of the function. 


(3 When п=-3, we һауе у m The following tables gives some values 


of the function. 


ул 
rd 


Figure (8.25) shows the graph of the function. Figure 8.25 


(4) When n=—4, we have ушыр The following 
x 


table gives some values of the function. 


The graph of the function is shown in figure (8.26) 


Remember that 
(i) — When the values of n are even, the functions f(x)= + are even, and 


their graphs are symmetric about y- axis. In this case, all the graphs 
have the same general shape as y d 

(i) | When the values of n are odd, the functions fay are odd, and 
their graphs are symmetric about the origin. In this case, all the graphs 
have the same general shape as у= — 


Gi) Ву increasing n, the graphs in both cases become steeper over the 
intervals -1<х< 0and 0« x «1, and flatter over the intervals x>1and 


x«-1as shown in figure (8.27) and figure (828) respectively. 
» 


Figure 828 
(c) Graph of y = х"(х >0) when л is a Rational Number 


1 
Generally the domain of the function у= х" is the set of all real numbers. 


However, at present we will consider у= х" with x>0. 
(1) When n=1, we have y= f(x)=x whichis the identity function. It is a 


in general. Some of the values of the function are 77: 
given in the following table. 


у=х ; 


= > Е а 
EU (Ей xtd 
Figure 8.29 


The graph of the function is shown in figure (8.29) which is a straight line. 


(2) When n=2, we obtain y= x = Jxthat is , the square root function. The 


following table gives the values of the function y - x 


The graph of the function is shown in figure(8.30) 


(3) When 223, we have y ч = ¥x. Some of the values of the function are 


given in the following table. Ш - ЕН di | 
HHEHS: t J 
Eu 
iH PEHEE 
zh | Е 
" i E а ] 
Ht SAREE ЕНЕН EHE 


The graph of the function is shown in figure(8.31 ). Figure 8.31 


(4) When x=4, we have y-x' =4/x.The values ofthe function are given 
in the following table 


Mot 
| Mathema 


ere") | F n | ui 
The graph is given in figure(8.32). TEES cum H HEH 
Remember that Е Figure 8.32 
(i) When the values of n are even, the graphs of the function yea have 
the same general shape as the square root function у= 4x 


Gi) When the values of n are odd, the graphs of the functions y =x’ have 
the same general shapes as у=х =. 
(ii Тһе graph of y= х? extends over the entire x— axis, because = х" 


is defined for all real values of x. The reason is that every real number 
has a cube root. 


i 
(iv) The graph of y= x only extends over the non-negative x- axis . The 
reason is that negative numbers have imaginary roots. 


у y 


8.3.3 The Graph of Quadratic Functions 

In this section we want to look at the graph of a quadratic function. The most 
general form of a quadratic function is, Дх) = ах + bx c 

The graphs of quadratic functions are called parabolas. 

Here are some examples of parabolas 
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The lowest or highest point of a parabola is called 
its vertex. The vertical line passing through the 
vertex of a parabola is called the axis of symmetry 
or more briefly axis of the parabola. 
In figure (8.35), the dashed line passing through the 
lowest or highest point i.e. vertex of the parabola is H N 
yd Н 
/ 


the axis of symmetry. i 

The Graph of a General Quadratic Function i 

Let f(x) =ar +br+c,a#0be an arbitrary quadratic / { \ 
function. In order to sketch graph, we complete 1 : 

the square in f(x) = ах? +bx+c as follows: Figure 8.35 


f <) =ах*+Ьх+с 


= (ах? +рх)+с (Separating с) 


2,6 
= а(х +—х)+с (Taking а as common) 
a 


з 


БА үр» 
= а(х +-=х+ —>)+c-a(—,) (Adding and subtracting the square 
a 4а 4а of hall of the со - эВ еле of x). 


b b 
=а(х+—) +(с-— 
ét 2а? i 4) 


года x+) +fc-2],a20 (п) Tosimplify (1), we let 
2a 4а 
=b Б 
h-— and k-c-— (2) Then (1) becomes, 
2a 4a 
Го) 5a (х-н) tk (3) 


The graph of f is a Parabola with vertex at the point (h,k) 

The parabola opens upward if a» 0 and downwards if a «0 

The axis is the vertical line x = Л. With the help of formula (3), we can draw a 
reasonably accurate graph of the quadratic function in x by plotting the vertex 
and at least two points in each side of it. 
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Example 12: Sketch the graphs of the quadratic 
functions f and g defined by 

(а) far (b) g=- 

Solution:(a) The graph of the quadratic function 
f= with а=1 b=0, c=0 was sketched in 
Example 9 and is reproduced in figure (8.36). 

The vertex of the graph is the lowest point (0,0). | Figure 8.36 
(b) In the following table some of the values of x and corresponding values of 
y of the quadratic equation у = g(x)=—«° with a=1, b - 0, c - Oare given: 


ysgoo-2- [x] | 2 X 
Е J L L 4 | (0.0) E 
— trend, etn 
The graph of the function is shown in figure (8.37) [^ 
The graph of f(x) - 3^opens upward and the / 
graph of у= g(3) =-х opens downward. (24) NS 
In general if, f(x) = ах?,а #0, then the graph of fœ) Figure 8.37 
opens upward if а> 0and opens downward if a «0 H 
Example 13: Sketch the graph of the function А 
од x -2x41 CE I 
Solution: We construct a table of values of the \ 1а / 
function as follows: у = х2 2+1 BANE ГЕ 
eA DU 
cocoa Do SEM > 


J Figure 8.38 
The graph of the function is shown in figure (8.38) with vertex at (1,0) 
Example 14:Without graphing, find the vertex and axis of the graph of the function 

f(x) = =х2+4х—5. Also determine whether the graph opens upward or downward. 
Solution: Here а= -1, b=4, с =F, A 
«. vertex of the graph of f= ю=су-, ras 


2 
t 5 ocn. 


-(L—-$- 
2-0 um 


Axis = x= ЕА =2 
2а 
Sincea =—1<0, so the graph opens downward. 
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Example 15: Sketch the graph of the function f(x) =x? -2x-2. 
Solution: Here a=1, bz—2, cz-2. 


„Ав, = ты 2) 
4а E 4(1) 
Axis =x= а, =] D 
2a 
Since а 21» 0, 50 the graph opens upward. 


vertex of the graph of f = CI ) =(1,-3) 
a 


The two additional values on each side of the 
vertex are given in following table. — 
у= x -2x-2 


'The graph of the function is given in figure (8.39). Figure 8.39 


ERCISE 8/2. | 
l. Sketch the graph of the given function 
(Of@)=2x4+3 . Uu f (x)=4x~5 
Sketch the graphs of the following functions 
O f@=24+ G х0 Gi)! F=] 
3 Without graphing, find the vertex, all intercepts if any and axis of the 


graph of the following function. Also determine whether the graphs ope 
upward or downward. 


(0. fe =? () f(x) = 2x? 48 


N 


Gii) fœ- +615 Gv) А) =x? 4-2-3 

4. Match the quadratic function with its graph. [The graphs are labeled (a), 
(5), (с), (d), (©), and (Ё).] 
i. Jf (x) =(х—2)* и АО) =(х+4 їй у(х =x? -2 
iv. f @) =(х+1#—2 v ЛО =4-(-=2 м f(x) =-@-4 


- 


8.3.4 m Factors to Sketch Grants! 

In the above section we sketched the graphs of quadratic functions by 
plotting many points. In this section too, we will sketch the graphs of quadratic 
functions but using their factors. 

We know from our previous class knowledge that a quadratic expression can be 
written as a product of factors. For example, we can write 

x? +3х+2=(х+1) (х+2) 
where (x--1) and (x+2) аге the factors of the quadratic expression x 3x42. 
Similarly, some quadratic functions of the form f(x) = ах +bx+c (a +0) can be 
factored and their graphs can be drawn by using the factors. This method of using 
factors to sketch the graph of quadratic function is explained through the following 


examples. 
Example 16: Sketch the graph of the function f(x) = x +2х-3. 
Solution We have f(x)2 2x +2х-3= (x+3Xx-1) . 
To find the points which lie on the graph of the functions (x) , 
we put (x--3) (x—1) 20. The equation is satisfied if x = -3 or x=1. 
Now f(-3)=0 and /(1) =0 . Thus the points lying on the graph of F(x) are 
(-3,0) and (1,0) that is, the graph cuts the x-axis at (—3,0) and (1,0) . 

To find the point where the graph cuts the y — axis we 
put x=Oin the function so that f(0) 2 —3. Therefore 
the required points is (0,—3) . АП that remains to be done 

is to obtain few additional points on the graphs in order 
to sketch it. Some of these are given in the table below. 
у=(х+3) (x-1) 


у= (+D) 


The graph of the function is shown in figure (8.40), Figure 8.40 


which opens upward, since a=1>0. 
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Example 17: Sketch the graph of the function 
Јо) = 4? 2x. 

Solution: We have f (x) = 4x! +12х=-4х(х-3) 

To find the points where the graph cuts the x-axis, 

we put—4x(x—3)=0. On solving we get 

x=0Oor x23. 

^ f(0)=0 and f(3)=0 

Thus the graph cuts x — axis at the points (0,0) and 

(3,0). Also. f (0) 20, so the point where the graph 

cuts y — axis is (0,0). 

To draw the graph, we need some additional points, 

which are given in the table below: 


у=-4х (x-3) 


Figure 8.41 


The graph of the function is given in figure (8.41) which opens downward, since 
a=-4<0. 


(Remember) 


We may draw the graph of any quadratic function f(x) which can be factorized as 

y= (x)= a p) (х= 4) by keeping the following points in mind. 

(i) Note the points (p,0) and (¢,0) where the graph of the function cuts the x-axis. 

(i) By taking x=0 in the function f(x), note the point (0;.) where the graph cuts the 
y-axis 

(iii) The sign of the constant a tells whether the graph opens upwards or downwards. 

(iv) To draw the graph, obtain some additional points on the graph. 

(v) The shape of graphs of all quadratic functions is a parabola, 


8.3.5 Predicting Functions from their Graphs 


In this section, we are concerned with the use of factor form to predict the equation 
of a function of the typef (x) = ах? +bx+c, (a #0) if two points where the graph 
cuts the x —axis and third point on the curve are given. 

The method employed in doing so is explained through the following example. 
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Example 18: Find the equation of the graph of the function of the type 

у= ах? +bx+c, (a#0)which cuts ће x -aris at the point (-2,0) and (2,0) and also 
passes through the point (1-6). 

Solution: The equation of the curve which passes through х -ахз at the points 
(р,0) and (4,0) has the form y =a (x - p)(x -4) (1) 
The curve which passes through the points (2,0) and 
(2,0) is shown in figure (8.42). 

Here р=-2, q -2, so by (1), we have 


у =a (x +2) (x -2) (2) 
The point (1-6) lies on the curve, so it must satisfy 
equation (2) and so -6 = 2(1+2) (1-2) 
=>-6=-3a=> a=2 


Therefore equation (2) of the curve becomes Figure 8.42 
y =2 (x+2) (х2) ог y=2.x°~8, which is the required equation. 

Example 19: Find the equation in the form x? +4x+c=0 of the parabola which 

crosses the x-axis at the point (-5,0) ап@ (3,0) 

Solution: The torm of the parabola is given by 


х?+ёх+с=0 (1) 
The general form of the parabola is given by 

ах? +Ьх+с=0 (2) 
Comparing (1) and (2), we have 

a=1>0 


so the parabola opens upward. The equation of the curve which cuts the x-axis at 
the points (p,o) and (4,0) has the form 


у=а(х-р)(х-4) (3) 
but a =1,so (3) becomes 
у=(х-ру\х-4) 4), 


The curve which cuts the x-axis at the points 
(-5,0)and (3,0) 15 shown in figure (8.43). 

We have p 2 –5 апа а=3 

Using (4), we obtain 

у= (х+5)(х-3) 

ory=x°+2x-15 

which is the required equation. 


Figure 8.43 
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8.4 Intersecting Graphs 


In this section we aim at to find the intersecting points graphically, when 
the intersection occurs between a linear function and coordinate axis, two linear 
functions and a linear and quadratic function. we will also solve graphically 
appropriate problems from daily life. 


(a) Point of intersection of a linear function and coordinate axes 


Tf a line І intersects the x-axis at a point (a, 0), the ^ 
number a is called (ће x- intercept of the line l. if a line l an) 
intersects the y-axis at a point) (0,5) the number b is t 
called the y-intercept of the line І. see (figure 8.44). 
Since the graph of a linear function f(x)- ax4b, x 
abe IR is a straight line,so it will intersect the x-axis at 
the point (a,0),and y-axis at (0,b) thus, the points where 
a graph of a linear function intersects the coordinate axes 
are the x- intercept and y-intercept of the graph. Figure 8.44 
Example 20: Find the points of intersection of the linear function. f(x) = x-4 with 
coordinate axes y 
Solution: By giving some values to x, we find the 1 
corresponding values of y in the following table. 


fG)-2y-x-4 


The graph of the function is shown in (figure 8.45). 
The graph intersects x-axis at x=4 and y-axis at 
у=-4. The answer may be easily verified by finding 
the х- intercept and y-intercept of the graph. Figure 8.45 
(b) Point of Intersection of two linear functions 

We draw the graph of two linear functions on the same graph paper and then 
determine where the two graphs of these two linear functions intersect by looking 
at the graph. 
Example 21: Find the point of intersection of the functions f(x) = x--3and 
8(х)=-2х+9. 
Solution: For f(x) = x3, we have the following table of values: у=х+3 

Е _ E 

E EP 


The с СЕЕ of both functions are shown іп (figure 8.46). Loong ER the © graph, we 
find that the point of intersection is (2,5) ШШ I Hun 
Although this seems to be a very simple method of F} 

finding the coordinates of the point of intersection : HHH 
of two linear functions, it may not always be very | 

accurate in cases when the coordinates of the point 

are fractional numbers. In that case, to find where | 

exactly the graphs cross, we must use algebraic 

rather than graphic method. We can find a value of 

xand value of y that satisfy both the equations of 

linear functions simultaneously. For this purpose шава H 
several methods are available. For example, we Figure 8.46 
may use the methoj of elimination or method of substitution with whom we are 
ae) familiar. 


The method for fin ng the point ofi reset iof pore of a linear function 
and a quadratic function is the same as that for finding the point of intersection of 
two graphs of linear functions. The method will be clarified by the follov ink 
example. EH 7 

- Example 22: Find the point of intersection of the г 
functions f(x)=x?—4x+6and g(x)=2x+1 Е 


Solution: The following table gives the values of ER 
the function у= Р(х) = х2-4х+6 Е 


The table for values of the function g(x) = 2х+1 is КЕЕ 
given below: у = g(x) =2х+1 ФЕР: 


The "pm of these two functions are shown in figure (8.47). 
The points of intersection of the two graphs are (1,3) and (5,11). 
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8.4.2 Graphical Solutions of Problems from Daily Life 

Many problems from daily life can be solved by means of graphs, Here are 
some examples. 
Example 23: It takes a swimmer 2 min to swim 24m downstream in a river and 
4 min to swim back. Find the speed of flow of water and the speed at which he can 
swim in still water. 
Solution: Let x = speed of swimmer in still water апі у = speed of flow of water 
Therefore speed downstream = x+y and speed upstream =x—y 
We know that time x speed = distance 


2(x+ y)=24 
4(х-у)=24 
ог X yal? 
х-у=6 
ог х+12 (1) 
х+6 (2) 


we see that equations (1) and (2) are the equations of linear functions and they are 
represented graphically by straight lines. We find the poing ohi intersection of their 
graphs, 

The values of functions (1) and (2) are given in the 
following tables: y =.х +12 


The graphs of both functions are shown is і ЕН 
(figure8.48). Figure 8.48 
We find that their point of intersection is (3,9), that is х= Запа y =9 

Thus the speed of swimmer in still water = х= 3m/ тіп and the speed of flow of 
water = у=9т/ min. Use algebraic methods to verify the answer. 


Example 24: A group of 45 school children visited a zoo and paid Rs.60.00 
altogether as entry ticket. The entry ticket of class 1 was Rs.2.00 per child where 
as that of class KG Rs. 1.00 per child. Find how many children were in the group 
from each class. 
Solution: Let x =the number of children from class 1 

and y =the number of children from Class KG. 
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According to the condition of the question, we have | 


х+у=45 
2х+у=60 
ог у=45-х (1) 
у=60-2х (2). 


Equation (J) and (2) represent the equation of linear 
functions whose graph are straight line. We find 
that point of intersection of their graphs. The values © 
of the functions (1) and (2) are given in the 
following tables. 

у=45-Х 

-x 9 о 20 ЕП] о so 
E ss ESSE ERES 
and у =60- 2х 

= 10 o io 30 50 
¥ Е oo 20) o = 20 7) 
The graphs of both functions are shown in figure(8.49). The point of intersection 
of the graphs is (15,30), that 15 х=15апа у = 30. 

Thus the number of children from class 1 = х = 15 

and the number of children from class KG. = у = 30. 


inis 


Figure 8.49 


1. Sketch graphs of the following functions 


) Јо) = (х-06-3) (Ш) Лб) =—20х+100х- 0) 
2. Using factors to sketch the graphs of the following functions 
d _ /(у)=х°—2х-3 (i) — f@)=-@?-x-2) 


3. Find the equation of the graph of the function of the type у= x +bx+e 
which crosses the x-axis at the point (3,0) and (4,0). 

4. Find the equation of the graph of the function of the type y c ax! +6х+с 
which (iyross the x—axis at the point (-5,0) and (3,0) and also passes 
through (-1,8) 

(ii) cross the x-axis at the point (-7,0) and (10,0) and also passes through 
(4,11). 

5. Find the point of intersection graphically of the following linear functions 

with the coordinate axes. (i) Ро) = х-3 (i) f(a) = 2x41 
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6. 


Find the point of intersection graphically of the following functions. 


Q f=, g(x) =2х+1 
(i) —f(923x-2, g(x) =-x+6 

Find the point of intersection graphically of the following functions. 
(i) До) m +4, #0) =х+2 

(И) Лбд=А2+х-3, g(x) =-2x-5 


The paths of two airplanes A and B in the plane are determined by the 
straight lines 2x~y=6 and 3x+y=4 respectively. Find the point where the 
two paths cross each other. 

A pilot makes a check flight in an air. Going directly into the wind, he 
covers a distance of 24 km in 6 minutes. Going with the wind, he covers 
the distance in 4 minutes. Find his air speed and velocity of the wind in 


i. What is the domain of f(x) = ‚| 5 9 
x42 


(а) E4-2 (b) [0,2]- (1] (с) (-2,2) (d) (—2, 2] 


i; — Az (-1,0, 1,2), B= (0, 1,4} and А — B defined by f(x) = x^, 


then f is 
` (a) Only one-one function. (b) Only onto function 
(c) bijective (d) not a function 


iii. If f: R — В defined by f(x) = 3x — 5, then f ((— 1, —2, 1, 2})= 
47 4] | 47) 

1=,= (b) 4-1,2,- 1,2, —.— ){12,—1,—2 

о! чо { 3| O^ 33/ (9 { } 


iv. — IF fx + 3) = 4x +12х + 15, then find the value of f(3x42) is 


(а) 9x 12x 436 (b) 9x? «12x +10 
(c) 9x3 12x 424 (d)9x^-12x—5 
у. 16) = 2° then fa) + (4) = 
x x 


(a) 0 (b) -1 (ox (d) None of these 


Unit 8 | Functions and Graphs 


vi. If f(x) = 32—3x + 4, then find the values of x satisfying the equation 
f(x) = f(2x+1) 
(а) 5/3 (b) 2/3 (с) 1 (d) None of these 


vii. i = IE 
The domain of y ТЕ. 
(а) (оо; 1) (b) (2, co) (с) (оо, 1) U (2,9) (0) (=, 1) U (2, œ) | 
(viii) Guess the quadratic function for the curve given in the figure. 
y 
(а) р(х) =x°-2x-5 
(0) — g(x)=x?+2e+5 
(c) g(x) =—x? -2x+5 
(d) а(х) 2-6 2x45 


2. Find domain of f(x) = J3- 2х2 


3. Find a polynomial function f(x) of the second degree whenf (0) = 5, 
А-0) = 10, f(1) 2 6. 
4. Find the range of each of the following functions: 
i) (ху=х®+2,хєР 
ii) Хх) ax, xER 


Se 


5. The function ‘t’ which maps temperature in Celsius into temperature in 
degree Fahrenheit is defined by (с) = 52 +32 
Find (i) (0) (11) (28) (iii) (—10) (iv) the value of c, when Кс) = 212 
6. If Ях) 28x 7,find. Г") (i) £^ (3) 
7. Given that Дх)=х2- ax*tbx+1. ЕД2) = —3 and f(-1)-0, find the value of a and b. 
8. Graph the following. (i) y= -5:43 (ii) y=-3x? (у= 2х2 -7х+3 
9. Sketch the graph of the following. 


ü) y=x? +2х-3 ap y=3(x+1)(x-1) 
10. Find the point of intersection graphically of the following functions. 
O — f@=xt4, g(x) =—2х+3 


а) f()ex--2, а(х) = 3-3 


5 
т 
Uu 
D 
Е 
N 
т 
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MMEFORNACO с®->=>л®җ>гтг 


Define linear programming (LP) as planning of allocation of limited 
Tesources to obtain an optimal result. 
Find algebraic solutions of linear inequalities in one variable und represent 
them on number line. 
Interpret graphically the linear inequalities in two variables. 
Determine graphically the region bounded by up to 3 simultaneous linear 
inequalities of non-negative variables and shade the region bounded by them. 
Define 
ә linear programming problem, 
» Objective function, 
æ problem constraints, 
» decision variables. 
Define and show graphically the feasible region (or solution space) of an 
LP problem. 
Identify the feasible region of simple LP problems. 
Define optimal solution of an LP problem. 
Find optimal solution (graphical) through the following systematic procedure: 
establish the mathematical formulation of LP problem, 
construct the graph, 
identify the feasible region, 
locate the solution points, 
evaluate the objective function, 
select the optimal solution, 
verify the optimal solution by actually substituting values of variables 
from the feasible region. 
Solve real life simple LP problems. 
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91 Introduction 

In business and industry, the decision makers want to utilize the limited 
resources in a best possible manner with the view to minimize cost of production 
and maximize profit. The limited resources may be in the form of capital, labour, 
money, time manpower, machine capacity, etc. The linear programming is the 
mathematical method used in decision making in business to maximize the profit 
or minimize the expenditure subject to certain restrictions which are a result of 
limitations on resources. 

The term programming means planning and refers to а process of 
determining a particular program. The term linear means that all relationships 
involved in a particular program which can be solved by this method are linear. 


Thus linear programming is а method for solving problems in which a linear 
function (representing, cost, profit, distance, weight etc.) is to be maximized or 
minimized. Such problems are usually referred to as optimization problems or 
more commonly known as linear programming problems. 

The theory of linear programming is a fairly recent advancement in mathematics. 
It was developed over the past four decades to deal with the increasingly more 
complicated problems of our technological society. 

Linear programming (LP) is planning of allocation of limited resources to 
obtain an optimal result. 

92 Linear Inequalities 

Recall that an inequality is a statement that one mathematical quantity is less than 
(or greater than) or less than or equal to (or greater than or equal to) another 
quantity. Thus, if a and b are real numbers, we can compare their positions on the 
real line by using the relations of less than, greater than, less than or equal to, and 
greater than or equal to, denoted by inequality symbols <,>,5 and > respectively. 
The following table describes both algebraic and geometric interpretations of the 
inequality symbols. 


Algebra 


Statement 


azb 


Equivalent Statement Cieomeltrte Майин! 


a is greater than b a lies to the right of b. 


a is less than or equal to b a coincides with b or lies to the left of b. 


a is greater than or equal to b | а coincides with b or lies to the right of b. 
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In this section, we shall consider linear inequalities in one variable and 
two variables. We shall also interpret these inequalities graphically. 
9.2.1. Linear inequalities in one variable 

Inequalities of the form ax < b, ax € b, ax > b or ax > 5 where az 0, b are 
constants are called linear inequalities in one variable or first degree 
inequalities in one variable. 

For example, х < -2, 2x < б, 4— 3x 5-1 -x, 2x + 5 > x 3 are linear inequalities in 
one variable. 

The solutions of a linear inequality in one variable x ere the values of x 
which satisfy the linear inequality. The set consisting of all solutions of the linear 
inequality is called the solution set. 

Р For example, the solution set of the linear inequality x > 5 consists of all 
values of x that are greater than 5. 

We solve a linear inequality in the same way as we solve a linear equation. 
Following are the steps involved in solving a linear inequality in one variable. 
Step I Shift all terms containing x on one side of the inequality. 

Step H Shift all other terms on the other side of the inequality. 
Step HI Simplify the resulting inequality to find the values of x. 
Example 1: Solve the linear inequality x- 5 > 0. 
Selution: Since the only term containing x is on the left side, we need to shift the 
constant term to the other side. To do this, we add 5 to both sides and then 
simplify. х-5>0 
(x-5)4+5>04+5 
x>5 
Thus, the solution of the inequality are all values of x that are greater than 5. 
The solution set = ( x: x eR and x» 5 } 
The solution set can also be written alternatively in the form of interval (5, оо). 
Example 2: Solve the inequality 3x — 2 > 8 + 5x 
Solution: To solve the given linear inequality, we use step (I)-(IIT) to obtain the 
following equivalent inequalities. Did You Know E) D) 
3x-228-5x 
(3x -2) - 5x 2 (8 + 5x) - 5x When both sides of an inequality are multiplied 
-2x-2>8 by a negative number, the order (or sense) of 
Е = the inequality is reversed, that is from 
(-2х – 2)+228+2 «to», from < 0 2, from > to < or from? to <. 


-2x210 
ү seo. 


x€-5 Thus, the solution set = ( х: x € IR and x&-5] = (~~, —5] 


Tn the above graphical representation of linear inequalities in one variable on 

the real line, the open (unshaded) circle at the point indicates that the point does 
not belong to solution set. The filled in (shaded) circle at the point indicates that 
the point belongs to the solution set. 

The solutions of linear inequalities in one variable are graphically represented 
on the real line in the following examples. 


() <3 tt 


Gv) 2-1 нота 
9.2.2. Linear inequalities in two variables 
A linear inequality in two variables x and y is an expression of one of the 
following forms. 
(1) ax+by<c (ii) ax+by>c 
(iii) ax+bysc (iv) ax+by2c 
where a and b arc not both 0 and a, b and c are real numbers. 
Ifa = бог b = O in the above inequalities, then the resulting inequalities reduce to 
the corresponding linear inequalities in one variable. 
For example, (i) 3x<2 (й)4х+320 (Ш) х-2у>1 Gv)5x* Зу < 1 are linear 
inequalities. Inequalities (i) and (ii) are in one variables while (iii) and (iv) are in 
two variables. With each linear inequality in two variables x and y is associated a 
linear equation in two variables x and y called the associated or corresponding 
equation. 
For example, the associated equation of ax + by 2c is ax + By = с...........- (1) 
To find the associated equation of a linear inequality in two variables, simply 


substitute an “equals” sign for the symbol of inequality. In our later work we will 
see that the linear equation (1) in two variables represents a straight line. 


The solution set of an inequality is the set of all numbers, which when substituted 
for the variable (or variables) in the inequality, make the inequality a true 
statement. To solve an inequality is to find its solution set. 

9.2.2.1 Graphing Inequalities in Two Variables 

Since linear inequalities are closely related to linear equations, graphing them is 
very similar to graphing linear equations. The graph of a linear equation of the 
formax + бу = c is a line which divides the plane into disjoint regions as stated 
below. 

(1)  Thesetof ordered pairs (x, у) such that ax + by < c. 
(2) The set of ordered pairs (x, y) such that ах + by >с. 
The regions (1) and (2) are called half-planes. 

The line ax + by = c that divides the plane is 

called the boundary of both half planes. 


y 
Boundary ex*by-e 


(See figure 9.1). If the boundary line is |ас+у>с Кусс 
= "Ne Ж: i.e. half-plane i.c. half-plane 
included in either plane then it is called | above the line beiow the line 
closed half plane. Since a plane has |[@ttov=c VA axtby =c 


infinite length and breadth, it cannot be 
completely shown by a figure. Only a 
segment of the plane has been shown in 
the figure. 


A vertical line divides the plane into left and right half-planes while a 
non- vertical line divides the plane into upper and lower half-planes. 


Figure 9.1 


A Solution of a linear inequality in two variables x and y is an ordered pair of real 
numbers (a, b) such that the inequality is satisfied when we substitute x 2 a and 
y-b. 

For example, the ordered pair (-1, 2) is a solution of the inequality 3x + y < 5, 
since 3(-0+2=-3+2=-1< 5 which is true. 


The graph of a linear inequality in two variables x and y is the set of all ordered 
pairs that satisfy the inequality. 


The graph of a single inequality, in more than two variables, is a half-plane. 


9.2.2.2 Procedure for Graphing a Linear Inequality in Two variables 

To graph a linear inequality, we follow the following procedure, 

Step-1: Replace the inequality sign with an equal sign and draw the line. 
Make the line solid if the inequality involves Sor > , make the line dashed if the 
inequality involves < or >. 


Step-2: Choose any point that is not on the line as a test point. Е the origin 
is not on the line, it is the most appropriate choice. 
Step-3: Substitute the coordinates of the test point into the original 


inequality. If the test point satisfies the inequality, shade the half-plane that 
includes the test point, otherwise, shade the half-plane on the other sides of the 


Mn (Pid Yoo knew — — €4 


Example 3: Graph the inequality 2x — 5y > 10. 
Solution: The associated equation of the inequality is 


If a line intersects x-axis 
at (а,0), then а is called . 


2х-5у 2 10 (0) 3 ч 
K x-intercept of the line. 
2x- 5y = 10 Gi) If a line intersects y-axis 
Graph the line (ii) by finding x-and y-intercepts. at (0,b), then b is called 
To find the x- intercept, let у=0. y-intercept of the line. 


To find y-intercept, let х=0. 
We have 2х-5(0) = 10 


= x=5 
and 2(0) -5y = 10 
=> у=-2 | 


Therefore, the boundary line passes through (5, 0) and (0,—2). 
The line issolid because the inequality involves 2. 


We choose O(0,0) as a test point, because it is not on the line (ii) 
y 


Substituting х= 0,у= 0 into the original inequality, 
2x— Sy 2 10 
we get 2 (0) —5 (0) > 10 
=> 0210 
which is not true. Therefore the test point does not 
satisfy the inequality, and so the solution is not the 
half-plane that includes the origin. 
Thus the solution is the half-plane not containing the 
origin (see figure 9.2). 


Figure 9.2 


Example 4: Graph the inequality y >х—4. 
Solution: The associated equation of the inequality is 


yor-4 (i) 

у=х-4 (ii) 
To find the x-intercept put у=0іп (й) 

O=x4> x=4 4 
Similarly to find the y-intercept put x=0 in (ii), T 

y=0-4 

=> у=-4 

Therefore the boundary line passes through (4, 0) and у 


(0, —4). The line is dashed because the inequality 
involves>.We choose O (0,0) as a test point, because 
it is not on the line (ii). 


Substituting х = 0, у=0 into the original inequality 
y»x-4 ме рег 020-4 =0>-4 


which is true. Therefore the solution is the half-plane 
that includes the origin (see figure 9.3). 


9.2.3. Region bounded by 2 or 3 simultaneous inequalities 


(i.e. System of Linear Inequalities in Two Variables) 
Two or more linear inequalities together form a 
system of linear inequalities. The graph of a system 
of linear inequalities in two variables x and y is the 
set of all ordered pairs (x, y) that satisfy 
simultaneously each of the linear inequalities in the 
System. Thus, the graph of a system of linear 
inequalities can be obtained by graphing cach 

inequality individually and then taking intersection 
of all the graphs. The common region so obtained 15 
called the solution region for the system of linear inequalities. 


Example 5; Graph the system of linear inequalities. 

2х-у © 4 

ї+у 2 ‚| 

Solution: Following the procedure for graphing linear inequalities, the graph of 
the line 2x — у= 4 is drawn by joining the points (2, 0) and (0, -4). The test point 
(0,0) satisfies the inequality, so the graph of the 
inequality 2x — у < 4 is the upper half-plane including 
the graph of the line 2x — y =4. The closed half-plane is 
partially shown as a shaded region in Figure 9.4. 
The graph of the line x+y=2is drawn by joining the 
points (2,0) and (0, 2). The test pint (0, 0) does not 
‘satisfy the original inequality, so the graph of the 
inequality x + y 22 is the closed half-plane not on the origin side of the line 
х+у=2. The closed half-plane is partially shown by shading in the figure 9.5. 
The solution region of the given system of linear inequalities is displayed in 
figure 9.6 by the shaded overlapping region of the graphs 
shown in figure 9.4 and figure 9.5. The point (2, 0) is the 
intersection point of the graph of the system of 
inequalities that can also be found by solving the 
equations 2х-у=4 andxt+y=2 


——— 


Example 6: Graph the solution region of the following Figure 9.6 


system of linear inequalities in each case. 
2х-у s 4 x-2y $ 6 
a) xty 22; b 2x4 » 2 2 
< 


-x42y 4 x +2у S 10 


Solution:(a) The graph of the inequalities 2x - y < 4 and x + y 2 2 have already 
been plotted in figure 9.4 and figure 9.5 respectively and their solution region 
partially shown in figure 9.6 of example (5). 

Following the procedure for graphing of linear inequalities, the graph of the 
inequality — x + 2y < 4 is partially shown in figure 9.7. 

The intersection of the three graphs is the required solution region which is the 
shaded triangular region ABC (including its sides) shown in figure 9.8. 


(0.2) 


Figure 9.7 Figure 9.8 
(b) Тһе graph of the line x-2y--6 is drawn by joining 
the points (6,0) and (0,-3). Since the test point (0, 0) 
satisfies the inequality x ~ 2y € 6, thus the graph of 
х-2у <6 is the upper half-plane including the graph 
of the line which is partially shown by a shaded region in 
figure 9.9. 
The graph of the line 2x + у = 2 is drawn by joining the 
points (1, 0) and (0, 2). Since the test Point (0, 0) does 
not satisfy the inequality 2v + y 22, thus the graph of 
2x+y22 is the closed half-plane which is shown 
partially as shaded region in figure 9.10. 
The graph of the line x + 2y = /0 is drawn by joining the 
points (10,0) and (0,5). Since the test point (0,0) satisfies 
the inequality x+2y < /0, thus the graph of x + 2v < 10 is 


the lower half-plane including the graph of the line which 
is partially shown by shading in figure 9.11. 

The required graph of the solution region of the system is 
the shaded overlapping triangular region ABC (including 
its sides) termed by the three graphs as shown in 


figure 9.12. 
In example (6), we see that the solution region of either Figure 9.11 
System is the shaded triangular region ABC as solution in 

figures 9.8 and 9.12 respectively where A, B and C are 

the points of the solution regions, obtained by the 

intersection of its boundary lines. Such points are 


termedas corner points or vertices of the solution 
region. Thus, a point of а solution region where 
two of its boundary lines intersect, is called a 
comer point or a vertex of the solution region. 
The corner points of the solution region can be 
obtained by solving the associated equations of 
linear inequalities in pairs. 


For example, in example 6 (a) the following three Figure 9.12 

corner points are obtained by solving the associated equations of the inequalities in 
airs. 

Sociis Equations of Inequalities Corner Points 

2х-у=4, x+y=2 A (2, 0) 

2x-yz4, -x + 2y=4 В (4, 4) 

х+у=2, —х+2у=4 С (0,2) 


The graph of a solution region of the system of linear inequalities may be either 
bounded or unbounded. The graph of the solution 
region is bounded if it can be enclosed within 
some circle of sufficiently large radius while the 
graph of the solution region is unbounded, if it 
cannot be enclosed in any circle how large its 
radius may be. In example (5), the solution region 
is unbounded while in example (6), the solution 
region of both systems (a) and (b) is bounded. 

Example 7: Graph the solution region of the following 
system of linear inequalities and find their corner points. Also check whether the 


graph of the solution region is bounded or not. y 
2х+3у <6 
2x-3y <6 
x 20 


Solution: The associated equations of the 
linear inequalities 
2х+3у < 6 and 2Х-3у< 6 
are 2х+3у = 6 @ and 2x-3y =6 Gi) 
The graph of line (i) is drawn by joining the points (3, 0) and (0, 2).The test point 
(0, 0) satisfies the inequality.Thus the graph of the inequality 2x + Зу < 6 is ће 


Figure 9.14 


lower half plane including the graph of the line. The closed half plane is partially 
shown as a shaded region in figure 9.13. ^ 
The graph of the line (ii) is drawn by joining the 

points (3, 0) and (0, —2). The test point (0, 0) satisfies (r9) 
the inequality. Thus the graph of the inequality 

2х— Зу <6 is the upper half-plane including the 


Braph of the line. The closed half plane is partially 

shown by a shaded region in figure 9.14. 

The graph of x2 0 is the right half-plane including 

the graph of the line x = 0 (the y-axis) of the linear y 
inequality x2 0. The graph of x2 0 is partially shown : 
in figure 9.15. The solution region of the given 
System of linear inequalities is the intersection of the "LE 
graph partially shown in figure 9.13, figure 9.14 
and figure 9.15. This region is displayed as the 
shaded overlapping region in (Figure 9,16). Figure 9.16 
The corner points are A(0, 2), В(3, 0) and C(0,2). The graph of the solution 
region is clearly bounded. 


1. Solve the following inequalities and graph the solution set in each case 


@  x*3«7 (ii) -3x-2<4 
(i) Xt*ys2 (v) 2x-3y>6 
2. Graph the following systems of linear inequalities. 


я га -у<1 
(0) 25-35 $12 (й) X-YS 
3x +2у <6 x+y 24 


(iii) 2x + y 24 (iv) 2x + y S 8 
x+ye2 3 Sa Ve (0 
x2 0 y2 0 


3. Graph the solution region of the following system of linear inequalities and find 
the corner points in each case. Also tell whether the graph is bounded or 
unbounded. 


(i) 2x + y S6 (ii) 2x + 3y 26 
x +2y <6 x+ у>4 
x.2 0 y 20 


4. Graph the solution region of the following system of linear inequalities and find 
the corner points in each case. Also tell whether the graph is bounded or 
unbounded. 


(i) 2x +3y € 12 (ii) 2x * y 23 
3x + у = 12 x+tysi 
iu AES x -y22 


9.3 Feasible region 


9.3.1 Define linear programming problem, objective function, problem 


constraints and decision variables 
As mentioned earlier, linear programming consists of methods for finding the 
maximum or minimum value of a linear function in two variables of the form 


f(xy) = ax + by;a, bel, 

where the variables x and y are subject to the set of conditions or constraints given 
in the form of linear inequalities. In order to maximize or minimize the linear 
function f(x, y) = ax + by, called the objective function, we need to find points 
(x, y) that make the function largest (or smallest) possible. Such points occur at 
the corner of the feasible region as the following theorem asserts. 


"The maximum (or minimum) value of the objective function is achieved at one 
of the corner of the feasible region." 
Many practical problems arising in the field of business, economics, the sciences 


and engineering involve systems of linear inequalities. In such problems the 
choice of values of the variables is not entirely free but subject to some 
restrictions. or conditions given in the form of linear inequalities. The 
linear inequalities involved in the problem are called problem constraints. The 
variables used in the system of linear inequalities relating to the problem are 
non-negative and called non-negative constraints or decision variables. 


The graph of the solution region of the system of linear 
inequalities 

х-2у<6 

2x-y22 

х+2у<10 
is given in (Figure 9.17).We observe that the solution ` 
region of the system of linear inequalities is not always 
within the first quadrant. However, the solution region 
сап Бе restricted to the first quadrant if the 
non-negative constraints x2 0, y > 0 are included in 


the system of linear inequalities. [n example 6 (b), 

if x 20 andy 2 0 are included within the system 
of linear inequalities, then the solution region can 
be restricted tothe first quadrant. It is the polygonal 
region ABCDE (including its sides) as shown in 
Figure 9.18 

9.3.2 A region (which is restricted to the first quadrant) is referred to as a feasible 
region. Each point of the feasible region is called feasible solution of the system 
of linear inequalities (or for the set of given constraints). In other words any 
ordered pair (x, y) that satisfies all the constraints is called a feasible solution of 
the system of linear inequalities and the set of all feasible solutions is called a 
feasible solution set. 

Example8: Graph the feasible region of the following system of linear 
inequalities. 


Figure 9.18 


3x +5у < 15 
-y +3y < 3 
x 0 
у > 0 
Solution: The associated equations for the inequalities 
3x4 Sy < 15 and -x +3y <3 
are Зх+5у= 15 (i) and -x+3y = 3 (i) 


The graph of line (i) is drawn by joining the points (5, 0) and (0, 3) by a solid line. 


Similarly, the graph of line (ii) is drawn by joining 
the points (—3, 0) and (0,1) by a solid line. 

Since the test point (0, 0) satisfies both the 
inequalities 30+5у<15 and-x+3y<3, so both the 
closed half-planes are on the origin sides of line 
(i) and (ii). 

The intersection of these closed half- planes 
is the shaded overlapping region as shown in Figure 9.19 


y 


Figure 9.20 


The graph of x20 is partially shown in Figure 9.20. The 
intersection of graphs shown in Figure 9.19 and Figure 
9.20 is partially displayed as a shaded region in Figure 
9.21. 

The graph of y > 0 is partially plotted in Figure 9.22. 
The intersection of graphs shown in Figure 9.19 and 
Figure 9.22 is partially displayed as shaded region in 
Figure 9.23. 


The graph of the given 
system of linear inequalities 
is the intersection. of the 
graphs shown in Figure 9.21 
and Figure 9.23 which is 
indicated as shaded region in 
Figure 9.24. This shaded 
region is the required feasible region of the given system of linear inequalities. 


Example 9: Graph the feasible region subject to the following constraints. 


E (e dE E ie а) 
3x +2y > 6 3x 42y > 6 
x20 x4 oy S 10 The feasible solution 
y 20 p region in example 9(a) 
Is is unbounded while the 


Solution: (a) The associated equations for the oer eO 5 gron 


inequalities 3x- 4у< 12 and 3x+2y 26 bounded. 

are 3x- 4y = 12 (i) and 3x+2y=6 (ii) 
The graph of line (i) is drawn by joining the points (4, 0) and (0, —3) by a solid 
line. Since the test point (0, 0) satisfies the inequality 3x — 4y < 12, so the graph of 


3x - 4y < 12 is the closed half-plane on the origin y 
side of line Зх ~ 4y = 12. The graph of system 
3x - 4y 512 
x20 
y20 


(4,0) 
is partially shown as shaded region in Figure 9.25. 


Similarly, the graph of line (ii) is drawn by joining 
the points (2, 0) and (0, 3) by a solid line. Since the 
test point does not satisfy the inequality 3x + 2y > 6, 
so the graph of 3x + 2y > 6 is the closed half-plane not on the origin side of the 
line 3x + 2y = 6. The graph of system 
3x + 2y 26 


x20 


Figure 9.25 


y > 0 is partially drawn as shaded 
region in Figure 9.26. 
The graph of the system 
Зх — 4y € 12 
3x + 2y 26 
х 
y 
is the intersection of the graphs shown in (Figure 9.25) and Figure 9.26 
figure 9.26 and it is partially displayed in (Figure 9.27) as shaded region. 
This shaded region in the graph of the feasible region subject to the given 
constraints. 


ум м 
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Corner Points: (2, 0), (4, 0), (0, 3) 
(b) The graph of the system 
р 3x - 4y <12 
Зх + 2y 2 6 
- х> 0 


> 0 is partially shown in Figure 9.27 


<= 


The graph of the system 


x + 2y < 10 
x20 
y > 0 is shown by shaded region in figure 9.28 


The graph of the system 
Зх — 4y €12 
3x + 2y 56 Figure 9.28 
x + 2y € 10 
x20 
y 2 0 is the intersection of the graphs shown in figure 9.27 and figure 
9.28 and it is indicated in figure 9.29 as shaded region. ў 
Corner Points: 
2.0, 40. (+.2).0.9 e» 


9.4. Optimal solution 

9.4.1 There are infinitely many feasible solutions 
in the feasible region. The feasible solution which 
maximizes or minimizes the objective function is 


called the Optimal Solution. Figure 9.29 
The procedure for finding the optimal solution (maximum or minimum value) of 
the objective function f(x, y)= ax + by, subject to a set of linear constraints 
(inequalities) in variables x and y is as following: 


9.4.2. Procedure for determining optimal solution 


Step-1: Determine the feasible region by graphing the linear inequalities 
that form the constraints. 
Step-2: Find the corner points of feasible region by solving two equations 


at a time of the boundary lines of the feasible region. 

Step-3: Compute the value of the objective function f(x y) = ax+by at each 
of the corner points. 

Step: To find the optimal solution, select the largest value computed in 
step-3 if f(xy) = а x+by has to be maximized, and select the 
smallest value if f(x, y) = ax + by has to be minimized. 

Example 10: Find the maximum and minimum values of the function 

Дх, y) 22x + 3y subject to the constraints 


3x- y 2-1 
к+ уз 
х> 0 
y2 0 


Solution: The graph of the inequality 3x — y >- 11s the closed half-plane on the 
origin side of the line 3х— у = — 1 and the graph of the inequality x + y <5 is 
the closed half-plane also on the origin side of the line x + y = 5. 

The graph of the system 


3x- y2-l 
x+ ys 5 
0 
0 


is shown as a shaded region in Figure 9.30. 
This shaded region is the feasible region. 
We see that the feasible region is bounded 
and its corner points are O(0,0), A (5, 0), B(1, 4) 
and C (0,1). Evaluating the given function 

f(x, y) at the corner points, we get 


Figure 9.30 
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f (0,0) = 2(0) + 3(0) = 0 
f (5,0) = 2(5) + 30) = 10 
#(1,4) = 2(1) + 3(4) = 14 в 
f(0, 1) = 20) + 3(1) = 3 
Thus the minimum value of f(x, у) is 0 at ће corner point О(0, 0) and the 
maximum value of f(x, y) is 14 at the corner point (1, 4). 
Example 11: Find the maximum and minimum value 
of the function f(xy) = 4х+ 2y subject to the constraints 
x+2y<8 
х+ у<5 
2х+ у<8 
x20 
y20 Figure 9.31 
Solution: The solution region of the system 
x+ у<5 


—+ 


In example 11, the function f(x, у) has maximum 
2x4 y $8 value at two comer points (4,0) and (3,2). It follows 
x20 that f(x, y) has maximum value at all the points of 

y20 the line segment between the points (3,2) and (2,3). 


is the shaded region OABCD shown in figure 9.31. We see that the feasible 
region is bounded and its corner points are O(0, 0), A (4, 0), В (3, 2), С(2,3) and 
D (0, 4). We compute the values of the function f(x, y) at the corner points to find 
its maximum and minimum values. The value of f(x, y) at the corner points are 
given in the following table. 


г = 


Ws 5 
From the above table, we see that the minimum value of the function f(x,y) is O at 
the corner point (0, 0) and the maximum value of f(x, y) is 16 at the corner points 
(4, 0) and (3,2). 
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9.4.3. Real life LP Problems 

To solve a linear programming problem, first formulate a mathematical model of 

the problem and then use the procedure given in section 9.4 to solve it. 

Mathematical formulation of a linear programming problem 

The mathematical formulation of a linear programming problem involves the 

following basic steps: 

Step! Identify the decision variable and assign symbol х and y to them. These 
decision variables are those quantities whose values we wish to determine. 

Step 2 Identify the set of constraints and express them as linear equations / 
inequations in terms of the decision variables. These constraints are the 
given conditions. 

Step 3 Identify the objective function and express it as a linear function of 
decision variables. It might take the form of maximizing profit or 
production or minimizing cost. 

Step 4 Add the non-negativity restrictions on the decision variables, as in the 
physical problems, negative values of decision variables have no valid 
interpretation. 

Example 12; A furniture dealer deals in only two items, viz., tables and chairs. 

He has Rs. 10,000 to invest and a space to store at most 60 pieces. A table costs 

him Rs. 500 and chair Rs. 200. He can sell a table at a profit of Rs. 50 and a chair 

at a profit of Rs. 15. Assume that he can sell all the items that he buys. Formulate 
this problem as on LPP, so that he can maximize the profit. 

Solution: Let x and y denote the number of tables and chairs respectively (x and Y 

are decision variables). 

The cost of x tables = Rs. 500 x, The cost of y tubles = Rs. 200 y 
Therefore, the total cost of x tables and y chairs = Rs. (500 x + 200 ), which 
cannot be more than 10000. Thus 500x + 200) < 10000 (Constraint) 

Also, x + y € 60 (constraint) as the dealer has the space to store at the most 60 

items. It is obvious that x z 0, у> 0 (non-negative restrictions) as the number of 

tables and chairs cannot be negative. 

Profit on x tables = 50x, Profit on y chairs = 15y 
Hence, the profit on x tables and y chairs = Rs. 50x + 15у (objective function), 
Obviously, the dealer wishes to maximize the profit Z= 50x + 15у 
Thus, the mathematical formulation of the LPP is 
Maximize Z = 50x + 15y subject to the constraints 

5x + 2у< 100 
x4 ys 60 
x20, у>0 


Example 13: A factory produces two types of food containers A апа В by using 
two machines M, and M;. To produce container A, M, works 2 minutes and M3, 4 
minutes. Similarly, to produce container B, Mj, works 8 minutes and M», 4 
minutes. The profit for container A is Rs. 29 and for B is Rs. 45. How many 
container of each type should be produced so that a maximum profit can be 
achieved? 


Solution: Let x = the number of container A per minute and 
y = the number of container B per minute. 


If per hour production of M; and М» is x container A and y container B, then the 
profit per hour is given by the profit function P (x, у) = 29x + 45у. 


The constraints are 
2x+ 8у< 60 (Resulting from machine Му) 
4x+ 4у< 60 (Resulting from machine M2) 
x 
y 
The above system of linear inequalities/ constraints can be written in the 
following simplified form 

х + 4y < 30 

x+ у $15 


20 А А 
зб | (since container cannot be negative) 


x2 0 
y2 0 
We maximize the profit function P under the given constraints. 


As before, graphing the linear inequalities, 
we obtain the feasible region OABC which 
is shaded in Figure 9.32. Solving the equations 
X + 4y 230 and x + у=15, we get x = 10, у=5, 
that is, their point of intersection is (10, 5). 

Thus, the corner points of the feasible region 


are O(0,0), А(15,0), B(10,5) and СО, 2. 


Figure 9.32 


Р(15, 0) =29 (15) +45 g = 
P (10, De 29 (10) +45 (у= 515 


From the above table, we see that the maximum profit is Rs. 515 per hour at the 
corner point B (10, 5). Thus, the optimal production plan that maximizes the 
profit is achieved by producing 10 containers of A and 5 containers of B. 
Example 14: A farmer possesses 80 acres of land and wish to grow two types of 
crops A and B. Cultivation of crop A requires 3 hours per acres and cultivation of 
crop B requires 2 hours per acres. Working hours cannot exceed 180. If he gets a 
profit of Rs. 50 per acres for crop A and Rs.40 per acre for crop B, then how 
many acres of each crop should be cultivated to maximize his profit. 
Solution: Let x = Acres required for cultivation of crop A 

and y = Acres required for cultivation of crops B. 
If P(x, y) is the profit function, then 


P(x, у) = 50х + 40у 
The constraints are 


x+ y< 80 (Restriction of land) 
3x+ 2у < 180 ( Restriction due to time 


x 20 Non-negative constraints, 
since acres cannot be negative 


Figure 9.33 
Graphing the inequalities, we obtain the feasible region OABC which is displayed 
by shading in figure 9.33. Solving x + у = 80 and 3x + 2y =180, 
we get х=20 and у= 60, that is their point of intersection 18 (20, 60). Thus the 
corner points of the feasible region are O(0, 0), A (60, 0), B (20, 60) and C (0, 80). 
We find the values of the function P at the corner points. 


Р(0,0) =50(0)+40(0) =0 

P (60, 0) = 50 (60) + 40(0) = 3000 

P (20, 60) = 50 (20) + 40 (60) = 3400 
Р (0, 80) = 50 (0) + 40 (80) = 3200 


From the above table, we see that the maximum profit is Rs. 3400 at the corner 
point (20, 60). Thus, the farmer will get the maximum profit if he cultivates 20 
acres of crop A and 60 acres of crop B. 


EXERCISE 9.2 


1. Graph the feasible region of the following system of linear inequalities and also 
find the corner points. 


o #2 F VSO (ii) Зх — y 2 -4 
4x + у < 8 Ss & VE SES 
x 20 x2 0 
y 20 у 2 0 
(ii) 2x4 y 2 6 (3) ум 
2x + Зу € 12 2х + Зу < 12 
-х+ ys 2 x- у< 2 
ss em 5 E 0 
у > 0 y 2 0 
2. (i) Maximize f(x, y) = 2x + y subject to the constraints 
x+ys6 
x+y2l 
x,y20 
(ii) Махітіге (х, y) = 3x + Sy subject to the constraints 
2х+3у <12 
3x+2y $12 


xt y22 


3. (i) Find the maximum and minimum values of the function f(x,y)=5x+2y 
subject to the constraints 


2х+ y 22 
х+2у 
х 
y 


ммм 


10 
0 
0 


(i) Find the maximum and minimum values of the function f(x,y)=7x+2ly 
subject to the constraints 


2х+у 22 

б 2х+3Зу< 6 
х+2у <8 

x 20 

y 20 


4. А сотрапу manufactures two models of bicycles, model А and model B by 
using two machines M; and Mz. Machine М, has at most 120 hours available and 
machine M» has a maximum of 144 hours available. Manufacturing a model A 
bicycle requires 5 hours in machine M, and 4 hours in machine Mz and 
manufacturing of a model B bicycle requires 4 hours in machine M; and 8 hours 
in machine М». If the company gets profit of Rs. 40 per model A bicycle and 
profit of Rs. 50 per model B bicycle, how many of each model should be 
manufactured for maximum profit? 


5. A machine can produce product A by using 2 units of chemical and 1 unit 
of a compound or can produce product B by using 1 unit of chemical and 2 units 
of the compound. Only 800 units of chemical and 1000 units of the compound are 
available. The profit per unit of А and B are Rs. 30 and Rs. 20 respectively. 
Determine how many units of each product should be produced to achieve the 
maximum profit. 


6. А company manufactures and sells two models of lamps, L; , I2, Use the 
following table to determine how many of each type of lamps should be produced 
to achieve a maximum profit? 


Model L: Maximum Time Available 
| 2 hours | hour 40 hours 
| | hour ] hour 32 hours 
|[Rs 70 Rs. 50 — 


REVIEW EXERCISE 9 


1. Choose the correct option 

(i) The solution of the system of inequalities x > 0, х—5 < 0 and x > y 
is a polygonal region with the vertices as 
(a) (0,0), (5.0), (5,5) (b) (0,0), (0,5), (5,5) 
(с) (5,5), (0,5), (5,0) (4) (0,0), (0,5), (5,0) 

(ii) Find the profit function p if it yields the value 11 and 7 at (3,7) and 
(1,3) respectively 
(а) P= —8x + 5y (b) p= 8x - 5y 
(c) p= 8x + 5у (d) p= -(8x45y) 


(iii) ^ The vertices of closed convex polygon representing the feasible 
region of the objective function are (6, 2), (4, 6), (5, 4) and (3, 6). 
Find the maximum value of the function f = 7x + 11у 


(a) 64 (b) 79 (c) 94 (d) 87 


(iv) Which of the following is a point in the feasible region determined 
by the linear inequations 2x + 3y < 6 and 3x — 2y < 16? 


(а) (4, -3) 06) (-2,4) (0) 3, -2)  (0G.-4 


(V) Тһе maximum value of the function f= 5x + 3y subjected to the 
constraints x > 3 and y > 3 is 
(a) 15 (b)9 (c) 24 (d) does not exist 


(vi) Maximize 5x + 7y, subject to the constraints 2x + Зу < 12, 
х+у<5,х>бапду>0 


(а) 29 (b) 30 (с) 28 (d) 31 
2. Maximize Z= 4x+3y subject to the constraints 
Зх + 4у<24 
8х + бу <48 


Unit 9 | Linear Programming 


3. А dietician wishes to mix together two kinds of food X and Y in such a way 
that the mixture contains atleast 10 units of vitamin А, 12 units of vitamins 
B and 8 units of vitamin C. The vitamin content of one kg, food is given below: — 


t ——— " Tip 1 


= LAS — Ше! : Ше” EZ FA] 
One kg of food X costs Rs.16 and one kg of food Y costs Rs.20. Find the least 
cost of the mixture which will produce the required diet. 
4.  Findthe maximum and minimum values of the function Z= 5x +10у 
subject to the constraints 
х+2у>120 


х+ у> 60 
x-2y >0 


x, y>0 


Mathemnatics-XI 


D) TRIGONOMETRIC IDENTITIES OF 
SUM AND DIFFERENCE OF ANGLES 


КУУ; 
рУ Opposite 
\ EC 
| meni | 


Use distance formula to establish fundamental law of trigonometry 
e cos(a-B) = cosacos + sinasinB, and deduce that 
e cos(a + В) = созасозВ- sinasinB, 
e sin(ażß ) = sinacosf cososinf, 

tanatianB 

lttanatanf 


мхом 


e tan(atf)= 


* Define allied angles 

* Use fundamental law and its deductions to derive trigonometric 
ratios of allied angles 

e Express a sinO +b cosO in the form r sin(8 +ø ) where a = rcos Ф 
andb- rsing 

= Derive double angle, half angle and triple angle identities from 
fundamental law and its deductions. 

= Express the product (of sines and cosines) as sums or differences 
(of sines and cosines) 

* Express the sums or differences (of sines and cosines) as products 

(of sines and cosines) 


QOz—zmrmr 


имзоозсо 


10.1 Introduction 


In the previous class some basic trigonometric identities have been proved 
and applied to show different trigonometric relations. This unit is a continuation 
of derivations of different trigonometric identities. These identities play an 
important role in calculus, the physical and life sciences and economics, where 
these identities are used to simplify complicated expressions. 


We shall first establish the fundamental law of trigonometry so as to be 
able to deduce other trigonometric identities. a 


10.1.1 Fundamental law of trigonometry 
cos(a— В) =cos cos f] - sin їзїп Й#.......(1) 


А(соѕ а, Sin a) 


Consider the given unit circle with 
centerat O. x 


To establish the identity (1), we use the unit 
circle shown in Figure 10.1. The angles a 
and В are drawn in standard position, with 
OA and ОВ as the terminal sides of a and В, 
respectively. 

The coordinates of A are (cosa, sina), 

The coordinates of B are(cosf, sinf). 


The angle (а-В) is formed by the terminal sides of the angles a and В. An angle 
equal in measure to angle (af) is placed in standard position in the same figure 


(ZCOD). 
From geometry, if two central angles of a circle have the same measure, then the 


respective chords are also equal in measure. Thus the chords AB and CD are 
equal in length. Using the distance formula, we can calculate the lengths of the 


chords AB and CD. 
The length of a line segment with end points (xi, y1) and (x2, y2) is given by the 
following distance formula 


d =| АР, | = уо) * Y. 
We apply this formula to the chords ABand CD. 
As | AB |= | Ср |, so by distance formula, 


(cos æ -cos В)? + (sin a-sin By = “[соѕ(а – В) -IF + [sin(a— ВР 


Figure 10.1 


x 


Squaring each side of the equation and simplifying, we obtain 

(cosa — сов В)? + (sing -sin B)! = kosta- 5-1) + [ sin(a— B 

=> cos*à—2 cosacos В+ cos! В ^ sin’a—2sinasin + зїп? В 

= cos (a— В)-2 cos(a- f) X14 sin (а- B) 

=> cos’at sin ar cos? В+ зїп? B—2cosacos B — 2sinarsin В 

= cos (a— В) + sin’ (а – f) 1-2cos(a- B) 

Simplifying by using вїп^Ө + cos"0 = 1, we have 

2-2sin asin 8 —2cosucos B = 2—2cos(a— В). 

Solving for cos(a-f), it gives us 

cos(a— f) =cosacos J + sin asin В 

We refer to (1) as fundamental law of trigonometry. 

10.1.2. Deductions from the fundamental law of trigonometry 
The following can be deduced from the fundamental law of trigonometry 

which are useful and play a significant role in proving the other trigonometry 

identities. 

G) cos(-) =cos 8 

By Fundamental Law of Trigonometry, 

cos(ar— J) «cos arcos В+ sin asin В 

Letting (—0, we get 

cos(0— В) =cosOcos £ + sin Osin В 

cos(-) =1-cos B - 0- sin В 

cos(-) =cos В 


(i) сов A)=sin В 


By Fundamental Law of Trigonometry, 
cos(@— J) =cos œcos J + sin sin £ 


Letting & = T we get 


cos% - В) 7cos cos Bt їзїш B 


то Ф 


= cost — f) =0-cos f +1-sin f (: cos ом =1) 


b. со B) =ѕіп B 
see? 
(Шш) иш, +@)=cosa 
By identity (2), cost - В) =5іһ В 


Letting Bea „ме get 


(2-34 a) =sin e а) = cos(-a) = (я + a) 
DENA 2 2 

— cosa =sin (z+ a) (7: cos(—a) = cosa) 

ds а +a)=cosa 

(iv) cost ar) =-sing 


By Fundamental Law of Trigonometry, 
cos(a — fj) =cosa@cos В+ т ат В 


Letting B--5. we get 
cosa - (C7) =cos acos-7) +sin азі 2 
= costars Z) =cosa@-0+sina(-}) 


i cos(- 7) = cost = 050-2) = —5іп я -4] 


л 3 
5k tos, +Q)=-sing 


(v) cos(a@+ В) =cosacos f. — sin sin B 


By Fundamental law of trigonometry, 
cos(a— В) =соз æ cos 3 t sin asin В 


Replacing ДЪу—/8‚ we get 

cos(æ-(-2)) «cos acos(—f)+sin rsin(-) 
<.cos(@+f)=cosacosf-sinasinB (> cos(—f) = cos f, sin(-8) = -sin В) 
(vi) sin(æ + В) =sin cos B +cosasin B 

By identity (5), cos(æ+ В) =соѕ arcos f -sin sin В | 


Replacing с Буча, we get 
вы (на) + р) (£o cos sin £a sing 
2 2 2 
= cos (2+ В)) а (+ coos sin (+ a) sin В 
By using identities (3) and (4), we get 
sin (æ + £)=sinacos f + cos æsin В 
(vii)  sin(æ-— B) =sin асов J -cos æsin В 
By identity (6), sin (æ + В) =sin æ cos В +cosarsin В 
Replacing Bby—f, we get 


зїп (а +(—8)) =sin ecos(-7)- cosasin(-7) 


= зїп(@— B) =sin æ (cos )+ соз ®&(—5їп В) 
(-- соз(— 8) = cos В, sin(-f) = —sin В) 


-.sin(a@—f)=sinacos B-cosa@sin В 


(vii) — tan(-8)- -tang 


tan ar tan В 


d mud Um 


sin(@+f)  sinacos B+cosasin P 


mea cos(a+ B) . cosacos f — sin æsin f 


Dividing numerator and denominator of R.H.S by cos acos f, 


sin æcos f + cos sin В sina cos В + £08 asin 8 


cosa cos 3 _ 208 @с08 cosacos Д 
cosacosf/-sinasinf/ cosæcosĝ sin &sin Å 
cosacos В cosacosf cosacos В 
sing , sing 
cos соѕ В 
эпа sin 
cosa cos В 


tan(a+ 8) 


. tana—tan B 
— 1+ подав д 
tan æ+ tan В 
1—tan атап f 


(x) tan(a— f) 


By identity (ix), tan(a+8)= 
Replacing by — ме get 
tan a+tan(~f) 
t -(-B)-——————— 
tan zt (—tan 8) 
1-tana (—tan £) 
tanz—tan В 
l+tangtan В 
Example 1: Find tan15? exactly. 
Solution: We rewrite 15? as 45?— 30? and using the identity 
tan a—tan f 
1+tan слап В etl 
un15* = tan(45* 30°) = mnáS'-tan30 ___ 43 _ 43-1 3-43 
1+tan 45” tan 30° mm /з+1 з3+/3 
3 


= tan(a@—f)= (ап В) = —tan В) 


лап(а- 8) = 


tan (aA) = 


Example 2: Find the exact value of: sin 42?cos12? — cos 42°sin12°. 
Solution: Using the identity sin(a — В) =sinacos В —cos sin £ 


sin 42?cos12? — cos 42°sin 12° = sin (42? —12?) = sin 30° = 5. 


Example 3: Given sina = and cos 8-2, where æ and Д are in the first quadrant. 


Find in which quadrant does (a +£) lie. 

Solution: Given thata, Д are both in the first quadrant. Since cosine is positive in 
the first quadrant and negative in the second quadrant, therefore, cos (a + 8) will 
decide the quadrant in which (a+ 7) lies? 


cos (a+) = cosacos В -sin asin В (1) 


z 
As cos*a@=1-sin’ g, putting sin? а = (22) = 14 


dos a a 2. 
169 169 169 


cosa = #5. But cosa is +уе in the Ist quadrant, 


: 5 
лсоѕа = +> 
13 
As біп? /-1—cos? £, putting in it cos? f= x 


But sin £ is +ve in the Ist quadrant, 


p 4 
«sin f= 5 


Putting nnd of sin a, cosa, sing and cos В in (1) 
сне 


Since со5(а + B) is negative, it follows that (2+ 2) is in the second quadrant. 


H8) SA 5231 
65) 65 65 


10.2 Trigonometric ratios of allied angles 


EJ 
2 
Thus the angles which are connected with basic angles of measure 9 by a right 

angle or its multipie are known as allied angles. 


10.2.1 The angles of measure i60, +0.2л+0 are called allied angles. 


10.2.2 Derivation of trigonometric ratios of allied angles 
All the following trigonometric ratios of allied angles can be derived from the 
fundamental theorem of trigonometry and thus has been left for the students as an 


exercise. 
13 sin (2-0) cosa А 
ii,  cos(2-0)=sine , 


iii. tan (7-8) =cot 0 D 


iv. яп (л-9) -sin8 , 
v. sin (л+8) =-sin@ , 
vi. tan(z-0)--tan 8 , 


vii. sin (3260) =- cose " 
Rer Ал, 
sin (= +6) =—cos@ T 


ix. tan (E40) = cote , 


х. sin (21-9) =-зш@ , 
XL sin(2#+@)=sin@ , 
xi.  tan(2z-0)--tan8 , 


sin (2+0) =cos? 
cos (5+8) =~sin 6 


tan (5+9) =-cot 8 


соѕ (1-0) =-cosé 
cos(#+@) z—cos8 
{ап (1+9) =tan 8 


cos (20) =-sin д 
cos (#40) =sin 8 


tan (220) --cot 6 


cos (277-8) = соѕ6 
cos (242-0) = cosa 
tan (22+0) =tan 9 


Note: 1. The above results also apply to the reciprocals of sine, cosine and tangent. 
These results are to be applied frequently in the study of trigonometry. 
2. They can be obtained by using the following two-steps procedure: 


a) 


First quadrant 
Second quadrant 
[Third quadrant 
Fourth quadrant 


b) If we have 5 or = in the formula, the formula changes sine to cosine and 


cosine to sine, tangent to cotangent and cotangent to tangent, secant to cosecant and 
cosecant to secant. If we have п or 2m in the formula, the function does not change. 
Example 4: Simplify each expression, given that 0 < x <п/2. 

@ sin (W/2 + x) (ii) cos(m/2 +x) Gii) (ап(3т/2 + x) 

(у)  cot(2t-x) (v) вїп(т + x) (vi) cos(27 +x) 
Solution: (i) (п/2 + x) is in the second quadrant, so sin (1/2 + х) = cosx 

(i) (1/2. +x) is in the second quadrant, so с05(п/2 +x) =—sinx 

Gii) (31/2 + x) is in the fourth quadrant, so tan(31/2 + х) =—cotx 

(iv) (2т-х) is in the fourth quadrant, so cot(2m—-.x) = —sinx 

(v) (+x) is in the third quadrant, so sin(1t+ x) = —cotx 

(vi) (2m + x) is in the first quadrant, so со5(2т + x) = cosx 
cos(90°+x) + sin(270°—x )+sin(180°—x) 

cos (—x)—cos(360°—x) + sin(90° +x ) 


cos(90°+x) + sin(270°—x) + sin (180^ x) 
cos (—x)—cos(360°—x) + sin(90°+x) 


Example 5: Simplify 
Solution: 


COSX — COSX + COSX COSX 
Example 6: If a, В, y are the angles of A ABC. Prove that 
i) tana + tanf + tany = tana tanBtany 
ii) {шп © tan ten tan” + tan? tan =-1 
2 2 2 2 2 2 
Solution:Asa,, В, y are the angles of AABC ^а + В +y = 180° 
i) a4 В = 180° y 

tana + tanĝ 


= tany 
1- tano tanB 


tan (a + B) = tan (180 — y) 


=> tana + tan = — tany + taha tanfi tany 
- tang + (апр + tany = tana сапр tany 


ii Asa+Bay=180 es DP tenens 
ii) sa+B+y 2*3'3 


LAM) 
tan — + tan — 

2 = ео = И аата аа. 
pun tan Y 2 2 2 2 2 2 


2NM2 2 


er ine tan ton tan (ап =1 
PA on BS 27 2 


10.2.3 Writing a sin? + bcos Ө in the form rsin(¢+¢) where а =rcos¢ 
and b= r sin ¢ 
Writing asin 9+ bcos @in the Form rsin( 6+¢). 


Let P(a, b) be a coordinate point in the plane and let 9 
be the angle with initial side x-axis and terminal side 


the ray OP as shown in Figure 10.2. 


Figure 10.2 


We can express a sing + b cos@ in the form г sin(8* 9) 
where г = Ja?+b? and ф is given by the equations rcosó =a and rsing = b. 
The method is explained through the following example. 
Example 7: Express 5sin 9 + 12cos @ in the form rsin (9+6), where the terminal 
side of the angle of measure @ is in the 151 quadrant. 
Solution: Identifying 5sin8 + 12cos@ with r sin (9+9) gives 

5 sing + 12 cos8 =rcos@ sing + rsinócos8 (1) 


50 S=rcos@ and 12=rsing 


n гены = J6) +02" = 4254144 = Vi69 = 13 
and ғс05ф = 5 => 136059 = 5 => cosp, 
rsing= 12 = l3sinġ=12 = sing= в. 


Thus, from (1) we get 
5 sinô + 12 соѕб= (5, 


sin 0+ cos e 
13 13 


13 (= 9+ «зөт - = г (зїп @соз @+ соз@5їп $) 


rsin(@+¢) where sing = M. совф= and r = 13 


Write each of the following as a trigonometric function of a single angle. 
({)sin37° cos 22° +cos37° sin 22° (11) cos83° cos 53° + sin 83” sin 53" 


(11) cos 19° cos5° ~sin 19” sin 5° (iv) sin 40° cos15° — сов 40° sin 15° 
v tan 20° + tan 32? б) tan 35° —(ап12 
1—tan 20° tan 32 1+ tan 35° tan12” 


Evaluate each of the following exactly. 


© sin Gi) tan75* (iii) tan 105° (уап Е (V) сов15” (vi) sin = 


If sinu== and siny =< and u and v are between 0 and = , evaluate 
each of the following exactly. 

G)cos(u+v) (i)tan(u-v) (iii)sin(u—») (iv)eos(u—v) 

If sina=—4 and cos A =-12, a in Quadrant III and А in Quadrant П, 


find the exact value of: 
(1) вп (а-4) (ii) cos(a+f) (iii) tan(a@+) 


Iftana=2, sec = 1З, and neither the terminal side of the angle of 


measure а пог f in the first quadrant, then find: 

(1) sin(at+f) Gi) cos(a+f) (iii) tan(a+f) 
Show that: 

(i) cosa= 2.005” 5 —151-2sint 7 

(ii) sin (a+ £) sin (a- 8) 2 cos? В —cos^ a 


Show that: (i) cot (a+ p) = СЕ а) BELA = =tana+ tang 


сха+си f 
Prove that: (i) tan (2+0) = SERENE Gi) tan (4-0) = cent 


tan(a+f) _ tan? аи? f Gv in —tan@tang _ с08(9+$) 
1+tan@tang@ с05(9-$) 


G aA =) тв? tan? f 


10.3 


wal 
for sin— 6, cos 
2 


sin& А Teose 


Prove that: = sin58 


sec4@ соѕес4б 
Show that: sin (180° — @)cos (270° — æ) cf 
sin (180° + )cos (270°+ a) 
If a, B, y are the angles of a triangle ABC, show that 
pu in Cer КОДУ ga y 
соц eot x cot 5 =cot соо 2 
На+ B+y=180°, show that cotacotf +cotBcoty + соёусоїа =1 
Express each of the following in the form r sin (0+0) where terminal ray 
of 8 and ¢ are in the first quadrant. 
(i) 4 sin Ө +3 cos. (i) 155іп 9 4 8cose. 
(ш)  2sin 8 —5cos8. (v) sing *cos8. 


Double, Half and Triple Angle Identities 
In this section we derive formulae/identities for sin2 0, cos2 @ and tan28 
1 


E! Ө and ип. and for sin3 9, cos36 and tan3 @ called 


double angle, half angle and triple angle formulae respectively. 


10.3.1 


Double Angle Identities 


We know that. sin («+ 8) = sinacos В+ cosasin B (1) 


and 


cos (æ+ 8) = cose cos Й— sino sin 8 (2) Putting =e in (1). 
sin (@+a@)=sinacosa + cose sina 
sin 2@ = 2 sing cos a (3) 


Now putting #= in (2) 
cos (@+a@) = cosacosa —sinasina 


cos 2a =соз? æ —sin^ a (4) 
Putting сов? æ =1-sin? а in(4) (~ sin?@ + cosa =1) 


cos 2 а -1—sin* a -sin^ a 


cos2a 21-2sim^a. (5) 


Now putting sin? а = 1 — cos? о in (4) 


cos 2a — cos? a - (1- cos? a) 


cos 2a = cos? — 1 cos? a 


соз 20 22cos?a —1 (6) 
W а tana+tan В А e 
e also know that tan (a+ ) VETUS Putting @=@ 
tan (а+а) = гше ьш. 
1—1ап a. tan @ 
21ana 
tan2@ = 
OF EE 0 


Example 8: Given that tang = 4 and Ө is in the quadrant II, find each of the 


following. 
i) cos28 ii) cos28 
iii) їап20 iv) The quadrant in which 20 lies 


Soultion: By drawing a refernce triangle as shown, 
we find that 

{ 3 4 

sin@=— And cos@=— 

5 5 


Thus we have the following. 


i) sin 20 =2sin 98-22 (-3)--55 


Figure 10.3 
g 2 2 
ii) cos28= cos" -sin 9 =(-2) -(2) т 
3 3 
200280 Ay uim а ore” 
27 7 


Ü iiie ЭЗ] LE 


Note that tan20 could have been found more easily in this case simply as 
following: 

tan26 = sin2@ __25_ 24 
cos20 L 7 


iv) Since sin28 is negative and соѕ2 0 is positive, we know that 20 is in 
quadrant IV. 
10.3.2 Half Angle Identities 
Wehave | cos2a 21-2sin'a— 2sin?a@=1-cos2e@ 
= Ere 1-cos2a 


(8) 


(9) 


If £ lies in the first or second quadrant then we will write the identity (9) 


with the positive sign i.e. зіп 2 = LER 


If i lies in the 3rd or 4th quadrant, we will write the identity (9) with the 
negative sign i.e. 

m l-cosB | 

с=т 
Also we know that 

cos 2 a 22cos^ a -1 => 2с05? а = 1 +с0520 


> cos? а = 1759824 > сова =a [Henz Putting а = 5 


(10) 


(11) 


H 1 
КОКЕ. 1. 2-1 Viu». b-5 
8 2 т 1 W424i 326+) \2+7 
4 V2 
Е 2—2 2-42 _ оде 6-442. ов 
42+ 2-2 4-2 S xw ae 


The identities that we have developed are also useful for simplifying 
trigonometric expressions. | 


Example 10: Simplify each of the following. 


— херек b) 2sin?Ž+cosx 
Pus 2x 2 
sinxcosx 2 sinxcosx _ 251 хсозх 
Solution: C БУС ТЕД ОЕ T A 
1 S2x —cos2x "t 
2 2 
Some tan2x — (usingsin 2x — 2sin xcosx) 
cos2x 


l-cosx LUE. 1—cosx x l-cosx 
b 2sin? = + oss (Icons +cosx| usingsin - =+,/———, or sin — —— —— — 
du ied 2 nr \ 2 252 


=1—совх+созх =1. 


| 


10.3.3. Triple Angle Identities 
We have sin3 a= sin (2a a )- sin2a cos g+ cos2a sina 
= 2sinacosa cosa *(1-2sin?a)sine (By (3) and (5) ) 


= 2510 acos*a+ sina- 2sina 
-2sina(l- зїп?) + sina-2sin?a (~ sin? + соа= 1) 
—2sina —2sin3a + sina —2sin?az 3sina — 4sin?a 
4. sin3az:3sina - 4sin?a (12) 
cos3 а= cos (2a ta) 
= cos2acosa- sin? asina 


= (2cos?a- 1) cose — 2sinacosasina (by (3) and (6) ) 
= 2cos3a@— cosa — 2sin?a cosa 
= 2cos?a—cosa – 2 (1 —cos?a)cosa (7 sin? + cos?a= 1) 
= 2cos3a —cosa —2cosa@ + 2с053 æ= 4cosa — 3cosa 
^. 6083 a= 4с053а — 3cosa n (3) 
2tana 
< tang 
tana =1ап (2а+о)= 1812010010 _ l-an? (Ву (7)) 
1— (ап 200ара , 21а _ 
1-tan?a 


2tan a + tan x (1 — tan? о) 


С, l-ten?g .3una-tan!g 
1—tan* e-2tan? с 1- Зап? 
1- 12а 
> an3a Запа- tan? a (14) 


1-3 tan2@ 


sin2x cos2x 
siny cosx 


Example 11: Prove the identity = secx, 


Р : Talg 
Solution: БС Baum Cos INO sim OS x M cosine = SIDE (i itle 


sinx cosx sinx cosy angle idnetities 


2 РЕ | 
cos! x—sin^x 
z2c08x————— —— simplifyin; 
Y (simplifying) 


_ 2608? x cos" x sin" x 
cos x 


(taking LCM and simplifying) 


. cosx-sin'x — 1 


=secx 
cosx cosx 


We started with the left side and obtained the right side, so the proof is complete. 
Example 12: Prove the identity 
sin?x tan^x = tan? x—sin? x. 
Solution: For this proof, we are going to work with each side separately. 
We try to obtain the same expression on each side. 


Б La 
А ; зіп? х} sinx 
sin^x tanx = sin! x| 2—5 |=—z—-.-..) 
cos!x) cos'x 
sin? x sin x 
tan? x—sin? х= —4- -sin? x «tanx == 
cos? x cosx 


sin x—sin? xcos” x (Taking LCM) 
cos? x 


sin ? x(1- cos ? x) 
=—— тт (Factoring) 

cos x 
. sin? xsin? x 


(Recalling the identity 1— —cos? x=sin x) 
cos? 


cos! x 


We have obtained the same expression from each side, so the proof is complete. 
Example 13: Find the exact value of cos 105°. 


Solution: Because 105° - jo we can find cos 105? by using the half-angle 


identity for cos a/2 with а= 210°. The angle a/2=105°lies in Quadrant П, and the 
cosine function is negative in Quadrant II. Thus cos 105?« 0, and we must select 


the minus sign that precedes the radical in cosa i Lee to produce the 


correct result. 


соѕ105° = Пес 


Example 14: Show that, 


sin’ ө = 2 — Lcos 28 + Lcos 48 
8 2 8 


Solution: L.H.S =sin = (5178)? 


_ {i-cos2é P Soh ae | I7 c0526 
= (Ese ) (- sin OS че: ) 
- Dieser дө 1 + [1-2 cos 2 Ө+соз?2Ө] 
= п П -2 соѕ20+ Ecos d (+ соз220= 2508107 
4 2 2 
zu [| menn s: Д [3 – 4 cos 20+ cos 48] 
4 2 8 
3E 1 3 1 1 
ZI 20+ — sa сох = 
Fite 505 + zeas 48 ТЕР сова 3508 48zR.H.S. 
sin’ taz? lentos Шү 
niodo 3 
Example 15: Prove the following ИЕ 
(i) sin29 = 21020. (ii) sin 40 — 8sin cos? @—4sin 9соз@ 
l+tan* 0 


2ng _, шо 
+6120 ~ sec’8 


Solution: (i) R.H.S = i (tan? a 1— sec? а) 


= 2-tan @cos? 9 (+ cosa vale 


=2sin@cos@ 


=sin20 
(ii) sin 40 = 8sin cos! Ө—4зїп 9соѕ0 
L.H.S«sin48 z sin[2(26)] 
=25іп20с0520 (Use sin2a —2sinacosa, with а= 20) 
=2(2sin @cos@)(2cos? 8—1) = 4sin 8cos Ө(2соз* 81) 
= 85іп Gcos! @—45їп @соз@ = R.H.S 


EXERCISE 10.2 | 


1. Find the values of sin 20, cos2@ and tan 20, given tang -—L віш quadrant II. 


2. If sing and terminal ray of 6 is in the second quadrant, then find 


(i) sin28 (i) с052 8 Gii)  tan28 | 

3, Ifsine = and terminal ray of @ is in the second quadrant, then find 
E б. Ş 8 
@) sin2 6 (ii) cos 

4. Ifcos o=-3 and terminal ray of @ is in 3rd quadrant, then findsin$. 


5. Use double angle identities to evaluate exactly. | 


@) sin di) cos 

. 6. Use the half-angle identities to evaluate exactly. 
i) cos15* ii) tan 67.5" ii) sind 12.5" 
(i) Gi) ) 
iv) cost. v) tan75" у ЕЕ 
Gv) (у) (vi) 


12 


8 


© со 


Prove the following identities: 


i и П T e 09 2 
() —ecos'8-sin'8- Soe (ii) бапо 
@ с (iv) cosec20 —cot20 = (ап0 
14cos 20 
sin38  co3f _ sin3@ , соз3@ 
o S38. 932 22 (yj S838 + 22838 2200120 
cos'0—sin'O 2-sin20 20570 
ү) Е Hii =2 cos 0-t sin 28 
VO зүн я Whi) ein 
1 1 
ix) cot2@=—| cot@——— 
ES At zs) 
(x) Sin G24 0080 + =e д 2 tan 2a 
cosa—sina cosat+sina 
; c. sinc ү €osecü-cotü _ 18 
МШЕ en Матра а 
1=tan? 2 
(xiii) cos? = 10е у стр ы 
2 2—2с058 I+tan? 7 


(ху) sin2@—4 5їп`Ө cos@ = sin28 соѕ20 


. Write со$@ in terms of the first power of one or more cosine functions, 


. Prove the following identities: 1—tan?20 
(i) sin4@=8sin 0 соз? @—4вїп@соз@ (i) со140= 728 
cot? 9—3cot 8 
M) CONSE = e 
ш) 3co 8-1 


10.4 Sum, Difference and Product of sine and cosine 
10.4.1 Converting Product to Sums or Differences 


and 


We know that 
sin (0+ P) = sin & cos 2 + cosa sin В (1) 
sin (®— £) = sin & cos £ — cosa sin 8 (2) 


Adding (1) and (2) we get 


sin (0+ 5) + sin (a— £) = 2 ѕіпосоѕ В 


-. 2 sinacos В = sin (a+ £) + sin (0—8) (3) 

Now Subtracting (2) from (1) 

sin (a+ £) — sin (0.- 8) = 2 cosa sin £ 

/.2 cosa. sin В = sin (0+ 8) — sin (0-2) (4) 
We also know that; 

cos (0+ В) = cosacos Й — sinasin В (5) 
and соз (0-8) =cosacos В + ѕіпоѕіп В (6) 

Adding (5) and (6) we have, 

2.2 cosacos J = cos (0+ P) + cos (a- P) (7) 


Subtracting (6) from (5) we get, 
—2 sinasin B = cos (0+ 8) — cos (0-8) 
л. 2sina sin В = cos (0—8) — cos (+8) (8) 
So, by converting products into sums or differences we get the following four 
identities: 
2 sinacos В = sin (0+ P) + sin (0-8) 
2 cosa sin 2 = sin (a+ 2) — sin (0-5) 
2 cosacos B = cos (+ P) + cos (0-8) 
2 sinasin В = cos (a— 8) — cos (a+ £) 
These identities are usually called the Product-to-Sum formulae. 


Example 16: Write the product 2 sin 5@cos 3 @ as a sum or difference of sine 


and cosine. 
Solution: Using the identity 2 ѕіпасоѕ В = sin (0+ £) + sin (0-8) 


We have, 
2sin 50с053 0 = sin (58 + 30) + sin (50-30)= sin 86 + sin 28 


Example 17. Express $110 @cos 48 as a sum or difference. 
Solution: Using the identity 2 sinacos # = sin (a+ £) + sin (a — £) 


We һауе, sinacos = 1 [sin (a+ 8) + sin (a – 7)] 


sinl0@cos 48 = 5 [sin (108 + 40) + sin (108 – 46)]= р (sin 14 0 +5168) 


Example 18: Write the product 2 cos 45° cos 15° as а sum or difference. 
Solution: Using the identity 2 cosacos £ = cos (0+ 8) + cos (0-8) 


We have, 
2 cos 45° cos 15° = cos (45°+15°) + cos (45° ~ 15°) 
= cos 60° + cos 30° 
10.4.2 Converting Sums or Differences to Products 


Substituting © = ae and 2 = —— Ф in the four identities of section 10.4.1,we get 


These identities are usually called the sum-to-product formulae. 
Example 19: Convert the sum sin16° + sin12° into product, 


Solution: We know that, sin Ө + sin ф= 2sin ae cos—— = 
t 


sin 16° + sin 12° =2 sin 
= 2 sin 14? cos 4° 
Example 20: Express соѕ40 — cos20 as a product. 
Solution: We have соѕ Ө – соѕ ø =-2sin = sin 2 


16°+12° 16°—12° 
ооба Ul os 


3.4287 
=2 5іп Beost 


~. cos40 — cos28 z-2sin 40110 Fin eae 


2 


--2sin E = 22 sin 30 sin® 


Example 21: Show that 28—08 = чап 1 + (0-7) 


sina+sin В 
_ ath. a-B ‚ а-В 
Solution: L.H.s- 999-5955 = aa Fg a ай 
sina+sin J (= ath... 
2 


=-tan — 5 (oA) = R.H.S 


Example 22: Show that sin 50 + 2 sin 30 + sinf = 4 sin 3@cos* 8 
Solution: 
LHS = sin 58 +2sin30 + sin = (sin 50 + sin30) + (5138 + їп 0) 


= (50:20) (25726 +25 in( 3242) cos(*%*) 
2 d RE) 2 


=2 sin P cos? +2 5п Be cos 72 - 2 140050 +2 sin 26cos 8 


= 2 cos8 (sin 40 + sin20) = 2cos8 [oss (ses (sese 


= 2 cos (2sin 36cos8) = 4 sin 36cos? Ө = R.H.S. 


sey cos@+cos@ == 
sin38 -sin 8 )\ cos 30 — cos 


Example 23: Show that ( 
Solution: 


ne (= 36 * sin а= (28 2006), 2соѕ20с050 ) 


sin3@—sin@ A cos38 — cos 8 2sin cos 20 Л —2sin 20зіп Ө 


36+0 (22 = E 
соз] — 2cos MH cos| —— 


2 ) cos? @ 2 


asin( 
= 2 =-со 6. 


N 2cos SUC, sin 3058 2sin JO sin Зв о 
2 2 2 2 
Example 24: Show that cos20° cos40° cos80° = 1/8 


Solution: 
L.H.S. = cos20° cos40" cas80° = ИИ cos20° cos40° соз80°] 


= 14 [(2 cos40° cos20") 2 cos 80°] = №4 [(cos60° + соѕ20%) 2 cos 80% 

= 4 [(1/2 + с0520°) 2 cos 80°] =% [cos80° + 2cos80° cos 20°] 

=И [cos80° + cos1009 + cos 60°] = "4 [ cos80° + cos(180° — 80° ) + cos 60° ] 
= И [cos 80°—cos80° +2] cos (180% Ө) = — cos 

= [1/2]= 1/8 = R.H.S 


EXERCISE 103 | | 


1. Express the following products as sums or differences. 


(i) 2sin 6xsinx (ii) sin 55" соѕ123° 
uso aO 448 AWB m PQ P=O 
(iii) Sm cos (iv cos 5 COS 


2. . Convert the following sums or differences to products: 
()  sin37 +sin 43° (ii) ^ cos36? —cos82" 


tb A BORE PRIORE А+В А-В 
{ in. sn < -FCOS-—— 
iii) in in (iy) соз 5 5 


3 Prove the following. 
(jj 2%75°+сов15°_ з di) sin135° — cos120? -34242 


sin75"—sinls* - sin135° + cos 120" 
4. Prove the following identities: 
(i) isin sin Эде tan 5g (= cos Aicos B cot 38. 
cos @+cos9a@ sin 8+sin3f+sin5f 


Gii) sin2@+sin 46+ sin 60 = 4cos cos20 sin 30 


бу) sin5@ +sing + 2 sin38-4 sin 38cos^& 
iv) sin3¢@ +9150 + 31170 + sin 99 = 4 cose sin 69 cos 29 


(vi) cos 8 + cos 2 +сов5Й = cos 25 (1+2 cos 38) 


5 Prove that (i) c0s20"c0s40°cos60" cos80” = a 


E eue (18) sinl sin3O? из sin 70° = 
9 9 


о 36 
REVIEW EXERCISE 10 
l. Choose the correct option ` 
G) сов502 50/cos9°.10/— sin 50° 50/5199 10’ = 
ES ү 45 
(2) 0 (6) 7 (1 (d) === 
Gi) 1ftan15 = 2—/3, then the value of cot 75° is 
(а 7373 67-2 (27-443 (d) T4448 
Gii) Iftan (a + B) 21/2 and tan а = 1/3, then tanB = 
(a) И6 (5) 17 (су (d) 7/6 
(iv). sin8cos(90° — 8) + cos® sin(90° —0)= 
(а) =1 (by2 (с)0 (d)1 
(v) Simplified expression of (sec8 + tan0) (1 — sin®) is 
(a) sin’® (b) cos? (c)tan'8 (d) cos 8 
(vi) sin x5 =? 
(a) sinx (b)—sinx (c)cosx (d)— cosx 
(vij) А point is in Quadrant-III and on the unit circle. If its x-coordinate is-4, 
what is the y-coordinate of the point? 
(315 (b)-3/5 (с)-2/5 (4) 5/3 


(viii) Which of the following is an identity? 
(a) sin (a) cos (a) = (1/2) sin(2a) (b) sina + cosa = 1 
(c) sin(-a)= sin a (d) tana = cosa / sina 
Prove the following identities: 


25105129 21200 — 3 sinl0a—sin4a _ cos7a 


Ө 
' со5@-+с053@ = sinda+sin2a cosa 


зїпётап® 
2 


4. sin? ба 
2 


5. tang tan - sec 6-1 


6. cos40 = 1— 8sin^ 0 cos?0. 


7. sin6xsinx+cos4xcos3x=cos3xcos 2x 


8. Prove that sin{ $9) sin( + 6) 1 соз20 


sin? (m+ 9m (3t. 9 
2 =с059 


9. Prove that 1) 
cot? Ga 8) сов (л @)cosec(2x— 8) 

cos (90° +8) sec(~)ran(180° —Ө) Я 

sec(360°—A)sin(180° +6) co (90? —8) 


APPLICATION OF 
TRIGONOMETRY 


Afier reudiag this нак. the students will be able to: 
su tener sey ee aes 


* Solve right angled triangle when measures of 
e two sides are given, 
one side and one angle are given. 
* Define an oblique triangle and prove 
the law of cosines, 
the law of sines, 
the law of tangents, and deduce respective half angle formulae. 


* Apply above laws to solve oblique triangles. 


© Derive the formulae to find the area of a triangle in terms of the 
measures of 


two sides and their included angle, 

опе side and two angles, 

three sides (Hero's formula) 
* Define circum-circle, in-circle and escribed-circle. 
* Derive the formulae to find 

circum-radius, 

in-radius, 
escribed-radii, and apply them to deduce different identities. 


Unit LE] pplication of trigonometry 


111 Introduction 


Trigonometry has an enormous variety of application. [t is used extensively 
in a number of academic fields, primarily mathematics, science and engineering. 


Trigonometry, in ancient times, was often used in the measurement of heights 
and distances of objects which could not be otherwise measured. For example, 
trigonometry was used to find the distance of stars from the earth. Even today, in 
spite of more accurate methods being available, trigonometry is often used for 
making quick and simple calculations regarding heights and distance of far-off 
objects. 


One of the important uses of trigonometry is solving triangles. Every triangle 
has three sides and three angles, which are called the elements (or parts) of the 
triangle. We say that a triangle is solved when all six elements are known and 
listed. Typically three elements, in which one is side, will be given and it will 
be our task to find the other three elements using trigonometric laws and 
definitions. 


As shown in figure 11.1 we use standard lettering for naming the sides and 
angles of a right triangle, side a is opposite to angle A, side b is opposite to angle 
B, where a and b are the legs, and side c, the hypotenuse, is opposite to angle C, 
the right angle. 

A triangle is usually labeled as shown in figure 11.1 


Figure 11.1 
The vertices are labeled A, B, C with sides opposite to these vertices are 
denoted by a,b,c respectively and the measure of three angles are usually denoted 
by a, В and y respectively. 
We begin with, using the trigonometric functions to solve right angled 
triangles. Later we will learn how to solve triangles that are not necessarily right 


angled triangles. We will also derive formulae for finding the areas of such 
triangles. 


Unit ET | Application of trigonometry 


11.1.1 Solution of Right Angled Triangles B 
We can solve a right angled triangle provided that either measure of 
(i) two sides are given or (ii) one acute angle and 
one side are given. We consider the cases as follows: 
Case-I: When measure of two sides are given 
Example 1: Solve the right angled triangle ABC, 

in which a = 15, c = 17 and y = 90°. 


а=15 


Solution: From figure 11.2, we have А s 
sina = 2 = =озв2 b Еїршє112 
с 17 
> a= sin™(0.882) = 61.89° 
since = 90° " 
e EA The side b can also be 
=90°—61.89° = 28.11° found by using 
b à Pythagorean Theorem 
Now cosa = с? = а? + 52 ог 
ра =с* -0 = [7 -@ 
=> b = ссоѕа = 17 cos(61.89°) x FA 8 ME) | 
=17(0.471) Зоны | 
= 8 
Сазе-П: | When measure of one angle and one side are given 
Example 2: Solve the right angled triangle ABC, C 
in which b = 72, @=70° and Y= 90 
Solution: From figure 11.3, we have 
а 
{ап 70° ЕТЕ с 
or а= 12 tan70° a 
= 12 (2.747) 
= 32.97 ft. 70° 
To find the length c of the ladder we have A B 
12 12 ft 
70° =— 
БЕ Figure 11.3 
or с =12sec 70° 
= 12 (2.92) 
= 35.088 ft. 


Example 3: The angle of elevation of a tree from a point on the ground 42m from 
its base is 33°. Find the height of the tree? 


Unit 11 Applicaton ot Srigenametry 


Solution: Let the angle of elevation = Ө 
and height of the tree =h 


Then — tang = 0 mn» =t 
42 42 
> h = 42 tan 33? 33° 
= 27.28 42т 
The tree is 27m tall. Figure 11.4 


Example 4: From point B, the top of a light house 120 ft above the sea, the angle 
of depression of a boat at point A is 5°. How far is it from the light house to the 
boat? 
Solution: Since the angle of depression B 
is the acute angle formed by the line of sight 1208 cs 
and the horizontal line passing through the 2 А 
position of sighting. Figure 11.5 indicates the © » 2 
situation. The angle А must also be 5° in Figure 11.5 
measure. We have 

b Siap 
cot Ar 120 or cot 5? — ТЕП »i 
=> b = 120 (11.43) = 1372 ft, approx. a 
Example 5: From the two successive ee 
positions on a straight road 1000 meter |52 d | 
apart, a man observes that the angle of Е 226 
elevation of the top of a building directly 1210 4235 —  — d 
ahead of him is 12°10’ and 42°35’, How А — !Xóm B e с 
high is the building? Figure 11.6 
Solution: Let A and B be the two successive positions of a man om the road 


such that |Ав| = 1000m. CD denote the height h of the building and let BC = x 


In AACD we have tan 12°10 2 £D... й 
АС АВ+ВС x+1000 
or x+1000 =h cot 12°10’ = 4.6382 h (1) 


In ABCD wehave tan 42°35 =" 
x 


=x = һ со! 42° 35” =1.088 h ` (2) 
From (1)(2) 1.0881 + 1000= 4.6382 һ 
= В = 281.67т - 282 т Now from (2) we get 
x =3068 ~ 307m 


U 


nit 11 | Application of Trigonometry 


Solve the following right triangles. 


(i) B (ii) үс 
А р (2 + В 


. Solve right triangles ABC in which y =90° and 


()a-214, B-28 (її) b=8.9, 8-25 (iii) b= 14, с = 450 


. The angle of elevation of the top of a post from a point on level ground 38m 


away is 33.23". Find the height of the post. 


A masjid minar 82 meters high casts a shadow 62 meters long. Find the 
angle of elevation of the sun at that moment. 


The angle of depression of a boat 65.7m from the base of a cliff is 28.9°. 
How high is the cliff? 


From the top of a cliff 52m high the angles of depression of two ships due 
east of it are 36° and 24° respectively. Find the distance between the ships. 


Two masts are 20m and 12m high. If the line joining their tops makes an 
angle of 35° with the horizontal; find their distance apart. 


The measure of the angle of elevation of a kite is 35°. The string of the 
kite is 340 meters long. If the sag in the string is 10 meters, find the height 
of the kite. 


. A parachutist is descending vertically. How far does the parachutist fall as 


the angle of elevation changes from 50? to 30? which observes from a point 
100m away from the feet of parachutist where he touches the ground. 


‚ An isosceles triangle has a vertical angle of 108 and a base 20 cm long. 
Calculate its altitude. 
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11.1.2 Oblique Triangles 


If none of the angle of a triangle is right angle, the triangle is called oblique 
triangle. In Figure 11.7 both triangles are oblique triangles. 


La 


(F-> obtuse angle 


(а) Figure 11.7 (b) 


We see that an oblique triangle has either 

(1) three acute angles (figure 11.7(а)) ог 

(i) two acute angles and one obtuse angle (figure 11.7(b)) 

In the last section. we solved right angled triangles, however, in this 
section we will solve oblique triangles. Given three elements of a triangle we will 
be asked to find the remaining three elements. Thus, we have the following 
five possibilities: 

When three parts of a triangle including at least one side are known, the triangle is 
uniquely determined. The five cases of oblique triangles are 


1. A.A.S: Given two angles and the side opposite to one of them 
2. A.S.A: Given two angles and the included side 

3. S.S.A: Given two sides and the angle opposite to one of them 
4. S.A.S: Given two sides and the included angle 

5. 5.5.5: Given the three sides 


In case of (S.S.A) there is not always a unique solution. It is possible to have no 
solution for the angle, one solution for the angle, or two solutions —an angle and 
its supplement. 


In order to solve the above cases of oblique triangles, we develop special 
mathematical tools called the law of cosines, the law of sines the law of tan gents. 


(a) The Law of Cosines 
In this section, we will derive the law of cosines and we use it to solve the 
case 5 of oblique triangles. 


(i) a? =b? +с? -2bccosa 
(ii) b? = с? +а? —2cacos В 

(Ш) c? =a? +b -2abcosy 

Proof: Case 1: All the angles are acute,a is an 
acute angle in figure 11.8. If h is the altitude of 
vertex B, then in ABCD, we have, 


а? zh (b-xy (1) Figure 11.8 
In ABAD we have B 
cosa 
c 
ү. х= ссов@ (2) 
and с?=х?+? (3) h 
Put (2) and (3) in (1) 
а? =(c?—x?)+ (b? -2bx x°) 
= b? ec? -2becosa ge 
Case2: One angle is obtuse. a is obtuse here? 2 P is obtuse 
In ABCD 2 = и? +(b+x)* Figure 11.9 
giving а? ah +02 +x? bx (1) 


InABAD,  соз(180°-ш)= = 


“x= COS (180°-а) = - c cos @ (2) 
апі с? =н +x? (3) 
Put (2) and (3) into (1) 


a? = (02 - x2) +b? +x +20 (2) =? 4ch42b(-C cos а)= b! +c? —2be cos a 
In both the triangles, we obtained a? =b° +e? -2bc cose. 


By considering angles B and C in a similar manner, we can prove that 


By rearranging the formula we can express the cosine of the angles in terms of 
three lengths sides of the triangle. 
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Gia You Know — 7) 


5.5.5. and S.A.S. 
possibilities could be 
tackled by using cosine 
law. However in S.A.S., 
where two sides and 
included angle is given, 
it is necessary that the 
given angle must be 
less than 180°. 


Example 6: (SSS): What is the smallest angle of a triangle whose sides measure 
25, 18 and 2187 
Solution: If y represent the smallest angle, then c (the side opposite) y must be 
a? +b –с? _ (25)? +(21)9-(48)° 
2ab 2(25)(21) 
=> у= cos !(0.707) = 45° 
Example 7: (8.А.5.): Find c where a = 52, b = 28.3, y= 38,5° 
Solution: 7 is the angle included between a and b. 
с? x a? +6? -2abcos у 
= (52)? +(28.3)? —2(52)(28.3) cos 38.5" 
=c°~ 918.355 
=c ~ 30.30 unit 


Example 8; А body is acted upon by the forces 10N and 20N making an angle 


the smallest side, so c = 18. Then cos у= = 0.707 


25°35" with each other. Find the magnitude of the resultant of the forces. 
Solution: 


A 
Figure 11.10 (a) 


Figure 11.10 (b) 


The resultant R is the diagonal of parallelogram ABCD. Hence 
R? = (10)? + (20)? - 2x10x20cos(180"- 25° 35) 

= 860.78 N? >R = 29.3 М. 
Example 9: An equilateral triangle is inscribed in a circle of radius Sem. 
Find the perimeter of the triangle. A 
Solution: Let O be the centre of the circle. Join O 
with vertices B and C. 
In the equilateral triangle ABC, we have 

ZBOC = ZAOC = ZAOB = 5860") =120° 


[asl-Jac|- arl - s 


Using cosine law 
[вс] -|os| «[oc | -2on]oc os 280c Figure 11.11 

=5? +5? -2x5x5c0s120° 

=V75 Each side is J7S cm. 


Hence perimeter of ААВС = 475 +375 4 15 23478 =15У/3ст 


©) The Law of sines 

In the last section we discussed the two possibilities of solving oblique 
triangles SSS, SAS. 

In this section we will consider the fourth case ASA or AAS which is one 1 
case because knowing any two angles and one side means knowing all the three 
angles and one side. The law of cosine does not work where at least two sides are 
needed. We state and prove the law of sines for this purpose. 


Unit Ш Application of Trigonometry 


Theorem: In any A ABC with usual labelling 
sing _ sinf _ siny 


a b c 
Proof: Consider any oblique triangle as shown in figure 11.12 


y 
н] 
LI 
1 \В 
hig {сеш 
lies Y 
hada) i =_ ity 20 
A x 
(i) Y is acute (i) Y is obtuse 
Figure 11.12(a) Figure 11.12(b) 
Let h= height of the triangle with base CA. Then in figure 11.12 (a) 
sina =  andsin у= (Solving for h) 
c 
h=csin@and h=asiny 
Thus с sina=asiny => sing) sin у, (1) 
a [4 


In figure 11.12 (b) h= a sin(8—-y) =азту and hzcsin& 
Hence c sina =a siny 


Similarly if we draw perpendicutars from the other two vertices on opposite sides 
of AABC we get 


sing _ sing (2) 
a b 

and) "ПАШИ (3) 
b С 


Combining (1), (2) and (3) we have 
sing _ sinf _ siny 
CPS ИС: 
or equivalently, 


These equations give the law of sines. 


Unit И Application of [rigonometry 


Example 10: For a triangle ABC, given a = 30, b 2 70 р = 85°. Find 2. 
Solution: Using law of sine 


sing _ sin 
a b 
> sine = 30x S88 04269 = a= 251625" 


Example 11: From a point A the angle of elevation of the top C of a tower is 28°. 
From a second point B, which is 2200 ft closer to the base of the tower, the angle 
of elevation of the top is 66°. What is the height h of the tower? 

C 


A 


D B 2200 ft 


Figure 11.13 
Solution: For AABC, AB = 2200, Z ABC = 180°—66° = 114° and Z BCA =38°. 
Applying the law of sines to A ABC, we have 
sin38° _ sin 28° 
2200 a 
Thus а = 1678 ft, approximately. 
Now for A BDC, we have 


066° = bets 
sin 66° = e 


Thus h= 1678 sin 66° = 1533 ft, approximately. 


A 3180 - (85 + 50) 
А=45 7, а 


m pc x1 e 


$1 50° sin85* 
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Example 12: Solve the triangle in which 
&=38', д =121 and а=20 
Solution: Since a+ 8+ y 2180 
у= 180° – 121° – 38° =21° Use the law of sines to get b 


bua 
sin T sina 
b= md => b-20x ЖЕ” = 28 approximately. 
Use the law of sines jud but this time using с, y Ps get 
с а sin21* i 
ш = = = 11.6 = ately. 
siny sing e sina же у 20 х IP 16 12 Japproxunately 
(с) The Law of Tangents 
Theorem: In any triangle ABC, show that 
1 1 
tan- (ac 8) tan (f y) 
Q #©®-—2 Е. 
$5 tan ^ (0-9) B tan 200-0) 
f 
(ii) 2а) ue, VEO) 
c-a tan (7-а) 


Proof: By the law of sines in any triangle ABC 


a b c 

wing ^ Sint ~ Sing D 99) à 

We have 
а= D sin and b= D sin a С 
a *b-D(sina + sin) a) N 

s a-b=D(sing — sin) (2) c. Aa 

From (1) and (2) b 

a+b _ singtsing Figure 11.14 


a-b  sing-sinf 
Using the formulae 
sin@ + sin р = 2sin =й cos 28 


Unit 11) Application of Trigonometry 


d 


sin S 2. 


and sin@ —sin f = 2cos = 


we get 


These three relations are known as the law of tangents. Note that the 
interchange of lengths а, b result in the interchange of angles а, В. Hence if 


b>a then it is better to use the tangent formula in the form. 
1 
bra Um. (8*2) 


du tn^ (8-0) 
Example 13: Use the law of tangents to solve the triangle ABC in which 
а = 925, с = 432 and В = 42°30'. 


1 
= tan (@—}) 
Solution: = zi ——— 
as tan (2) 


But a +у=180°— В =137°30' = 3 (а + у) = 68°45" 


1 
925—432 _ “0; 
Непсе mo———ÀÀ 
925432 — tan(68*45) 
Therefore tan La- p= ns х 2.5715 = 0.93> а) = 43°3' > а-у=86°6' 
Now а + у = 137°30 
а – у =86°6 
By addition 2а=223°36' 
а =111°48' 


By subtraction 27= 51°24 
y = 25°42’ 


Unit PE Application of Trigonometry 


To find b, we use the law of sines 


PEOR 

sing siny 
Wed э. 432.0 |! (мА е 
Susp sin ах sin42? 30° = 673 


(d) Half Angle Formulae 

The half angle formulae are very useful to solve a triangle when the 
measures of three sides of a triangle are given and no angle is known. These 
formulae could be derived using the law of cosines. 


(0 The cosine of Half the Angle in Terms of Sides 
Theorem: In any triangle ABC, show that 


B 
@_ [s(s-a) B_ [55-0 <В 
БЕ БЕГ о ас 
cost = pease 2 where 5 =1(а+Ь+с) а c 


1 HA 
Proof: Let $ = —(a* 6+ с) . А 
ü 2 А С L p (0 
Using the law of cosines =| Sa a TT MÀ A 
cong = "ВИЙ Figure 11.15 
2bc 


But cosa =2 cos? 2-1 


i lea 

Hence 2c? 2-15 E tea 
2 2bc 

20 6+6? фа? zx r4 (btc) а? 

2 2bc 2bc 
The numerator being difference of two squares, can be written as 

eos? FS [Ф *c)*a] [è +c)-a] 
2bc 


=> 2 cos 


Since a+b+c=28 
and b+c-a=28-2a=2(S—a). 


_ (28)x2(S —a) 
2be 


2@_ S(S-a) ra [s(s=a) 
> ре = ог со + bc 


Hence 2 co? Ž Ae 
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As а 2 180°, i is a measure of acute angle, the value of cos = will be positive. 


5 


Similarly we can prove 


а) 


(ii) The sines of Half the Angle in Terms of Sides 
Theorem: In any triangle ABC, show that 


а [5-5 

ims bc 

sinf = [Sza 
2 ас 

sin” = ЕБЕТ where 5 = (а+Ь+с) 4 
2 ab 2 


Proof: cos@= 1-25їп? = 


а, е 
Hence 2 віп? т = 1—соз@ 
t= Ь?+с?-а? = a! -(b-cY с 5 А 
Abc 2с Figure 11.16 
_ (a- bt cYKa-tb- c) 
ES 2bc 
Since а +Ь +с = 25 
50 а-Ъ+с= 28 - 2b = 2(5 – b) and a+b—c = 25 2с = 2($-с). 


Substituting these values іп the above equation 


‚2 @ _ AS—b)xAS—c) лаф [s-5xs-o 
2 sin Q5 ——c е -»sin р + a 


Again sin > is measure of an acute angle sin 2 is always positive. 
Hence sing i= 8-9 а (2) 


олт к. 


Similarly — |i = ү ов м 
2 ac 


(iii) Тһе Tangent of Half the Angle in Terms of the Sides 
Theorem: In any triangle ABC, show that 


tnt = 5 SED 4 Е 
Gar yi) Fone на л. o 
where $ =5(0++0) Figure 11.17 
йе 
sin— 
2 


а _ (55-01 
= tan 2 Вела (by (1) and (2)) 


e _ [5-5-0 
Р яә | S(S-a) 9 


Now if we multiply and divide the right hand side of (3) by (S-a) we get 
tan A = 1 ($ — а}($ -bXS—c) 
$ 


2 (S-a) 


Denoting TEED by r, we get 


нар: 
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Similarly 


where 5-1 (a+b+c)andr= ЕЕ 


Example 14: Solve the triangle ABC with usual notation for its sides given that 
a= т b=55 and = 50 


Solution: $= i (a+b+c)= = 1 (75+ 55+ 50) 


2 
=90 
Ѕо 5-а= 9-75 = 15 
$-6=90- 55 = 35 
5-с=90– 50 = 40 
Using half angle formula 
cos su а) _ METER 90(5) 
6560 
> ©) z453lY or a=9r2’ 
Also cos? = [ss-b) = [90х35 _ 09165 
2 ас 75x 75x50 


> 2- = 23°35, д =47°10' 
Непсе a 180° — (a +f ) = 180° – 138°12' = 41°48" 


1. Solve the triangles with dimensions. 
G) a=209,b= 120, с =241 (i) а= 120, b =240, у=32° 
(в) а =100°,с=345,у =564° (iv) а= 24.5,с= 43.8, В = 112° 
@) ъ= 1.6, с = 3.2, a-1024 (м) B= 39°30’ ,7=34°10' , a = 240 
(ui @ 335°, В = 70, с= 115 (via =375, b=124, В =72° 
Gx) Ь=12.5,с=23,@= 3820 (х) а=168,с=319, f= 110° 22° 


2. Find the angle of largest measure (Using half sine law). 
® a=74, b=52 and c=47 


Unit 11) Apptication of Trieunomctis 


(i) а=7, b=9 andc=7 
(1) а=2.3, b=15 and c= 27 
3. Solve the triangle for which length of three sides are given.(Using half cosine 
law) 


(i) а=9, b=7 апіс= 5 
(ii) a 21.2, b=9 and c= 10 
(iii)a = 6, b=8 andc=12 


4. One diagonal of a parallelogram is 20cm long and at one end forms angles 20° 
and 40° with the sides of the parallelogram. Find the length of the sides. 

5. Two planes start from Karachi International Airport at the same time and fly 
in directions that make an angle of 127° with each other. Their speeds are 
525km/h. How far apart they are at the end of 2 hours of flying time? 

6. A city block is bounded by three streets. If the measure of the sides of the 
block are 285,375 and 396 meters, find the measure of the angles of the street 
make with each other. 

- The diagonal of a parallelogram meets the Sides at angle of 30° and 40°. If the 
length of the diagonal is 30.0cm, then find the perimeter of the parallelogram. 


8. Use the law of cosines to prove 


E] 


à) 1+сов „ЕСК а)Ф+с-а) 


(ii) Пеле (a-b+cXa+b-c) 


2bc 
11.2 Areas of Triangular Regions С 
To find the area of a triangle ABC Y 
we discuss three cases SAS, SAA and SSS b- a 
separately as follow / h 
(a) Area of a triangle when two sides 
and their included angle is given. исы 


From elementary geometry we know А md B 


с 
that the area of a triangle is equal to Figure 11.18 


Unit 11) Application of Trigonometry 


one half the product of measure of the base and measure of altitude. In figure 
11.18 for the triangle ABC. Let h be the measure of altitude. 


Then area A is given by A = i (AB)(h) 
But since AB = с and 2 =sin @ orh=bsin @ 
A = È c(bsin а) = > besina (1) 
Also h can be written as и -sinf orh-asinf 
So that A becomes, A = Ho (asing) = зас sin 
Similarly by taking other sides of the triangle ABC as base 


We have A= заь sin Y 
Hence the area А сап be found by either formula 


1 . 1 B 1 р 
А = І absiny = > acsin В =—bcsin@ 
2 if 2 B 2 


This shows that the area of a triangle is 


(b) Area of a triangle when the measure of one side and measure of two 
angles is given (SAA). 
If in the formula тас sin В ofthe area of a triangle one of the sides say c is not 


known we can replace it from the law of sines. 


We have 
a b c te asiny 


sing sing siny sina 
So that the area is now given by 


A = lacsin В = таж sing 
2 2 (sine 
2 sin Вѕіпу (2) 


sina 


Ad 
2 
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Nt |,,sinasiny 1 с25іпозіп В 
АЕ 
Similarly we have 2 эй я ПЕР 


(с) Area of a triangle when measures of all the sides of a triangle are given. 
We know that the area A is given by 
A= 1 be sin a = 1 bex 2sin Ž cos =be sin cos 
2 2 2 2 2 2 


Using half angle formulae 
А =be |52050) |5(8-а) _ [SS -а)(8 —Б)($ —с) (3) 
be be 


This formula is known as Hero’s formula (alternatively known as Heron’s 
formula). 

We now find the area of a triangle by using the above mentioned formula. 
Example 15: Find the area of the A ABC where 2218.4^,b -154ft and c =211ft. 


Solution: A = Hz sin @ = 2 0590106in 18.4?) = 5128.349 


To two decimal places the area is 5128.35 square feet. 


Example 16: Find the area of a triangle with angles 20°, 50° and 110° if the side 
opposite the 50° angle is 24 inches long. 
Solution: Let a =20°, д = 50° у =110° 
Now b is given which is 24 inches 
Hence the area A is 
ANS 1 yiSinasiny 


2 sin В 
Es qap Sin 20?sin 110" 7 120.83 square inches. 
2 sin 50° 


Example 17: Find the area of a triangle having sides of 43ft, 89ft and 120ft. 
Solution: Since three sides (but none of the angles) are known, we need Hero's 
formula to find area. 


Let  a8-43,b— 89 апіс = 120, then 
= т @3+89+120) = 126 


AN 4/126026—43)126 -89)026 -120) ~ 1523.70 


To two decimal places the area is 1523 square ft. 
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Example 18: What is the vertex angel of an isosceles triangle whose equal sides 
are 13ft long if the area is 50 fr^. с 


Solution: Area A ABC = i ab sin c 


1 ; | 
50= + (13Y03)6in с) 13 “аз 
: 100 N 
sin с = ео = 0.5917 М 
c= sin! (0.5917) = 36.3° x Б 
=36°18 Figure 11.19 


1. Find the area of the triangle ABC in each case 


() а=15 b 80 y= 38° 
G) ъ=14 c=12 a= 82° 
Gii) а=30 В =50° yz 100° 
(iv) b=40 а= 50° y= 60° 
(у) a=7.0 b=8.0 с = 2.0 

(мї) а=И b=9.0 c-80 
(vii) b=414 с= 485 @= 49 47 
(viii) а=32 В-= 47924 у= 70°16 
(iX) b=47 a= 60° 25° у= 41°35" 
(i3) с=57 a= 23°24' 8=71°36' 
(xi) a=925 с= 433 В= 42°17' 
(хи) а=92 b=71 у= 56°44" 


2. The area of triangle is 121.34. If@=32°25' , 8=65°65' then find с and angle у. 
3. One side of a triangular garden is 30 m. If its two corner angles are 22 and 
127 ‚ find the cost of planting the grass at the rate of Rs. 5 per square meter. 


4. A new home owner has a triangular-shaped back yard. Two of the three sides 


measure 53 ft and 42 ft and form an included angle of 135°. To determine the 


апөтетгу 


amount of fertilizer and grass seed to be purchased, the owner has to know the 
area of the yard. Find the area of the yard to the nearest square foot. 


11.3 Circles Connected with Triangles 

11.3.1 (a) Circumcircle: A circle passing through the vertices of any triangle 
is called the circumcircle. The measure of radius of this circle called 
circumradius and is denoted by R. The center of this circle is called 
circumcenter. 

The circumcenter is the point where the right bisectors of its sides meet each 
other. 

(b) ^ Incircle: A circle drawn inside a triangle and touching its sides is called 
the incircle associated with the triangle. Its radius is called inradius and its center 
is called incenter. 

The student knows from elementary geometry that incenter is the point at 
which internal bisectors of the angles of a triangle meet each other. 

(c) Escribed Circles: A circle, which touches one side of a triangle 
externally, and the other two sides internally when produced is called escribed 
circle ог ex-circleor e-circle. 

There are three such circles, touching the sides а, b and c externally. Each 
circle is associated with the side of the triangle it touches externally. The measure 
of the radius of the circle opposite to the vertex (touching side externally) is 
denoted by z and measures of the radius of the circles opposite to the vertices B 


and C are denoted by r and г, respectively. The centres of these circles called 


ex-centres are similarly denoted by І, , I, and 1,. 


The ex-centrel, with respect to the vertex A is the point of intersection of 
the external bisectors of angles B and C and internal bisector of angle A. 
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11.3.2 (a)To find circumradius for any triangle ABC 
i) To find R, the circumradius of a triangle ABC in terms of measure of 


aside and its opposite angle. 
Let O be the circumcenter of the triangle ABC. Join B and O and produce it to 
meet the circle at D. Join C and D. 


o (ii Gi 


Figure 11.20 
Figure 11.20 (i), (ii) and (iii) depicts the cases where measure of angle @ is acute, 
obtuse and right angle respectively. 
Now measure of BD is the diameter of circumcircle. Hence 
BD =2R 
mBC =a 
In figure (i) m Z BDC = ac 


Because а and Z BDC are angels in the same area of circle made by chord BC. 


Hence ni =sin Z BDC =sin & 
т. 


So a sin @ (1) 
In figure (ii) ZBDC and Za are supplementary angles because they are made 
AT 


— ТУ 
by the same chord ВС in two opposite arcs BAC and BDC. 
Hence — 

mBC = sin ZBDC= sin (n—-@) 
mBD 
=sin a (2) 


In figure (iti) а = 5 
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Hence in this case 


mBC R 
rŠ =1=sin Z=sin ie — -sina 3 
mBD 2 2a 6) 
Hence all the three situations lead to the conclusion that 
28 = — ог R=——= pil = = 
sinc 2sina  2sinf  2siny 


(i) ^ Circumradius in terms of the measurements of sides of 2 triangle 
We have already m that 


sina =2 sin 2 соз =2 {9-08-90 = NSTC) x62 


< 24505 -aXS-bYS-c) | 2А 
bc ~ be 
M cd abci 
T 2sina 4А 
where А = JS($-aXS-BXS -c) 
Example 19: Find the circumscribing radius for a triangle whose sides are 3,5 and 6. 
Ne: a*bec _ 34546 
2 2 


=7 
3х5х6 m 


= = 2. approx. 
= ase- = bXS-c) A rax) (app : 


(b) To find inradius r for any triangle ABC 


We shall prove r= [EET EH ZAKS EENS EC) 
$ 


where $ = ie + b + c) is the half perimeter. 


Let the internal bisectors of a triangle ABC meet 
at the point O which is the incenter. Join O with 
vertices A, B and C. We obtain three triangles 
OAB, OBC and OCA. The altitude OF, OD and 
OE respectively of these triangles is a radius of 
the inscribed circle. The bases of these triangles — ; 
are sides of the original triangle. Then from 8 


figure 11.21 
Area А ABC = Area А АОВ + Area ABOC+ Area A AOC 


D 
Figure 11.21 
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(а+Ь+с) = 15 


1 1 1 
= —аг+ —br+ —crer 
2 2 2 
To obtain г the radius of inscribed circle, we divide both sides by S 
me Area AABC 
nee 
If we write A for the area of triangle ABC then 
5 -а)($ —Ь)(5 —c) 


5 


E: CEDE —bXS —c) 
5 


Example 20: Find the radius of the circle inscribed in a triangle whose sides are 


7, 24 and 25. 
Solution: We must first calculate the half perimeter S. 
atbrc 7424425. 56 _ 28 


Hence 


A 
т=—= 
5 


$= 2352 
2 2 2 
Then; г= EE ES н, Pe 35 5 
28 28 


m 


Example 21: Prove that in any triangle ABC r —4R sin z sin £ sin 


Solution: R.H.S =4R sin 7 sin 2 sin 2 


= 


_ Mabe) E S-A „ E =ayS—c) „ [(S-ayS—b) 
4A be ac ab 


x ($ -а)(5 - bXS —с) 
abe A 


І П ла А 
= — x S(S-aXS-bXS-c)= х0 = — ош 
А (5-05-00 -e)os т, ня} 


as A-S(S-ayS-bX$-o). 

(©) To find the Radius of e-circle of a triangle 
Let O be the e-center opposite to the vertex A as 
shown in Figure 11.22 

Let L,M and N be the points at which the e-circle 


touches the side BC externally and touches the sides 
AB, AC when produced respectively. 

Then from elementary geometry OL, OM and ON 
are perpendiculars to the side. вс and sides AB, AC Figure 11.22 


Unit 11) Application of Trigonometry 


(when produced) respectively. Join the e-center O with A, B and C. 


Clearly тог =m ОМ =m ОМ = n 
Area A ABC = Area A АОВ + Area A AOC - Area А BOC 


T 1 1 1 
Sio nt ;? Ny CE п(с+ 6-а) 


= 1 1025 - 2a) where $ = 21218 


2 


Thus the area A of triangle ABC is 


А = (S—a) ог 


Similarly |» = кт if the e-circle touches side b directly but sides а, с when 


produced. 


The e-radius r, of escribed circle associated with vertex C is given ъ= зер} 
с 


Example 22: Find К, r, л, љ and в for the triangle with measures of the sides 
5, 12 and 13. 

Solution: 

Let a=5,b=12andc=13 


S= 4 (5+12+13) = 15 
А = ds(S-aXS-BXS-c) = V15x10x3x2 =30 


(abc) _ 5x12x13 
Ree Ое А =, 
4А 4х30 63 


ГЕ ЛЕЕ О 


Example 23: Prove that for any equilateral triangle г: К :г=1:2:3 
Solution: Let the measure of each side of the triangle be denoted by c. 


ctete _ Зс Ш 
2 2 


Дд 3 3 2 
= [ве = z£.) = Зее = Узс 
Ia 2 8 4 


Now п= 


Hence, 


Example 24: Find the area of the inscribed circle of the triangle whose sides 


measure 7, 8 and 9 unit. 
Solution: Here S = B =12 


Area of triangle with sides 7, 8 and 9. 
A = 505-405-605 с) = V12x5x4x3 = 26.83 unit? 


г = Башы = 2.24 unit 
5 ES 
Area of inscribed circle = # r° = (3.1416)(2.24)° = 15.76 unit? 
EXERCISE 11.4 


16 Moone the in-radius (r) and circum-radius (R) of the triangles cis 
Sides are given; 


(0) 3,5,6 (ii) 21, 20, 29 
2. Find the area of the inscribed circle of the triangle with measures of the 
sides 55m, 25m and 70m, 


3. The measures of the sides of a triangle are 20, 25 and 30 decimeter. Find 
the radius of the described circles 
(1) Opposite to larger side (1) Opposite to smaller side 


Unit 11! Application of Trigonometry 


4. Show that (i) Jina =A G) abc(sin æ + sin fj + іп y) = 4As. 
(їп) 155 = rS? 


5. Prove that for any triangle ABC 


() n*n*n-r-4R (ii) ng £a £r = 5? 
(flan Dons 
n n n г 
6. Show that 
(i) ПЕ stand (i) л EY (iii) nestant 
2 ñ 2l 2 


7. The sides of a triangle are in the ratio 3:7:8. The radius of the inscribed 
circle is 2m. Find the sides of the triangles. 


REVIEW EXCERCISE:11 
1: Choose the correct option. 
(i) Inright triangle ABC, find b if a = 2, c = 5, and т =90° 
(а) 7 (b)3 (c) 21 d) 429 
(i) An escalator in a department store makes an angle of 45? with the 


ground. How long is the escalator if it carries people a vertical distance 
of 24 feet? 


(a) 12V2fe 24а (0) 83 (d) 48 ft 


(ii) If in an isosceles triangle, ‘a’ is the length of the base and ‘b’ the 
length of one of the equal sides, then its area 1s 


DA por ЫЫ Гоа ©: ЮГ 
(а) Aba (br PC MER ay (d) 4 (bea 


(iv) If Heron's formula is used to find the area of triangle ABC having 
a=3 meters, b = 5 meters, and c = 6 meters, which of the following 
shows the correct way to set up the formula? 


(a) А=7.10)(12)(13) ®А= J()(2)() f 
AVAGO а= eO 9 


(v) In the adjoining figure, the length of BC is 
(a) 243 em (b) 33 cm 30° 
(с) 443 cm (d) 3cm ^ B 


Unit 11) Application of Trigonometry 


(vi) If the angle of depression of an object from a 75 m high tower is 30°, 
then the distance of the object from the tower is 


(92543 m. (95043 т — (975 V3 m (d) 150 т 
(vii) The point of Concurrency of the right bisectors of the sides of a 
triangleis called 


(a)In-Centre — (b)Orthocenter (c) Circumcentre (d) Centroid 
(viii) With usual notations 7777; = 
abc А 
@) А А Core (rue 
2. Solve the triangles. 
()a207, c-08,5-14130 (ii) а=34, b=23, c-58 
(Ш)а = 15.6, b= 18, у= 35°10 (i)a248, b232, у=57° 
(у) b = 35, с = 37, @=23°25' (vi)a=58.4, f =37.2°, у = 100° 
(vil) с = 13.6, @ = 30°24’, B = 72°6' 
3. Find the measure of the smallest angle of the triangle whose sides have 
lengths 
(1)4.3, 5.1 апа 6.3 (ii) 3, 4.2 and 3.8 
4. Find the measure of the largest angle of the triangle whose sides have lengths 
(1)2.9,3.3and 4.1 (ii) 6.0, 8 and 9.4 


5. The sides of a parallelogram are 25cm and 35cm 
long and one of its angles is 36°. Find the lengths 
of its diagonals. 

6. A man is flying a kite. He has let out 50 m of 


string, and he notices that the string makes an angle 
of 60° with the ground. How high is the kite? et 


1 
| 
| 
i 
П 
| 
i 
! 
Р 


7. Arobin on a branch 408 up in a tree spots a worm at an angle of depression of 
14°, From a branch 15ft above the robin, a crow spots the same worm at an 
angle of depression of 19°. How far is each bird from the worm? 


8 The angle of elevation of a building is 48° from A and 61° from B. If AB is 
20m, find the height of the building. 


Unit 12 | Graph of trigonometric and Inverse Trigonometrie Functions 2nd Solutions of Trigaomotrie Equations 


Graph of Trigonometric and 
Inverse Trigonometric Functions 
And Solutions of Trignomotric 
Equations 


Sin Ө 


= 
N 


General 
solution 


Principal 
solution 


Find the domain and range of the trigonometric functions. 


{5 
T 
u 
D LJ 
|538 * Define even and odd functions. 
i * Discuss the periodicity of trigonometric functions. 
ЦИ * Find the maximum and minimum value of a given function of the type: 
5 = atbsin@, 
+ atbcos, 


e a+tbsin(cO+d), 

* a+bcos(c0 +d), 

* the reciprocals of above, where a, b, c and d are real numbers. 
Recognize the shapes of the graphs of sine, cosine and tangent for all angles. 
Draw the graphs of the six basic trigonometric functions within the domain 
from —2m to 27. 

* Guess the graphs of sin 28, cos 26, sin @/2,cos 8/2 etc. without actually drawing 
them. 

* Define periodic, even/odd and translation properties of the graphs of sin0, 
cos and tan , i.e., sin 0 has 

* periodic property sin(6 + 2x) = sin 8 , 

* odd property sin(—8) =—sin 8 , 

sin(0—) ——sin& 

sin(z-@) = sing 

* Deduce sin(0 + 2Кл) =sin 0 where К is an integer. 

© Solve trigonometric equations of the type sin 0 =k ,cos 0 = К and tan0=k, 
using periodic, even/odd and translation properties. 


* translation property | 


wumzoo-co O2-—-Z7 EME 
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* Solve graphically the trigonometric equations of the type: 
* 5іпӨ = 0/2, 
e соѕб= 6, 
e (ап0= 20 when -7/2 <6 <a/2 
Define the inverse trigonometric functions and their domain and range. 
Find domains and ranges of 
e principal trigonometric functions, 
e inverse trigonometric functions. 
Draw the graphs of inverse trigonometric functions. 
Prove the addition and subtraction formulae of inverse trigonometric functions. 
Apply addition and subtraction formulae of inverse trigonometric functions 


to verify related identities. 

e Solve trigonometric equations and check their roots by substitution in the 
given trigonometric equations so as to discard extraneous roots. 

* Use the periods of trigonometric functions to find the solution of general 
trigonometric equations. 


12 Introduction 


Trigonometric functions are usually defined either with the help of a unit 
circle or right angled triangles. We will also study their properties with a special 
emphasis on their graphs. Rest of the unit is concerned with inverse trigonometric 
functions and solutions of trigonometric equations. 


12.1 Trigonometric functions 

We know that the domain of the function defined by the equation y=f (x) 
is the set of all those values of x for which the function attains finite definite 
values, and the range is the set of all those values which y attains. So far the 
functions we have studied all had subsets of real numbers as their domain and 
range. But the domains of trigonometric functions are the set of angles, rather 
than real numbers. We can however, make the domains of the trigonometric 
function, subsets of real numbers, by defining them on the unit circle, that is a 


circle whose radius is 1. 
Let @ be a central angle of the unit circle and Р(х, y) be the point as 


shown in the Figure 12.1 then r = OP = 1 = Jx7+y?, and the six trigonometric 
ratios also called trigonometric functions or circular functions of @ are defined 
as follows: 


Ч ] 
sine@ = is y 

А х 
cosine @ = Th 


tangent @ = > (x#0) 
x 


cosecant@ = 1 (y#0) 
y 


S n 
secant = = (х= 0) у’ Figure 12.1 
cotangent @ = 5 (y 50) 


The trigonometric functions are abbreviated as follows: y 
(i) Sine Ө as sin 8 
(1) Cosine Ө as cos@ 
Gii) Tangent 6 as tan@ 
(iv) | CosecantÓ as cosec e 
(v) Secant @ as sec@ 
(vi) — Cotangent @ as cot& 

It can be seen that 

sing, and cot 9 = созд А 

cos sin@ 

Since any real number can represent the length of exactly one Arc on the unit 
circle. If t is a positive number, we can find the 
Arc of length t by measuring a distance t in 
counter clockwise direction along an Arc of the 
unit circle beginning at C(1,0). So we get 
ArcCP of length t. 


Figure 12.2 


tangz 


If t is a negative number, we can find 
the Arc of length t, by measuring a distance t 
in a clockwise direction along an Arc of the 


unit circle beginning at the point C(1,0). 
In each case, we get a unique point 


P(x,y) that corresponds to the real number t. We also know that if s is an Arc 

which subtends an angle @ at the centre of circle with radius г, we have s=r@ 

(@ in radians). 

Let s = t and r = | then above equation reduces to t=@ or @=t. 

Thus we obtain sin 9 =sint , соѕес =cosect 
cos@=cost , sec 0 =sect 
tan@=tant , cot 0 =cott. 

where @ is the angle measured in radians and t is a 

real number. 

Thus we can think of each trigonometric 
expression as being either a trigonometric function 
of an angle measured in radians or as a 
trigonometric function of a real number t. 

Thus the trigonometric functions can be 
thought of as functions that have domains and ranges that are subsets of real 


y Figure 12.4 


numbers. 
12.1.1 Domain and Range of Trigonometric Functions 
(a) Domain and Range of Sineand Cosine Functions 
Refer to Figure 12.1, sin @=y cos@ =x 
Domain of sine and cosine is the set of real numbers R. Since point Р(х,у) 
is on the unit circle 
zh -lsysl and -1<х<1 ог -ISsin 8€ 1 and—l<cos@ <l. 
Thus the range of sine and cosine functions аге [-1, 11 
(b) Domain and range of tangent and cotangent functions’ 


Refer to Figure 12.1. tan@ = ә x#0. 
x 


When x#0, then terminal side OP cannot coincide with OY or OY’; in 
other words 
Е орт ог өз Quel) пе? 


Therefore for the tangent function. 


Domain = = t| t=(2n+ 05; ne 2] and Range = В (the set of real numbers) 


Since cot 0 = c" y#0. 
y 


when уз 0 then terminal side OP does not coincide with OX or OX’ in other 
words 

O40, + ©, 2322... or 8 пл, пЕ7. 

Hence in case of cotangent function Domain = R- [tltzn 7 ne Z} 

Range = R (The set of real numbers) 

(©) Domain and Range of Secant and Cosecant functions 


Refer to Figure.12.1. а у+0 
y 


If y &O then as seen in the case of cot0, 0  nzr;ne Z. 


Domain of cosec function = R-{tlt= nz ше Z}. 
Since | y | = у? < 4x y =1 (Figure 12.1) 


1 
>|: 
ly] 


Hence ty! < 1. or 


Thus either ly or i < -] that is cosec @2 1 orcosec OS~ 1. 
y y 
That is cosec 8 attains all values except those which lie between —1 and 1. 
f 1 
Hence Range of cosec function = R- [t1 —1 < t < 1).Now sec@= —, x#0. Then 
x 
as seen in the case of tang. @# (2n41) 5 ne Z. 


Domain of secant function = R- (tlt =(2n+ 1) Z, ne Z}. 


Also bl = Ve sJ +y =! 


kl <1 ori 4 


E 


Thus either E or LAE I that is зес@>1 or зес@< - l. 
x x 


That is sec 8 attains all values except those which lie between —1 and 1. 


Range of secant function = R- {11-1 «t« 1]. 


We now give table of the domain and range of trigonometric functions; 
which are written in words as well as in symbolic notations: 


Function | Range 

All real numbers; —о9 < x< со —1< real numbers <1 
—1<у<1 

—1< real numbers <1 
—1<у<1 


у=ѕіп x 


y=cosx | All real numbers; —e» < х<оо 


y-tanx | All real numbers except Qn407, ПЕЙ. ‘all real numbers; 


«ко xz Оп+їу>,пє7. —оо<у<со 


all real numbers; 
= <y<co 


All real numbers except n z , ne Z. 
—es«Xx«o > x* ПЛ, ПЕЙ. 


all real numbers&-1 or2 1 


АЙ real numbers except 2n 7 neZ. 


— < x< ^ XÉ Qn), neZ. yzlorys-1 


all real numbers <—1 or2 1 
у>1 огу<-1 


All real numbers except nz, ne Z. 
—оо°<у<о, xz ПЛ, ПЕЙ. 


Example 1: Find the domain of each of the following functions. 
(i) sec 3x (ii) un x (iii) cosec i x 
Solution (i) We know that the domain of sec t is —°< t <% ,t#(2n+1) = neZ. 
If t=3x, then dom sec 3x is -ee« 3x « œ>» 3x # (2п+1) | neZ 
or —ео<дх<оо,  x#(2n+1) t ‚ ПЕЙ, 


Dom sec 3x = R-{xl x = (2n+1) 2 пє 2] 


(i) Domain tantis —e«t«ee, t (2п+1) E * neZ 


(ш) 


or 


ift= 5 then dom tan ПА is 


panel L x (2п+1) Шш neZ 
5 5 2 


оп <<, x# 2 (ntl) лле7. 


dom anzi =R-{ x = 5 (Qn+1) 7, пе 2) 


Domcosectis -e<t<o, t*nz,neZ 
1 T 1 1 : 

=—x then domcosec =x is <<, — x4 nz.neZ 
2 2 2 2 


1 
moc xc, дя nz, neZ ^ dom cosec PLE R-(xlx = 2n z, neZ} 


Example 2: Find the range of each function. 


(i) cos 3x (ii) 3tan 2x (iii) 2 cosec ix 


Solution: ) We know that for all t e dom cos t, -i Scost <1 


i 


(ш) 


Let t=3x then —1<со<$3х< 1. 

Hence range cos 3x is the closed interval [-1, 1] 

Since for all t e dom tan t, — со < tan t «eo 

Let t=2xthen —ee<tan 2x<co 

Hence -œ< 3 tan 2x« e. Thus Range of 3 tan 2x is В. 
Since for all t є dom cosec t 

cosect < -lorcosect > 1 


Let t= E 
3 
1 1 
Then cosec 3 xS -1 or cosec 3 х> 1. 


1 
Непсе 2 созес i x€-2 or 2cosec 3 x2 2. 


1 
Hence range of 2 cosec 3 x=R-(pl-2<p<2}. 


12.1.2 Even and Odd Functions 
Even Functions 

A function f is even if for every x in the domain, f(x) = f (~x). 

Even functions are symmetric about the y-axis. For each point (х,у) on the 
graph, the point (—х, y)is also on the graph. 
The following are the graphs of even functions. 


Figure 12.5 Figure 12.6 Figure 12.7 


Notice that for any point (х, у) on each graph, the point (—x, у} ао lies on the 
graph. Therefore, for any x value in the domain, f= foc». 

Odd Functions 

A function f is odd if for every x in the domain, -f (x) = f (~x). 

Odd functions are symmetric about the origin. For each point (x, y) on the 
graph, the point (—х, —y)is also on the graph. 

The following are the graphs of odd functions. 


Figure 12.8 Figure 12.9 Figure 12.10 


Notice that for any point (x, y) on each graph , the point (—x,-y)also lies on the 
graph. Therefore, for any x value in the domain, f(x) 2—f(-x) or equivalently 


-f@)= fcx. 


Example 3: Prove that: (i) f(x) = х? is an even function. 
(ii) f (x) = x is an odd function. 
Solution: (i) f(x) 2x* 


=f) 

=> f(x) is even. 
(i) fax 
Рх) =(-х) 

=v 

=-f(x) 

=> f(x) is odd 


Figure 12.12 


One of the important properties of the trigonometric functions is that of being 
either even or odd. 


We know from trigonometry that: 


'sin(-8) = —sin 8, cos(-8) = cosÜ, — ~~ Wn(-8) = — tan 8 
icosec(-8) = —cosec@,  sec(-8) = secB, cot(-8) = -co 8 


Thus $110, соѕесӨ, tanO, cot8 are odd functions and cos@ and ѕесӨ are even 
functions. 
Example 4: Is the function f(x) = sinx — cosx even, odd, or neither? 


х) = sin(—x) - cos(-x) 


= -sinx- cosx 


= - (sinx) + cosx : 
The sum of an odd 
function and an even 


And -(sinx- cosx) # sinx- cosx function is neither even 


nor odd. 


Because —(sinx + cosx) z-(sinx —cosx) 


the function is neither even nor odd. 


12.1.3 Periodicity of Trigonometric Functions 


Periodic Function 
A function f is said to be periodic if there exists a positive constant p such 


that f(x+p) = Кх) for all x in the domain of f. The smallest such positive 
number p is called the period of the function. 

All the six trigonometric functions are periodic functions, because they 
repeat their values after their periods. This behavior of trigonometric functions is 


called periodicity. 


Tf f(x) is a periodic function then ах) and ffx) + В are also periodic functions 
and the periods of all these functions are the same. Can you say why? 

Theorem 1: Show that the period of sin@ is 27. 
Proof: If p is the period of sin, then 

sin (0 + p) = sin (1) 

for all Өє dom $116. 
Since Oe dom sin Ө = R, put Ө = 0 in (1), we have 
sinp = т 0=0 
Thus possible values of p are 0, + m, +2л,....... 
The first smallest positive value of p=a, for which sin(6+2) = — ѕіпӨ 
which contradicts (1). Therefore я is not the period of sin8 
Next put p = 2л then sin (6+27) = sin 
Hence 2х is the period of ѕіпӨ. 
Theorem 2: Show that the period of cosO is 27. 
Proof: If p is the period of cos, then 
cos (0 + р) = cos8 (1) 
for all 9e domcos0 
Since 0Е іотсоѕ0 = В, put Ө = 0 in (1), we have 
cosp = cos 0=0 
Thus possible values of p аге 0, +27, +4л,....... 
The first smallest positive value of p = 2x, for which cos (8+2z) = cos. 
Hence 2 is the period of cos. 


Theorem 3: Show that the period of tan@ is л. T D 


Proof: If p is the period of гап, then 


tan (Ө + p) = tanü (D We may easily find out for the 
for all Өє dom tan8 reciprocals of sinB, cos® and 
Put Ө = 0 in (1), we have апе, i.e. cosec@, ѕесӨ and cot 


that 

(i) 2x is the period of cosecü 
(i)2x is the period of sec8 
(ii) x is the period of cot 


tan p=tan0=0 

Thus possible values of p are 0, *z, +27,....... 

The first smallest positive value of p = л, 

for which tan (Ө+л) = tan Ө. 

Hence х is the period of tan Ө. 

Example 5: Find period of 5 sin x. 

Solution: We know that period of sine function is 2x. 
sin x = sin (x + 22) 


> 5 sin = 5 sin (x + 21) 


It means that when x is increased by 2л, values of 5 sin x repeats, hence 
period of 5sin x is the same as that of sin x. 


Thus if f is a trigonometric function, period of cf (c constant) is the same as 
that of Ё. 


Example 6: Find period of cos 6x. 
Solution: We know that period of cosine function is 2л. 
cos бх = cos (бх+2л) 


RI 
= cos 6G 7). 
2 H " 
when x is increased by a value of cos 6x remains the same; hence period of 


13-27. 
cos бхіѕ = or 2. 
6 3 


Thus period of cos Gx is equal to the period of cosx divided by 6. 
This result holds for other trigonometric functions also 


Example 7: Find period of each function. 


А 1 на X 
(i) 2 tan Зх (ii) 3 sec 3 
Solution: (i) Period of 4 tan 3 x= — tanx 
л А " 
=з C period of tanx is л) 


Period of secx 
1 


(i) Period of 3 sec _ = 


2л 
n 
3 
=3 (2л) = бл. 
12.1.4 Maximum and minimum values of certain trigonometric fanctions 
In this section we are concerned with finding the maximum and minimum 


( period of sec x is 2л) 


value of a function of the type: 
(i) atbsin@ (ii) a+bcos@ 
Gii) ^ a+bsin(cO+d) (iv) a+bcos(cO+d) 


and the reciprocals of the above, where a, b, c and d are real numbers. 

Before doing so, we recall that the term a in the above functions allows for 
a vertical shift in the graph of the functions. The term b in the functions allows for 
amplitude variation of the functions. 
Now to find the maximum and minimum for sine and cosine functions we only 
need to remember that the maximum and minimum for both sin@ and cos@are 1 
and —1 respectively. 

Consider types (i) and (ii) above. These functions reach its maximum 
when both sin@ and cosOare at the maximum i.e. sind =1апа cos8 1. 
So the maximum of a+bsin@=a+|b| (maximum of sin&) 


=a+|b|() 

=a +] a) 
Similarly, the maximum of a+bcos@=a +|b| Q) 
These functions reach its minimum when both sin@ and cos@are at the minimum 
i.e.sin@=—iand cos = -1.Sothe minimum of a+bsin Ө =a +|b| (minimum of sin8) 


=а+ С 
=a-| (3) 
Similarly, the minimum of a+bcos@=a-—|b| 4 


(4) 
Consider types (iii) and (iv). In these types the values of c and d do not 
matter because they do not affect the amplitude of the function, so we treat these 
two types in similar way as (i) and (ii). 


So the maximum value of a +b sin(cO+d )=a+/b| (5 
and the maximum value of a *bcos (cd) -a-*|| (6) 
The minimum value of a+b sin(c@+d)=a—b| (7) 
and the minimum value of a +b sin(c@+d)=a—|b| (8) 


Thus, we conclude that, if M and m respectively denote the maximum 
value and minimum value of the function, then we have the following formulas. 


» BENIN 


Let M' and m'be the maximum value and minimum value of the 
reciprocals of the above functions, then clearly for m>0, M »0 and 


т<0, М<0 
жч апа ШЇ 
апа Е 


and for m<0, М>0 


Example 8: Find maximum and minimum values of the functions. 
(i) y=l+2sin@ (ii) y =3+2с05(30-2) Gii) у= 


Solution: (i) Here а = 1 and b = 2 
2. ће maximum value of — y =M =а+р] 


1 
1+3sin(2@—15) 


=1+[2]=1+2=3 

and the minimum value of y =m =a-[b| 
=1-[Д=1-2=-1 

(ii) Here a = 3and = 2 

^M =а+|р|=3+[0|=5 and m =a-|b| =3-|2| =1 


(iii) Let у'=1+3п(20—15) 


Then М=1+]| =4 and m=1-[3| =-2 
If M' and m' are the maximum value and minimum value of y respectively, then 
Mrz. lol айй 215 
м 4 т -2 


Since m<Oand M >0 


|. Find the domain, range and period of each of the following function: 


(i) 3 sin 3x (ii) алох (iil) ^ cosec 2x 
(iv) cos 4x (v) 6sec2x (vi) Z cot = 
(vii) - tanx (viii) = совесх (ix) (вес x 

2: Find maximum and minimum of each of the following functions: 
0 y=- sin( 1042] (ii) у=5—4зш(Ө+30) 
Е 1 : 1 
1 = = — 
ciy, d», Acos 270 


19—10sin(38— 45) 


12.2 Graphs of Trigonometric Functions 

The graph of a real valued function is the set of points in the cartesian 
plane, whose co-ordinates are the ordered pairs, belonging to the given function. 
For example to graph a function y=f(x), we give a number of values to x, which 
belong to the domain of the function, and find the corresponding values of y, 
which satisfy the equation y=f(x). We plot these ordered pairs (x, y), join them by 
smooth curves or line segments, the diagram so formed is the graph of the 
function. 

In case of trigonometric functions the points are joined by smooth curves. 
Since trigonometric functions are periodic, it is sufficient to draw graph over a 
period. This information can be used to extend the graph to the right and the left, 
because the graph will be identical over those values of x which form the period. 


12.2.1 The shapes of the graphs of sine, cosine and tangent 

y= sin x and у = cos x look pretty similar; in fact the main difference is that the 
sine graph starts at (0,0) and the cosine at (0,1). 

Both of these graphs repeat every 360 degrees, and the cosine graph is essentially 
a transformation of the sin graph—it's been translated along the x-axis by 90 
degrees. Thinking about the fact that sin x = cos (90 - x) and cos x = sin (90 —x), 
y= tan x crosses the x-axis at 0, and has an asymptote at 90. This graph repeats 
every 180 есе. 


_——› 
90", 130° 210, 360" Хх 
-10' 


Figure 12.13 

12.2.2 Graphs of six basic trigonometric fonctions 
(а) Graph of y=sin x,- 215х<2л 

Since sinx is periodic function of period 2л, whose domain is К, it is 
sufficient to draw a detailed graph over the interval [0, 2л]; portions x of the graph 
over the intervals [27,0], [0,27], [22, 47] and so on will be identical. 

Suitable values of x, and the corresponding values of y, satisfying y=sinx 
are given below in the form of a table. 
Values of y for different angles x, can be found by use of trigonometric identities. 


Take a set of rectangular axes, choosing a convenient length for 30° on the 
x-axis and a convenient length as a unit оп the y-axis. We plot the points (x, y) to 
get the following graph of y=sin x in the interval (0, 27) 


Y 


30° 60 90° 120 150 180^«210*240' 270° 300° 330° 


Y ycsin x on [027] Figure 12.14 
We note for all values of x, -1 < sin x< 1. 

We often call the graph of y — sin x, a sine wave and the graph in the 
interval [0,2 т] a cycle. Extended graph of sin x which is the repetition of the 
graph in figure 12.14 is given in figure 12.15. 


Y 


L y=sin x Figure 12.15 


(b) Graph of y = Cos x, - 215х527. 
The cosine function also has a period of 27, and its range is [-1,1]. 
Values of (x, y), satisfying y=cosx are given below in the form of a table. 


Plotting the points (x, y); the graph of y=cosx on the interval [0, 277], is shown in 
figure 12.16. 


P 


120° 150 180° 210° 240° 470° 300 330 360 


A Figure 12.16 
y 
Extended graph of y=cosx is shown in figure 12.17. 
Y 
x 
3: 4n 
Figure 12.17 


(c) Graph of y=tan x, 0Sx $ 7 


‘The period of tan x is л and the domain is the set Ви), neZ}. 


When On. neZ or х=+ 90°, +270°.......; the tangent function is not 


defined, at these values of x,it becomes very large,in other words it approaches + о. 
In the interval [0, л ]as we approach 90° from the left, the tangent becomes 


larger positively, that is, it tends to +; and when we approach 90° from the 
right, it becomes larger negatively, that is it tends to —«e. Table of values (x, у) 
satisfying y=tan x оп [0,7] are given in the below table. The graph is shown in 
figure 12.18. 


x- X 
30 60 907 120° 15077180" 
E | 
E | 
E Figure 12.18 
y y = tan x on [0, 2л] 
Extended graph of y = tan x is given in figure 12.19. 
Y 
Н i i 
H H 1 
x^ ~ - - x 
Н 1 1 
Н | { 
i 1 | 
mE i i Figure 12.19 


y= tan x 
(d) Graph of y=cot x -rsrsr 
The period of cotangent is also л. 


Table of values (x, y) satisfying y=cot x on [0, 7] is given below, while graph is 
shown in figure 12.20. 


у = cot on fOr] Figure 12.20 


Extended graph of y=cot x is given below in figure 12.21, which is the repetition 
of the graph given in figure 12.20. 


Y 


gere ee РИШ ч 


y=cotx Figure 12.21 


(е) Graph of y = sec x,- 215х52л, 
We know that period of secant is 27, table of values (x, y) for y=sec x on 
[0, 27] is given below. Graph is shown in figure 12.22. 


90° 120° 150° 180° 210" 240° 270° 300° 330° 360° 


-2 


i 
1 
р 
1 
І 
1 
' 
i 
t 
| 
ш | y=sec x on [0,2л] Figure 12.22 
Extended graph of y=sec x 


Y. y=sec x Figure 12.23 


(f) Graph of y = cosec x, —2т<х<2л 
Period of cosec is 2л, table of values (x, y) satisfying y=cosec x on (0, 27] 
is as follows: 


30° 60° 90° 120" 150" 180° 210° 240° 270° 300° 330° 360° 


Ke y=cosec x on [0, 2n] Figure 12.24 
Repeating the graph in figure.12.24, n extended graph of y=cosec x is obtained 
as given in the figure below 


y y = cosec x Figure 12.25 


12.2.3 Graphs of sinA@ and cosA@ where A is a positive constant. 
In figure 12.26 the graph of y = sin is shown. 


Figure 12.26 
We see that the graph of y = sin has period 27, so the constant Ain 


y = sin АӨ indicates the number of periods in the interval of length 2m. If y = sing, 
we notice that A — 1. This means that there is only 1 period in that interval. 
For example, if A = 2, then 


у =sin20 
means that there аге 2 periods in an interval of length 27 as shown in figure 12.27. 
The graph of y = 51129 is the compressed version of the graph of y = sin in the 
x-direction. 


Figure 12.27 


If A = 3, then y = sin36 indicates that there are 3 periods in the interval of length 
2m as shown in figure 12.28. The graph of y = sin30 is more compressed version 
of the graph of y = sin Ө as compared to the graph of y = sin20. 


y 


Figure 12.28 


On the other hand, if A = I then у= sing means that there is only half a 
period in the interval of length 27 as shown in figure 12.29. The graph of 


ys sin 0 is the expanded version of the graph of у = sin@ in the x-direction. 
y 


2n 47 


-! 
Figure 12.29 
Similarly, multiplying @ by з positive constant has the geometric effect of 
compressing or expanding the graph of y = cos in the x-direction. 
Thus, multiplying Ө by a number greater than 1 compresses the graph of sin@ or 
cos8 in the x-direction and shortens its period. Multiplying Ө by a positive 
number less than | expands the graph and lengthens its period. In this case the 
period is given by і 


Example 8: Without drawing, guess the graph of cos 6. Also find its period, 
frequency and amplitude. 


Solution: Here А = i <1, so the graph of costo is an expanded version of the 


graph of cos8. Also in an interval of Bia Yes 
length 27, there is one third of a period. CKK 


We have Period = Ed 


vs Period of cm = “ө = бт 


3 

Frequency = E 

2л 
г. Frequency of cos Lg = 1 
3 бл 


Amplitude of cos zl 


12.2.4 Periodic, Even/Odd and Translation Properties of the Graphs of sino, 

cos8 and tane 

In section 12.2, we draw the graphs of all six trigonometric functions. If we 
examine the graphs of sing, cos@and tang, we observe that they have many 
symmetry properties. 

In this sections we are concerned with the periodic, even/odd and translation 
properties of the graphs of sin 8, cos and tan 8. 
1. Symmetry properties of the graph of Sing 

The graph of sin 8 is reproduced in figure 12.30. 

(Ө) 


£(8)=sin8 


Figure 12.30 

(a) Periodic Properties 

We see that the graph of sing keeps repeating itself after a period of 2л 
units. Therefore РИШИ 

зіп(0+2л) = sin 8 

This property possessing by sin A is called the periodic property. 
(b)  Even/Odd Property 

The graph sind is symmetrical about the origin. This means that if we 


This shows that sin@is an odd function which is in conformity with the 
results in theorem of section 12.1.2. This property possessing by sin is called the 
odd property. 

(с) Translation Property 
If in figure 12,30, 6 is decreased or increased by п, then the sign of f(@) is 


changed. Therefore 


This property possessing by sin is called the translation property. 
Using the odd and translation properties, we have 
sin (7—0) =зт|[-(9-л)] = -sin (8-7) = -(- sin 8) = sin& 


ie. [sing 8) = sin) 

Thus, the graph of sing possesses the following properties: 
. Periodic property: sin(8t2z) = sin 8 

* Odd Property: sin(-0) = —5їп@ 


А ‚ |зїп(Ө#-л) =-&п@ 
Translation Property: || (1-6) = sin8 
2. Symmetry Properties of the Graphs of соз # 


The graph of cos is reproduced in figure 12.31. 


f(8)2cos8 


Figure 12.31 
(a) Periodic Properties 
Like sing, the graph of cos@ also repeats itself after a period of 2m. 


Therefore Gz Y) 


This property possessing by cos @ is called the periodic property. 
(b)  Even/Odd Property 

The graph of cose is symmetrical about the y-axis. This means that if we 
replace 9 by —9, the graph is unchanged. Therefore :os(: 


This shows that cose is an even function which is also in mum with 


the results in theorem of section 12.1.2. This property possessing by cos@ is 
called the even property. 
(c Translation Property 

If in figure 12.31, @ is decreased or increased by л unit, then the sign of 


f(@) is changed. Therefore [cos(@= zr) = - cose! 


This property possessing by cos is called the translation property. 

Also cos(7—8) = cos[- (z- 6)] = cosur- 8) = —соз@ 
ie. cos(r—0)--cosÓ 

Thus, the graph of cose possesses the following properties: 

. Periodic property: соѕ(0+27) = соѕ0 

. Even Property: cos(-8) = cos@ 

ы Translation Property: ls Uti cen 

с05 (1—0) = -cos 
Symmetry properties of the graph of tang 
The graph of tan is shown in Figure 122. 
£o 


Figure 12.32 
The symmetry properties of the graph of tanO can be obtained in similar 
fashion as in the case of ѕіп and cos. However, it is pertinent to note that in the 
present case the period of tan is л. Therefore, the translation property of the 
graph of tan equals its periodic property. 


The properties of the graph of tan8 are given as below: 
B Periodic Property: tan (tz) = tan 6. 

D Odd Property: tan(-0) = —tan 8 
tan (8-7) = tan 


б Translation Property: ns S D 


Example 9: Use the symmetric and periodic properties of the cosine, to establish 
the following identity. (2-0) = sing. 


Solution: 
By translating the graph of cos® by 5 units in the direction of ће positive Ө-ахіѕ 


the graph of cos becomes the graph of sin 


That is ео{ө-®) = sing 
n M А л т 
But the cosine is an even function, so cos 7-0] = (0-2) 


Thus, co £0] =sin@ 


EXERCISE 12.2 | | 


1. Draw the graph of the following functions in the indicated interval. 


(i). y=2sinx Osxs2n (ii). y=cos2x OSx<2n 
dD y=—4++sinx OSIS (iv) y=—cotx -л<х<х 
(у) у= 2 созес 2х 05х52л (vi) y = sec = п5х<27 


2. Without drawing, guess the graph of each of the following functions. Also 
find its period, frequency and amplitude. 


(1) y = cos 28. (ii) у = sin 60 


Gii) ~ у= зіллө av) l= cos 8 


3. Use the symmetric and periodic properties of the sine, cosine and tangent 
functions to establish the following identities. 


(i) (£o) = cos (i) co Zao) = -sin 
(Hi) sin(z~@) = sing (iv) cos(r-8) = -cos& 
(у) їап(л– 0) = – (10 (vi) цчап(2л—8) = -tan8 
4. For any integer К, deduce that 
(1) 5ш(@+2Кл) = sing (HH) cos(6+2km) = cos 
Gi) tan(o+2kz) = tan (Gv) cot(@+2kx) = cot 
(v) sec(@+2kz)! = sec? (vi) eosec(@+2kx) = cosec@ 


12.3 Solution/graphical solution of trigonometric equations 
An equation involving trigonometric functions is called a trigonometric 
equation. 

There is no general procedure for solving all trigonometric equations. 
However, we can solve many trigonometric equations by means of algebraic 
methods such as rearranging equations, factoring, squaring and taking roots and 
by using the basic trigonometric identities already proved in earlier units. 

12.3.1 Solution of trigonometric functions of the type sin® = К, cos@ = К and 

tanü- К 

The simplest trigonometric equations are of the form 


sind = k а) Did You Know | 


созӨ= К (2) Anidentity is an equation | 
tanü = k (3) which is true for all values of 
the variable. | 


where k is a constant. 

In this section, we are concerned with to solve these equations, using 
periodic, even/odd and translation properties. 

In section 12.1.3, we noticed that the sine functions and cosine functions 
are periodic and both have period 27, i.e. they repeat their values every 27 units. 
Thus, if we want to find all solutions of (1) and (2) then we simply add and 
subtract integer multiple of 27 to the solutions in the interval 0 <Ө< 2л. We also 


noticed that tangent function is also periodic having m as its period. Thus to find 
all solutions of equation (3), we add and subtract integer multiple of m to the 


solutions in the interval 0 <0<л. 

Thus, to find all solutions of such trigonometric equations, first of all find 
the solution over the interval whose length is equal to its periods and then find the 
formula for all solutions of the equations. 


Example 11; Solve the equationsin 8 = 


wie? 


Solution: We have зіп 2 = —, so the reference angle is 9=—. Since sine is 
ü n 8 6 


positive in quadrant I and quadrant II, so the equation has two solutions in the 
interval 0 <0< 2x, one in quadrant I and the other in quadrant II i.e. 


Ө= 1 ог B= diu Ed. 
6 6 6 


Now to find all solutions of the equation, we add and subtract integer multiples of 


2л to the solutions = or X. 


в = е, = ул, VE m Z 44r, Dam, 
6 6 6 6 6 


or 9 = RES е PLE Um D ал: STA ay Nae 
6 6 6 6 6 


These solutions can be written compactly as follows: 


ee or mat а о 


Solution: We have cos =, so the reference angle is € ==. Thus, the 
3 2 8 3 


equation has two solutions in the interval 0 <@< 2r, опе in quadrant I and the 


other in quadrant П ie. 0- = or Ө = а = = 


To find all solutions of the equation, we add and subtract integer multiples of 27 


5 
to the solutions T or Il 


Thus, = 4200 or a= m earn for n 20,51, $2, are all 


solutions of the equation. 


Ja 


Example 13: Solve the equation tan 6 = soar 


Solution: We have tan = = so the reference angle is 0 = Ee The tan 


is negative in the quadrant II and quadrant IV, however, in the interval 0 <0<л, 
the equation has one solution in the quadrant II i.e. @ = Ce = EX 
uJ 


Thus, all solutions of the equation are given by 


жи for п = 0,1, £2, 


12.3.2 Graphical Solution of some Trigonometric Equations 

Recall that the graph of a function is the set of all points whose 
coordinates satisfy that function. If the graph of two functions intersects, then the 
coordinates of their intersection points represent a pair of numbers which satisfy 
both functions. The points of intersection are called the solutions of the given 
functions. These facts can be used to solve trigonometric equations by graphing. 
In this section, however, we are concerned with the graphical solution of 
trigonometric equation of the type: 


. ae 

= 
. cos@=6 
. ung = 20 


in the interval -Z <0 < 2, 
2 2 


The method of graphical solution of such equations is illustrated through the 
following example. 


Example 14: Use graph to find the solution of the equation cos@ — Ө = 0 in the 
interval -- < 6 < Z. 

2 2 
Solution: The equation соѕ9 – 0 =0 can be written as со50 = 9 


Let y = cos0 and y -8 

If we draw the graphs of these two functions on the same set of coordinate axes, 
then their intersection point (if any) must be the solution of the given equation. 
We construct the tables of values of the two functions as follows: 


у= созб - 7 <0<7 у = 6, = рр 
7 2 2 2 


Figure 12.33 
We see that the graphs intersect at point А. The point lies about midway between 
0 and 5 . Thus, we estimate this solution as Ө =<. 


Verification. Substituting the value of @ in the original equation, we obtain 


=> 0.71- == = [г n= 2 = 3,14 (appro) 


> 0.71- 0.79 =0 


> -0.08 = 0 
This agreement seems quite good for a graphical approximation. 


(1) If the graphs intersect at more than one point, the other solutions of the 
equation may similarly be estimated. 
(2) We could have estimated the solution as coordinate pair (9,y). However, the 


variable y does not appear in the original equation. Hence, we are 
interested only in values of the angle that satisfy the equation. 

(3) A process of successive trial and error with use of trigonometric tables or 
scientific calculator would give the x—coordinate of the intersecting point 
as.accurately as desired. 


EXERCISE 12.3 | ; 


1. Find ali solutions of the trigonometric functions graphically. 


(i) sing V2 (ii) LH (iii) tang = 4/3. 


a 
з) cosg=1 (0) tan =-1 (vi) sing=-4 


12.4 Inverse Trigonometric Functions 


12.4.1 Inverse trigonometric functions and their domain and range 

We know that if f: x— y is one to one and onto, then there exists а unique 
function g: y — x such that (у) = x, where x € X is such that y = (x). Thus, the 
domain of р = range of f and range of р = domain of f. The function р is called the 
inverse of f and is denoted by f". 

Thus, Јо)=уә Ру) =х 


(a) The Inverse Sine Function 
Reproducing the graph of the sine function 


(0, у) ly=sinxe R} 


Figure 12.34 
It follows from the horizontal line test that any line у = b, where b lies between —1 
and +1 intersects the graph of y = sin x infinitely many times. Hence the function 
is not one to one. However, if we restrict the domain of y=sin x to the Interval 


Кът the restricted function у = sin х, -Z< x <= represented by bold 


portion of the curve in Figure 12.34 is one-to-one and hence will have an inverse. 
This new function with domain [-2.2] and range [-1, 1] is sometimes called 


principal sine function and is denoted by Sinx (with capital S). 


! is the inverse of the principal sine 


The inverse sine function denoted by Sin” 
function and defined by: 


y = Sin "x if and only ifx= Sin y, -1 SxS AS 


2 
That graph of y = Sinx can be obtained by reflecting y 


the restricted portion of y = Sin x about the line y — x. 
The reflected graph of y = Sin іх is illustrated 
in bold portion. y у= атта 


Here у = $їп`!х means that y is the angle between 


л л А ч ew 
ogee É (both inclusive) whose sine is x. 


The superscript —} that appears in y = Sin^'x is not 


an exponent ie. Sin^xs ——. 
i Sinx 


Inverse Relation of General Sine Functions 
Generally у = sin'x gives the relation defined by 


у = sin! x if and only if x= sin y, . 
for-l<sxsi,yeR 
The various values obtained for а particular.x represent 
the angles for which x = sin y and are called the 
inverse values of general sine functions. Since the 


domain of sinx is not restricted, sin їх is not itself a functio 
This can be proved by vertical line test. 


Example 15: Find the values of 
@ жа @ за) 
2 2 


Solution (i): Figure 12.36 shows the graph of 

у = sin^x for y € R. The line x=! cuts the 
graph at more than one point showing that sin be 
is not a function. However the intersection of y = sin !x 
and х= ; provides the various values of sin! G) 


Hence from the graph in Figure 12.36 the solutions 
i Figure 12.36 

of y=sin! ©) аге 

y 42kz,keZ or y- ena, kez 

ie.ye г 42k ke z}U (Zkz ке?) 


(ii) ^ Only one of the above numerous values satisfies the equation 


у = Sin” © 3; that is, the value which lies in the interval 8 zi Looking at 


the graph again 2 is such a value. Hence y=Sin™ G )> y= z 


The notation Arc sin (with capital A) is sometimes used for Sint. 
Example 16: Find the exact values of the following inverse functions 


4 


(ü)Sin'(I) Gi) Sin" e Gi) Sin” cn 
after evaluating their corresponding inverse relations. 
Solution: (i) Lety = Sin™ (1), we seek for the general sine function sin(y), 
the values of y whose sine is 1. They are { 5 +21 Л, ПЕЙ). 


Out of these values ‚ the solution of 


a aR 


ysSin" (1) is 5 a 51 


в 


(ii) Similarly the solutions of y=sin™ em are 


л л 
Кел neZ} U (25 +217, пе Z} 


However, у= іп” РЭ) ‚ where ye Peal is only y= 


ыр 


(iii) The general solutions of у= sin”! єз) аге 
ye pE 432nz,neZ)U 25 +2n7 } 


1 
However y-Sin^ 92) yields y= - 
Important Results. The relationship f f^ (y) = y and f f^ (x) = x that hold for 
every inverse functions gives us the following important results. 


я л 
Sin ' (Si =y if-= <y<— 
in (Siny)=y 1 2 5755 


Sin(Sin!x) =x if -1«x«1 


Я m 3c a Ham л 
Example 17: Епа (i) Sin [ran с] (ii) si [шоу | 


Solution: (i) We know that in =-1 
Let узи“ [tan = sen — y-Sin^ cn 


By definition Sin y =-I, if-^ sys 


a njà 


Thus y is an angle in the interval =a i24 whose sine is —1, it follows у = -3 


di) Let y = Sin" [tan Н ] As tan 5 = J3 and Зе [—1,1] 
Hence no values of y exist which satisfies у = Sin =) 


Thus the solution set of y = Sin” [tan =| is empty. 
(b) The Inverse Cosine Function 
In figure 12.37 we reproduce the graph of the function 
{(х,у) lyscosx,xeR-1sysl) 
Because every horizontal line y = b, where b lies between —1 and +1 intersects the 
graph of у = cosx at infinitely many points, it follows that cosine function is not 
one-to-one. 


Figure 12.37 


However if we restrict the domain of у = cosx to the interval [0, 7] as illustrated 
by the bold portion of the curve in figure 12.37, we obtain a decreasing function 
that takes on all the values of the cosine function one and only once. This new 
function is called the principal Cosine function and is denoted by Cosx (capital C). 


The principal cosine function has an inverse denoted by Cos =" 


The inverse cosine function Cos ' is defined by 

y = Cos" x if and only if 

x= Cosy, for-1 <х< 1, and0 € y € 
This is also referred to Arc cosine function. Using general properties of inverse 
functions, we obtain 

Cos (Cos ^! x) = Cos (Arc cosx) = x, if -1€x&l, 

Cos ! (Cos y) = Arc cos (Cos у) = y, #0 Sy <л. 
The notation Arc cosx (Capital A) is sometimes used instead of Cos !x. 
The graph of the inverse cosine function can be found by reflecting the bold 
portion of Figure 12,38 in the line y = x. The resulting curve of y= Cos ! x is show 
in Figure 12,39 in bold portion. 

y 


. Figure 12,38 Graph of Cos x Graph of Соз х апа Arc Совх Figure 12.39 
Example 18; Find the exact values of 


(i) Соз! 0 (ii) Cos) (iii) Co^ C2) (iv) Cos"! (- 
Solution: (i) Let у= Cos '0, we know that 

y = Arc cos (0) if and only if 

cosy =0 апа ує[0, 7] 


43 
"5 


Consequently, y- я and Arc cos (0) = Е 


Е 1 1 
(ii) Let. y = Cos! ( ). We seek the angle 0 <y < л, whose cosine equals — 
i E о ri 


л 

C = ‚0<у<л =^ 

05 у T y E y 2 
PE л 
Thus Соз '(—=)=— 
со? 


(iii) Let y = Cos”! ci ), we seek the angle whose cosine equals = » The 

reference point in the first quadrant iss Е 

Hence for negative sine we go to II quadrant by finding supplementary angle. 
у=л-2 = Ed e [0,7] 


3 


I 2л 
Непс Созу=—— = — 
е озу 2 = у 3 


2л 


Thus Cos” = on 


(iv) By definition. 
y= Cos"! е2 ), if and only if 


Cosy = 3 and 0<y <x 


The reference angle (1st quadrant) is К ‘But for negative cosine, y lies in the 
second quadrant (as 0 <y <7). 


Th = л -== —. 
и” Ei 


Hence Cos"! c3) QE 
2 6 


Example 19; Find (i) Arc cos (Cos2) (н) Cos (Arc cos 0.5) 
(iii) Arc cos (Cos4) (iv) Sin (Arc sin 2.463) (v) Arc cos (cos 4) 
where the angles are measured in radians. 


Solution: When finding these values we must pay attention to the ranges of 
principal trigonometric functions and their inverse functions. 
() Since Arc cosine and Cosine (principal) are inverse function and 2 radians 
is between 0 and т. Hence 
Arc cos (Cos2) = 2 radians 
(i) ^ Let 62 Arc (Cos 0.5), then 
Cos Ө =0.5 and by substitution 
Cos (Arc cos 0.5) = Cos (Ө) = 0.5 
(iii) Бог Arc cos (cos 4), we see that cos4 (general function) has the angle 4 
radians in the third quadrant and therefore cos4 is negative. The Arc 
cosine (inverse function) of a negative value will be a second quadrant 
angle. 
Hence Arc cos (cos4) = Arc cos (-0.653644) 
= 2.2832 radians. 
(iv) — (Arc sin 2.463) is not defined, since 2.463 15 not between —1 and +1. 
(v) Principal function Cos4 is not defined as 4 does not lie between 0 and л . 
Hence Arc cos (cos 4) does not exist. 
(c) The Inverse Tangent function 
The graph of tangent function shows that every horizontal line intersects 
the graph infinitely many times, it follows that tangent function is not one-to-one. 


Y 


Figure 12.40 


А В $ i дл Е д 
However if we restrict the domain to the interval c; EU , the restricted function 
- a. м A 
у = (ап x, => <x< 3 is one-to-one and hence has an inverse. This is 


called the principal tangent function and is denoted by y 2 Tanx (Capital T). This 
leads to the definition of inverse tangent function as follows. 
The inverse tangent function Tan"! is defined by y = Тап! x if and only if 

л 


x=Tany, where-e <x <e, -5 eye 


The graph of Tan~' x can be obtained as before by reflecting the principal Tangent 
y 


function in the line y = x as shown below: 


Example 20: Find the exact values of 
G) Tan" (1) (i) Тап! -¥3) 
(iii) Tan dE J 

Solution: Let у= Tan^ (1). 


We seek the angle y, -5< y<% 


whose tangent equals 1, i.e., = 
Figure 12.41 


л m 
T: z]l,for-—«y«— 
any or 3 y 2 
= у= — 
=] л 
Therefore у = Тап” (1)- 7 
a 


(ii) Let y=Tan“! (V3). Weseek the angle y where -7 суе 


whose tangent EN! ,that is 


Tan ys-43 E -;<у<7 


Pa LAM 
The reference angle in the first quadrant is 7 Since tan (- 8) = – (апӨ. 


Hence у= Тап”! (— 4-2 


(ш) Тап 2) where Tan represents principal tangent function exists only for 


the angles in the range between 2 Zand 7 —, Since z е (- 5 D 
Hence Tan ( 2, is not defined. 
Example 21: Find the exact value of 

G) Sin (Cos* 22) (i) Cos [Tan™ (--1)] 

Gii) Sec (Sin 2 (iv) cos[Tan'! (-D] 
Solution: (10) We first find the angle, уе [0, 7] such that 

Cos y= EE 
2 


ог yzCos'! Dy => у= те 10, л) 


Уз 


Now Sin (Cos ' E = Sin(y) 


(i) Lety Tan '(-1). We first seek the angel y € єт) for which 


я 
T =-] get Ed LE ED 
апу = у zt 7 3) 


Now Cos (Tan^' (-1)) = Cos (y) = Cos co is not defined because Cos is the 
principal Cosine function whose angle must be in the interval 0 to 7. 
Since A ¢[0, д], hence Cos = is not defined . 


8 i — Sin y = 1, then by definition y 


[Є] 


Gii) For Sec (Sin! 1) „let y = Sin 


is the angle in the closed interval 5, 5] such that 


Sin у =1 = y cs n 


Hence Sec (Sin 2)- Sec (= Dem 


У 3 
А 4 z m л 
(iv) Азшрай (ii) Тап” (-1) =-— 
Here cos8 is the general cosine function. 
, л 1:52 
Непс Тап! (-] =cos (- —) = -= =>. 
е cos [ (—1)] = соз ( 4) EI 


(d) The Remaining inverse trigonometric functions 
The inverse cotangent, inverse secant and inverse cosecant are not used 


very widely. However, we list their definition as follows: 
(i) y = Cot x, where 0 «x« т is called Principal Cotangent Function 
which is one-to-one and has an inverse. 
у = Cot! x means x = Cot y , where 0 « y «x and 
XE (—со, +оо) 


(i) у= Sec x, where 0«x«z, xxm is called the Principal Secant 


Function which is one-to—one and has an inverse. 


у = Sec" x means х= Sec y where 


Osy sa, ужо and lalt 


(ii) у = Cosec x where ~srst,x#0 is called the Principal 
Cosecant Function, which is one-to-one and has an inverse. 


л л 
у = Cosec~' х = Сс”! x means x = Сѕсу where, E: sy< > and 1х! 21 


12.4.2 Domains and ranges of principal trigonometric function and inverse 


trigonometric functions 
For convenience, the domains and ranges of principal trigonometric 
functions and their inverses are listed in the following table. 


x e[0, z3) 
y=Sec 'х | x<-1, x21 


ye (0, z1- 071 


ХЕ (0, 7) ye R 
xe IR ye (0,7) 


Example 22: Evaluate: (i) Arc sec 2 (ii) Arc sec (22) 
(iii) ^ Arctan(3.5) (iv) Arc tan (-2.3) 
Solution: (i) Let Ө = Arc sec2, which is an inverse function. By definition, 


y =Cotx 
ysCot^x 


Sec8 = 2, where 8e [0,7] — { 2 } 


We Know that Sec Z =2 =0=7e [0, я] 


(ii) Let Ө = Arc sec(—2). This is an inverse relation not a function. Therefore, 
there are infinitely many values for Ө. Since ѕесӨ is negative, the reference angle 


2 
lies both in the quadrants (II) and (Ш) which are. 0; = л e Z 
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Hence, adding the multiples of periods of sec i.e. 27 n, we get 


4, 
р eZ ат à — +2п л, nis any imer 


(ii) ^ Arc Tan (3.5) is an inverse function whose solution must lie in =>. > 


Since exact values for Arc tan(3.5) are not known, we put a calculator in radian 


mode, to get 
Arc tan (3.5) ~ 1.2925 rad. 


(v) By definition of inverse tangent function -5< Arc Tan = Using a 


calculator we have, Arc tan (-2.3) = -1.16 


Example 23: Evaluate: G) tan [cos єз Л | (i) tan (Cos! єз | 
м E у zd 
(11) Tan [cos c3 )] (iv) Tan [Cos => )] 
1 
Solution: (i) For cos”! єз ) we seek an angle whose cosine is c3 jy 
The reference point is 7 But cosine is negative in the II and Ш quadrants. 
7 л mJ 2 Я 
Hence (ће required angles аге (255) апа (Fitzy ). Adding the period 
2n7 we get, cos ZI Cama) U (7 emn) пе 2 
Now tan em +2пл) = tan сх )= —43 and tan di жал) = tan( “2 = +33 
^. tan (cos ' CED = an 2 аль Teb 48,43] 


3 


(ii) Cos" C1) = Are Cost- 1) 21e [0, z] But tan (= 


Therefore tan (Cos! ci » 2 (73) only 


(ii) Again cos C2) 122 дал) 014700) 


27 л Л 4л л я 
But since —— e(-—, — and also — e(-— , = 
ut since 3 = 2 2) and also 3 ( 2 2) 
Н 2л Am P А 
Neither E nor ES could be the argument of principal tangent function. Thus 


Tan (cos! c; )) does not exist. 
(iv) Similarly Tan [Arc cos e$ У = Tan d is not defined. 
Example24: Evaluate 
ч o 2л; ү, TAUGI PE 
(i) Are sin(sin cc) (п) Are sin (sin) 


(ii) Arc cos (cos =) (iv) Are cos (cos a) 


Solution: (i) As = e Le 5] , it follows that 


Are Sin (imet) Am 
5 5 
However, since sin e = sin pase j= sin 


2m, є {М Yn we find that 
5 21080 


Arc sin (sin E = Sin" (sin = = a 
Gi) By definition of inverse relation of sine function 
Arc sin (sin рл, = Lr 
5 S 
(ii) Ас Cos(cos 27) «31 а 


because є[0, л]. 


a 
But < = cos 4л+2) =cos= ande [0л]. 
7 7 7 2 


Непсе Агс соз (cos 292 )= E 
(iv) By definition of inverse relation of general sine function, we see 


that | 


Arc cos cos 5% ) exists when 


297 

EB 

Example 25: Find the value of sin[Tari ! -x)], x being 
a positive number 

Solution: Let Tan ! Cx) = 0. Then tan Ө = -x, and Figure 12.42 
6 lies between —л/2 and 0. If angle 6 is constructed ET 

in standard position, as shown in Figure 12.42, then $0 is found to be ==. 


Непсе, sin[Tan ! (x)]- 22 


Vit x? | 


1. Evaluate the following inverse relations of general trigonometric functions. | 


2 
Arc cos (cos E )= 


(i) arcsin(-l) Gi) arccos cR Gü) ас wac, 
2. Compute the following expressions 
i 1 
5 an 3m 1 ў E 
@ Ас cos tan x GD Sinani rl 


ii) б EI Gv) tan [Arc eos C23] | 


3: Find the exact value of each expression. 


7 i zu 
0) сов [sin 2) (ii) Tan [се (ii) Sec [Соз] 


(v) Cosec [Tan (Ю] (v) Sin [Tan (В (и) See [Sin (2) Г 


12.4.3 Graphs of Inverse trigonometric functions 

Inverse Trigonometric Identities 

It is hard to evaluate Arc secant, Arc соѕесапі, or Arc cotangent functions, 
when their exact values are not known, since most of the calculators or computers 


are not programmed for these functions. For this purpose we introduce the inverse 
of the reciprocal functions. The procedure is summarized by the following inverse 
identifies: 


1 

1. Cosec!x = Sin! (1) x0 2. Sec x» Cos! (—), #0 

X 
3. Со! = Тат! (1),х>0 4. Cot = s Tan! (4), x<0 
x 

5. Sin (—х) --Sin ! (x) 6. Cos (x) = п-Соѕ х) 

7. Тап (—х) = - Tan (х) 8.Sin'()- = – Соѕ (х) 
Proof. (1) Let y=Sin'+, х0 © 

x 
: 1 
=> Siny = , #0 = = = 
х Sin y 


=> Cosecy=x = y-Cosec!x (Ш) 


x 


From (i) and (П) sin" Jr Cosec ^! x 


Similarly (2) can be proved. 

To prove (3), let 

yz Cot 1% where x0 (III) 

> y = Cot'x, O< y <x/2 = Соёх=у, 0<у<л/2 
> 1/Тапх = у, 0<у<л/2 = Тапх = Му, 0 <у <л/2 


х= Тап”! (Му) where х> 0 (IV) 


=> 


From (III) and (IV) Cot !x = Tan" a ),x>0 


To prove (5), let 


y= -Sin" (х) (Vy 
>  .yzSi'()-  x-Sin(-y) 
> x--Sin(y = Siny --x 
=> y=Sin'(-x) (УТ) 
From (V) and (VI); in^ x) 2-Sin^ (x) 


Similarly (6) and (7) can be proved. Finally to prove (8) 
(VI) 


let Ө= 2 ~ Cos™'x 
2 


ie. Cos" x = 82x = Соз (= - Ө), for 0sT. osa 
2 2 2 


Now 0 sm –0< л implies EG es? and in this range for Ө, 5110 exists. 


Hence from (5) 
Now х= Sin => 0 = Sin" х 


Substituting Ө from (УШ) in (УП) ‚ we have 


Example 26: Solve the equation 
Solution: The given equation can be written as 


л Ж m 
Sin’ x-Cos’x+ >= + = л 
смо 
ie. 2Sin'x4Sin (х= 7 
or 3Sin'x=z 
z$ Sint M ys 


28Sin^' x - Cos" 


TE 


х= Cos G-9- Sin Ө, where 8e [-—,—] 


22 
(УШ) 


Sint x= a Cos^'x 


a 
х= = 
2 


Example 27: Evaluate Cos (Sin™' i + Cos! i ) without tables or a calculator. 


Solution: Let x = Sin” i and у = Cos ^ i then 


Sinx= i and Cos y =: Where x and y are in 1st quadrant. 


Wehave Cos (х +у) = Cos x Cos y- Sin x Sin y. 
We know Sin x, but need to find Cos x, where 


Cosx = vi-Sin?x ‚ав Cos x is +vein Ist quadrant 


po 
Again we know Cos y but need to find Sin y, where 


Siny = 4i - Cos ? y, Siny is +ve in Quadrant 1 


Therefore Cos stCor 3] = Cos (x + y) 


= Cos x Cos y - Sin x Sin y 


Example 28: Evaluate Sin(Arc tan E — Arc созт) 
Solution: Let u = Are tan 7 and v= Are cos, 


then Tanu = 1 апа Созу E 
2 5 


, дл гүне 
As Тап и is +ve, and u = 55:9) hence u must be positive i.e. 


ue [0, 2} Similarly Cosv being positive means у Е [0, £ ]. 


4 
We wish to find Sin (u — v). Since-u and v are in the interval Figure 12.43 


л 
[0, —]. They can be considered as the radian measure of positive acute angles 


and we may construct right angled triangles for u and v as shown in fig 12.43. 
These triangles show that 
‚ Sinv= E 


Sinu = 
4 


Cosu- X etc. 
Hence, 
Sin (u — v) = Sin u Cos v – Cos u Sin v 
ВЕЕ Е ЛЕ 62. 95 
75-5757 ham HU 
Example 29: Write (i) Cos (Sin ' x) 
(ii) Cos (sin! x) as an algebraic expression. 


Solution: (i) To simplify, let y = Sin 'х Then Siny =x for ye ют 


We wish to find an algebraic expression for Cos (Sinx) = Cos y 


Since ye 2,21 it follows that 


Cos y= +1-Sin’y = 


Consequently, Cos (Sin x) = 4i-x 
(i) ^ Let y= sinx, —1<х<1 which is an inverse relation 
=x = sin y is not a principal function. Hence its argument y is any real 


number of the set IR. Consequently. Cos y = *41- sin? у= tv1-x? 
or Cos (sin '!x)=4¥1-2 


Example 30: Express tan (Arc sin x) as an algebraic expression in x if -i «x < 1. 


Solution: Let y =Arcsinx => х =Siny, ye Ea 


Since tan eD and tan (5) аге not defined, we seek to find 


Ze [5,7 | for which —1<х<1 


л 
tany for ye Ca 2'7 


G) If xis positive then ye (0,2). 


Figure 12.44 (i) shows the triangle for у. - o 


(ii) If x is negative, then a 
i 


ye x ,0) and the triangle for y is shown in Figure 12.44 (ii) 


Pix’) 


^ y H 
From each of the triangles, х? + y^ -r? [ iny 2 = x| Figure 12/44 
r 


2 2 
> Psr- y sr r sr (l-a? 


=> х= гух? as x is positive in 


both the cases whether 


ye(0, D огу «c2. 


у хоад: , 
Thus (ап у = — = i.e. tan (Arc sin х) = 
X пд 1-х? 
Example 31: Verify the identify 
i Соз *х= Тап”! = — for |xl«1 
1+х 
Solution: Let у = Cos^' x, we wish to show — 2 UN. Тап! = 
x 
By half angle formula Tan 7 = Ames ze sy 
1+Сову 


Since y = Соѕ x and |x| «1, it follows that |Cosy|« landye(0,7) 


Consequently 5 є [0, e. ] and thus Tan re 0 


We may drop the absolute value, obtaining тап = COS y = =: 
2 1+Соѕ у 1+х 
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Thus > = Тап”! J Х as required . 
2 1+х 


12.4.4 Addition and Subtraction Formulae of Inverse Trigonometric 
Functions 
In this section we aim at to prove some important addition and subtraction 
formulae of inverse trigonometric functions. 


L 
Let x= Sin А > Sinx = A and у= Sin'B > Siny = B 
Since Cos*x + Sin^x = 1, so Cosx = tN1- Sin'x =? 
For Sin x = A, domain is ES z] in which Cosine is positive, so 
Cossa Т Созу E Rese have 
Sin(x + y) =Sinx Cos y +Cosx Sin y 
Sin(x+ y) =Sin xCos у+ CosxSin y 
= Sin(x+ у) = AVIA! + ВСВ = x+ у= Sin (at A? +В" 
=> Sin A Si B = Sin (А-А — BV1- 8") 

2. 

3 


Let x=Cos'A=>Cosx=Aand — y-Cos!B— Cos у= В 


We have sinx=+V1—Cos*x = ®/1— А? 


For Соз х= A, domain is [0, z] in which Sine is positive, 


So Sin x=V1-A Similarly Sin x=V1-B? 
Now Соѕ(х+ у) = Cos xCos y—Sin x Sin у 


= Cos(x+ y) АВ-АВ => х+ у= Cos (ab Vi - А* i B) 
= Cos ' A Cos в = Cos (Ав- Ji - А* vi- В° 


4; b y T Я “в aci [ABI AP 4i т p b 


s 


3. 

Let х Тап ЧА Tanz А and — y-Tan'B-— Тапу= B. We st 
Тап(х+ y) rapi Tan(x -45> Tan" A4 Tan B = Tan! — 
6. Tan AT п 


Fi 
Proof is left as an exercise. 


Example 32: Show that 2 Tar 'A- Tar" 


1- А* 
Solution: Put B = A in the inverse trigonometric formula 


Tan'A+Tan'B=Tan AZ 


B 
, we have 
B 


=: А+А = таті a 

1-А.А 1-A 
33 un = 
5 19 4 


Solution: Using addition and subtraction formulae for tan” , we have 


Тат'!А + Tan ^A =Тап 


Example 33: Show that Тат! 3 +тап 


Тап"! 3 +Тап" Se Tan“ 1. = (ra 3 *Tan' 3) -Tan' E 
4 5 19 4 5 19 
39 3 
лк Е 
Tar! 45. | „тап! = 
1-32 19 
4 
15+12 
=| Tan” 20 пи 
12s 19 


4 8 


-Tan ! 20 Tan’ = Tan ' 
п 19 


а nt 209999. 1425 s 
= Тап 209+216 =Tan СШ 1= 


209 


Find x, if 

() Sint > = ae (i) Сози 2 = a -Sin `x 

Show that 

O Sin 'x+Cos*x= 2 Gi) Tan’ + Тап! Vee 
2 x, 2 

(iii) sec (Arc tan x )e V1 x? (iv) tan(Sin'x) = = 


Evaluate. (i) Sin [оз (i) Sin [Are cos +] 


Show that (i) Cos (Six — зу) = үй—х°)1— y^) + xy 
(ii) Cos (2 Sin!x)-21-2x?, -1 £x & T 
(iii) 2 Arc Cos x = Arc Cos (222-1), 0 sx « 1 


(iv) Cos (Arc tan x) = qu x20 
x 


Express the following in terms of Tan; (x) 
G) Sinx (ii) Arccosx (iii) Arc cotx 
Verify that: 

л 


ЕЕ 
(i) 2 Tan (рт ет ( 7 4 


т ЗЕБ 
(i) Sin (Е) 5їп (eee (27) 


T: Express: A -Tan^' (res single inverse tangent 


8. Prove that 


л 
G) Sin "v Cos ty = = (Tan x 4 Cot tx = 7 
| 2 
Gii) Sin x= Tan —— : (^) Tan ! x= Sin! 
Их xxl 
(\) Sin = Cos ЛЕ, юг 0) (vi) Cos tx S Tan? LE ‚ Югх> 0 


(vii) Tan! (х-1) + Tan (x+ 1) = Tan! 3x, (x> 0) 


12.5 Solutions of General Trigonometric Equations 
Recall equations that contain trigonometric functions are called 


trigonometric equations. These will generally have an infinite number of solutions 
due to periodicity of the trigonometric function. For example the equation ѕіпд=0 
has the solutions: Ө = 0, +m, +2л, +3л,... which can be written as: 0 = kz, 
where k is an integer. In a trigonometric equation, the unknown may not be the 
angle itself. For example in соз(2х+1) = 0, the unknown is x while the angle is 
(2x+ 1) and the function is cosine. We first use the definition of inverse 
trigonometric function to get the angle (2x + 1) and then solve for x to arrive at 
the solution of the equation, 

When a trigonometric equation contains more than one trigonometric function, 
trigonometric identities and algebraic formulae are used to transform such 
trigonometric equation to an equivalent equation that contains only one 
trigonometric function. 


12.5.1 Techniques for Solving Trigonometric Equations 
Many trigonometric equations can be solved by methods already known. The 


following examples illustrate by these methods. 
1. Using Factorization. 
Example 9: Solve tan^x + secx- I = 0 in [0, 2л) 


Solution: We have, tan?x+ secx- 1 =0 


a H + . 2 
Ѕес?х – 1 + secx- 1 = 0 using identity 1 + tan ^x = sec^x. 
or tan^x = sec^v - | 


2 
вес^х + весх — 2 = 0 


(secx +2) (secx — 1) = 0 Factorizing 
secx 2-2 ог secx-] . Principle of zero products 
cosx =- 1/2 ог соѕх = | Using the identity cosy =1/весх 


х= 21/3, 41/3 огх=0 
All these values check. The solutions in [0, 2л) are 0, 2л/3 and 4л/3 


Example 34: Solve 2 sinxcosx- sinx- 0 


Solution: 2 sinxcosx- ѕіпх= 0 (0) 
= sinx[2 cosx- 1]=0 Gi) 
Equating each factor to zero, we get 
вїпх= 0 (ili) 
1 $ 
or cosx = v 
x 2 (iv) 


The equation (iii) ѕілх= 0 is satisfied by 0 and л giving the solution 
(2k: 7) U (2k, +7}, where k,,k,€Z. 
This is all even multiples of z (2k,2} and odd multiples of л {(2k,+1)7} 


which can be simplified to {kz, ke Z}. 


The values of the x satisfying (iv) in the interval [0, 7] are: т and (2л — Е )= = 


Thus the solution of (iv) cosx- i is { = +2kæ}U{ = *2kz]),keZ 
Combining the two we get the general solution of the given equation (i) as 
(кл ро (кт + = U (= + 2k }, where ke Z 


2. Using trigonometric identities 
Example 35: Solve 4 cos? 4 + 4 sinv-5 20.0 à - 27 


Solution: We cannot factor and solve this quadratic equation until each term 
involves the same trigonometric function. If we change the cos? x in the first term 


to 1 — sin? x, we will obtain an equation that involves the sine function only. 


4 cos^x + 4 вїпх—5=0 


4(1-їп?х) +4 sinx-5=0 cos? x = 1 — знИх 
4 —4 sin’x + 4 5їпх—5=0 Distributive property 
—4sin’x + 4sinx - 120 Add 4 and -5 
4sin’x -4 sine + 120 multiply each side by —1 
(2 sinx- 1) =0 Factor 
2sinx- 120 set factor to 0 
siny = 6 
x = 1/6, 52/6 


Example 36: Solve sin2x cosx + cos2x sinx = Е 
Solution: We can simplify the left side by using the formula for sin(A+B) 


d l 1 
sin2x cosx + cos2x sinx = € 


Z 
sin(2x + x) = E 
sin(3x) = 3 


First we find all possible solutions for x: 
3x =] + 2kr or 3x= п +2kx kis any integer 
E л „2% 21,26 ivi 
х= р +53 оп х= + Divide by 3 
Example 37: Solve sinü — cosü = 1, if 0 € 0 < 2x 
Solution: If we separte $10 — cos8 on opposite sides of the equal sign, and then 
square both sides of the equation, we will be able to use an identity to write the 


equation in terms of one trigonometric function only. 
5110 — соѕ = 1 


sind = 1 + cos Add cos8 to each side 
sin? = (1+ cos)? Square each side 
$1170 = 1 + 2с050 + соѕ20 Expand (1 + соѕ0)> 
1—cos? = 1 + 2cos0 + cos?8 $170 = 1 — соѕ29 
0 = 2 cos + 2 cos?8 Standard form 
022 cos (1 + cos8) Factorize 


2cos0-0 ог1 + соѕ9 =0 Set factors to 0 


с050=0 ог 059 =-1 


0= 2/2, 3/2 ог 0-z 
We have three possible solutions, some of which may be extraneous because we 
squared both sides of the equation in step 2. Any time we raise both sides of an 
equation to an even power, we have the possibility of introducing extraneous 
solutions. We must check each possible solution in our original equation. 


Checking 0 = 7/2 Checking Ө = л Checking 9 = 3л/2 
51пл/2 — соѕл/2 = 1 sina —cosa = 1 ѕіпЗл/2 — со53л/2 = 1 
1-0=1 0-( 1) =1 -1-0=1 
1z1,true 1=1, true -1-1 , false 
0 = 2/2 is a solution 0 =z is a solution @ = 3л/2 is not a solution 


3. Using Quadratic Formula 
Example 38: Solve cos2x = 3(sinx-1 ) for all eal values of x. 


Solution: cos2x = 3 (sinx — 1) given 
1-2 sin! x = 3 sinx -3 double angle formula 
2 sin’ x +3 sinx-4=0 quadratic equation 
sin x = асты еш B -® use quadratic formula 
nai Sm 


sin x =— 2.351 or 0.85- 8 


The first answer, — 2.351, is not a solution, since the sine function must range 


between — 1 and 1. The second answer, 0.8508, is a valid value. 
x= зіп! 0.8508 + 2kx, x= л ~ sin! 0.8505 + 267 
In radian form, 
х= 1-0175 +2кл х=2.124+ 2kr 
Example 39: Find the general solution of the equation. 


2sin?x + 3sinx—2=0 
Solution: The equation is quadratic in sin x, we get 


_-3%49+16 _ -3+5 
4 


4 


1 
int = —,-2. 
=> мах 2 


sinx є [-1,1], it follows that sin x= i has a solution but sin x =~ 2 


has no solution because -2 € [-1,1]. 
ele ie 5 x Sm. 
The equation sin x = 5 is satisfied by the reference angles € and 6 in the 
interval [0,27]. Thus the general solution set of the given equation is 
5. 
{ = +211} U = + 2пл}, where пе Z 


4. A Reduction Identity 
Applications of inverse trigonometric functions are very useful in 


graphing to study the behavior of some wave functions and also in calculus and 
space sciences. It involves an identity to reduce the form of a trigonometric linear 
function i.e. a cos +bsin@ = с 

where a,b,c are constants, either а=0 and b#0 

Example 40: Solve the equation. 


V3cos@ -sin@ =0 e 
Solution: Compare the given equation with the expression 
a sin@+ bcos@ we get, а=-1, b= 43 
Let —sin@ + V3 cos8 = r sin (6 +0) Gi) 
We know that г = уа? + 22, cosa = M. sina = —2— 
Jat b Jap 
m 45 
> r=2, соза=-— ‚sina = — 
2 2 


The reference angle for o is 3 but since sin 0 is positive and cos negative, the 


angle -v lies in II quadrant. 


А 
Thus a = (2-7) +2nn= Ing. neZ (ш) 


Substituting (iii) in (ii) gives 
> —sin@ +43 cos = 2sin(@ + a) 


-2sm( + 27)=0 


= 9+а=Кл , kez 


= ө=кл - 22 —-0ал,пе2 
2л 
ог ше -mz,mez 


ss.=(-= -mi,meZz te +mZ,meZ } 


EXERCISE 12.6 


1. Solve each equation giving general solutions. 
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1 


() cosx- E А Gi)  sinx- zi 
üD tanx=—V3 (iv) cos (26 - 1 
(v) 222-2 (vi) 4cos?x-1=0 
2. Solve each equation. Use exact values in the given interval. 
(i) (sin x) (cosx) = 0 х 0< х $360° 
(ii) (sin x) (cot x) =0 ; 05х<2л 
(ii) (ѕесх– 2) (2 sin x-1) =0 » 0<х<2лт 
(iv) (созвесх—2)(2созх—1)=0 , 0<х<27 
3. Find the solution sets of the following equations. 
@) cos@ = sin (ii) tan = 2510 (iii) sinô = cosecü 


Gv) 4с058)-3=0 (v)sinx cosx =} (vi) sin20 + sind =0 
4. Solve the following equations. 

()  2sinx-3sinx + 1 =0 Gi) соѕ2х 5іпх= 2 

Gii) cos*x—sin’x = іп x (iv) cos 2x + cosx +1 =0 


(v) 1-sinx=2cos*x (vi) tan?x= 5 sexx 


(viii) sing + cose = 1 


(vii) 3—sinx = cos 2x 


(i) Solve sin 4x cosx + cos 4x sinx = –1 for all radian solutions. 
н шы IEEE. ONERE 
a +k) ЕН (с) АР ЕН Een 
(ii) Tan! V3 — Sec" (-2) is equal to 


(а) т (b) -u/3 (с) m/3 (d) 22/3 
Gii) IfSin' =y, then 

(а) О<у<л (b) 2 Sy <m/2 (c)Osy<n (4)-л/2<у<л/2 
(v) зв (Tan! x), |x] <1 is equal to 


x 1 (ed x 
m Ji- r? Oam я 4 x o Vie x 


(у) Тат! (5- тыл 22) is equal to 
у х+у 


n л (c (d) 38 
@% ©" оя о A 
. Find the period of each function. 
(i) -2cosec m x (i) бїаптх (10), 2 =.) 
3. Solve the following equations. 


G) sinzxscosx (ii) вш°х+совл=1 ^ (iii) coeex = Весов 
- Prove the following. 


@) 2Тай4- = sil Gi) Тай E Тай 3 тай $ =% 
Gi sf.smi-ssdélzf (0 "ad Y + rud 2 = Тай Arat 
. Prove the following. | 

(i) СойА -Cos'B = Cos (AB+/ A+ В?) 


Gi) ТайА —Тап!В = Тай (А-В) 


% Answers Д 


ш Ф 0 Ф 3 o i Q- 
O Ži Ф (241) +2 +1уї 
2 gu Ф (a-2)+bi O -soi Ф 23-77 i 
-17-i Фев Ф Te 6 i 


mo: фал 91599 
AD 65 65 ex ad 
g.5 
7. fi 4 NET +i 
ma 13 13. 
m 22A 6 „В: 
=- = РЕ Lt 
41 41 25 25° 


mnm 63 Us -2i Q- фо 
ШШ т mW: ШЕ 


9 
pp Gh o -7,9 =) 
% ^29 at (7. 9), s 130 
EE Ф > Ane Real part x-— £ , Imaginary part y = 19, 
29 29 29 


1 
Ф 5-21 Real part х= =>, Imaginary part у= Е7 


11. 1 р 1 
ccu Real ран Imaginary part y = = 


2 


Answers 


& ода _ 4! . eal art = 40 =b" and ima indi pea m 
NP" oy Cab аяр NES OBER 
& ~1, Real part x —— land imaginary part y =0 

4 333 —+—— 308 Real part = =e and imaginary part 2308 


169 169" 169 169 


| EXERCISE 1.3 
pr Ф 22-2491, w=26 Ө) :-4:"-1: invisi 
Bl O24 22-14 32-1-8) @ (Ber ro eB2- 15 
Ф +21) (c-%) фу c nerie- 
E Yes, itis a solution 88 Ф -+i o Baie 
Ф + лт Ө +» ШЕ Фф + +55 4 в 
© о, +548 © . >к 


REVIEWIEKERCISE V 


ЕФ. Q: Ф. Qi Ф.Ф, Ф. 
m ^ 6-е -ia фу aci Ф E: Beži 
EB г ЕШ: ШШ 5+ 2 аи 


ШШШ ЕШ ТШШЕН 
ШШ ег $ 15-0 ^ МЕЕ 


Answers 


ШЕ A=, An 6 A5 26A, =-2, An=—l, Ay=5, Al = -14 

e -» o» e 21 Ф -: moo: 
um Феи ө Non-singular Ф soos IER 2-0, +2 
ЕЕЕ Ф :-- $ :-°- Ф :--° 


Answers 


3 
Ф х=-1, у=3, 2-2 Ф х=6 у=-2 z=4 
EE Ф x=-2, у=1, 2=3 o х=2 yz-2 z=3 
ЕЁ ® Trivial solution eo Med, Met met 


1 —2 
ВИ 2-1 Hoge X6 xt 


mo: Ф: $. © Ф: € 


—193 


EN |222 -58 51 DE 2 у=1,2=1 


—78 


m © Ф + Ф ~ Ф 2 Ф : 


m^ $c $5 ei 
EL 9-5 
Ба © >: 9:54 19s 
mé: 97799; 


ШШ х+у,у,у-х,ў—2х 


ШЕ ^ EP e 131-21] o 107167 Ф 45 Ө Ва ЛЗ 
Ф cer Ф: eiu 
o xir EB ГЕТЕ |. -+/л 


E Length of АВ= AB -24/29 unit vector in the direction of Woe A 

= e ЕР 
-1,-4 e components; 3, —3, magnitude 3/2 
^ components; 4, 2, magnitude 245 o components;3,-2, 1, magnitude V14 


® components; —1,—6,—3 magnitude V46 & 9-1, 1) 


с к< 4 оо 4 72» El zx 


Tnternally efe pag. Externally зз ПЕ =it—j 
о E" 8 U т 
L IEEE No real value of œ IBN z--3 


EXERCISE 3:3 
moO: Ooo» 
ЛЕЕ 
ЕЕ 
e 90? e 73° (approximately) D 99° (approximately) 
5 =26 -2 
у шш Ф -:-7 9-. 
П Ws YN OG м! Р y 
Em Фу з Фф Nri 3 EN work =6units BE 12 units 
EXERCISE 3.4 
m © : Ф 2 Ф -+зу+2% 
Д 1 
F je (i+ 1] 45k e -25i+3j+13k 
pes Фут j5k) Nd j+13k) 
& -19i-2j+9k ө -3i+6j+3k o 3814-47-186 
Ф: Ф 
Ф 7+ Q 222-12 3-5 
Ат И. 485 
Six 6j «2k Ф Ф JB 

10 9. 10 6 

QS m$ D 


Answers 


|. - EL > ER $ 2 9» Ф >: 
Yes, they lie in a plane. ® > o: ФЕ 


6: Ф: шө Ф- 
ш Ф.Ф. Ф. o 9: Ф: Ф: Ф: 
EB 4=-9,u=27 z(6i-3j +28) EB - Е 

22] 8-2 Z square units. 4836. square units. 


EXCERCISE 4.1 


uu D Finite @ infinite Ө infinite e Finite 
@ 1.3,6.10.... Pp 416 | Е 4 0014... 
кш $007» orm $2529»; 


cole 


B Ф -+1+з+з+т+о e —1+2-4+8— 6вФ- Iu tU - 
^ "OH Ө) 5101051000... 


D 


e 1,6,15, 20,15, 6,1,0,0,0,-- ^ 1,8,28,56,70,56,28,8, 1,0.0,0 


Mathematies-XI 407 


k=2 , the sequence is 14, 19, 24, ...... UNE LI 
3m 15135 BEBE 45hours  $ 18500 Ө is 
bl En A UE] 
Ф Фи: Фо: ши <> 145,235,327 
Р 11.13 215 
Ф 222.229 To 16 БСга mm 8 
EXCERCISE 413 | 


44 


ji. | Ф 20" term: -29 , sum: -200 Ф 11" term: E sum — 


3 


ER Rig 25250 ; Sp = 494-9 ;d-25;n-21 


2 
Ф »=9: a, =57 o 999 gien Б Gato EB 12375 
EHE 8,12. 16;16,12,8 178 2.4.68;8642 -21 
n(àn—4) 21978 [ШЇ Rs.280, Rs.260, Rs.240, Rs.220 


EN зке NEN RS эю [ШШ ш 


| 


EXERCISE 44) | | | 
ШШ Фф 5.15.45. 155.45 inn д. ЧЕБЕШ 
2 Æ 16 8 46 9 
Ф 222-44 г Б з: -3 Б 22 ENDS 


M 


х=1з ; 20105 EI ® 2592252 Ф 36 or 6 o VE 


16 
petere ,8,12,18,27 Фф Р-р il 


| Mathematics-X1 


Answers 
[mo Tem 


Goat. папар  GIGMRENNE 
ШЕ Ф з(2°—1) > = = o 2032 ® < 65 QO 192 
Ф п=7,$, =43 Ф п=9,а, =256,5$у =511 Ф а=3л=6 


Я, р 8 Ф! 
EH y pe % 9 o n Ф 5 x 
3 I 18, 12, 8 or 8, 12, 18 2 7 


Rs. 16384; Rs. 1073741823 > 


ss 
m >= Ф: Q: EN -. а-а = Th Uu È 
Ф A=2.925,H =2.91,G =+2.92 o A=-111, H =-11.68,G = +36 
o A=x,G=t pugno Er ER-: — DEG 
x 


35 35 35 35 
| DE 4 and 12 ; 12 and 4 mm 3 and 12; 12 and 3 
23'31'39'47 


md: 0:0: 0:09:90: Ф: 
Q: Q: ©. MWO. 
o The progression is 8, 7, 6, 5,... o tio -1 Ф S, 2507-0. =35 


Answers 


frre eee reer Se ir ee аас рс ——————————————— 
п=180г19 5,11,17,.... and nth term is бп-1 156375 


ПШ; EDS 2, 6 and 18 (02 18,6 апа2 № 25 № 196.875 feet 
EXERCISE 5.1 — | 


Шур п{п +1) (л +2) 2п(п+1)(2п+1) 
ш Фф) oe фу >= 
® n(2n? - n) Фф rae 19 -2л+3) 33x100 x101 


50 х 3333 LOO = (2n? +3n+7) 


2 


2п+1 3) = - T n 2 
= жент )(л +3) so Nee) pg gem +54п+25) 


DE 4 ooo» Ф РЕВ) 
EXERCISE 5.2 


| = N n 3xll— n-l 
DE Ф ov Ф сте 34 at) 


(1-2) 
JE m, l j2nd Qn Seay" 64-29") 
(ü-xy 1-х Ф: т lex (+x) 
1+7х 8х 9 m m. д 1 
ER 4» d=»? q-3) Ф Би CEN › 4 


EXERCISES 3 


Е Зп? +1;5.n(2n? 3043) 3m +п;п(п+1)? 
ЕШ +560) 2+5) 37745 37 -1)2n 


az-)307-»-2 lc +27. 1 +270 


Mathematics-XI 


oe п] п 
! 2(3п+2) ins A(n-- 4) 


REVIEW EXERCISE 5 


mo:o:.0.0:0.0.0- 
ER muet mic dd I. EL E ms er 


^. mee Hemp e serico 

^ spin + DDr +23n-+34) O ;ч=-› шш Ф ++ 
R Зал 1 

<? 7+46 =1) mE 202) В Xa) +T 

m Ф 2 © = Ф >> m Ф 2 


Чч? Е 


© > @ ^ (DE 2 ED! m: Ф 5 


= (n-2) — 3n-D! 


|. © >> © 320 Ф 3.300 EQ.: 4 5 Ф : 
Ш 40:20 Ж 5040 E 120, number of even numbers om @ vs 


FET "БШ 2200 ШШ 956 ш Ф EMI — 
[12. | Ф 6720 Ф 151200 Ф 50400 Q 180 8 37800 5120 
o 3360 Ф 5040 Ф 22680 © o b s 30240 E 12 5 220 
mo: T LA^ № meom 
г С Е шш Фф = Ф- $^ 
me: Фе $. $! eimo; 55 
m 0 © ; 32 Ф z ad me. 
9;90;9,9;:0,m 9; 
mo.0.,0:09.9;m9. 
9$,9:9.9:9:9:9: Ф: 


EXERCISE 6.5 
пш риф: Ф: ШШ. "ow mE : 
D Е EN ; UN Ф.Ф: Ф: з I is 


шоо 0000000. 


Фә! 625 y eae Ered 41 € 
ФФ 24 [BRE 2 2 LT 0.98 


ES ico 193 360 | 10. —- n-l HE i үл 131 


[ 2 EXERCISE 7.2 E) 
E $-- _ 45° ne „Ал 
DM 
Ф ч ЕАН 
Ф Д esee] 
у y y 
Ф: Ф +, 233 xy? Ф 6x? Ф >в Ф «s 
т. 
o =% Фо Ф дс: o T6 27 
EB Ф о. BAO an ae x Q- 2523 y! 


There is no constant term. Ap Ф 2442 
Ф 2а +20a°b? +10ab* T. =-885735 EN т, – 2с, 274 


[Ж EXERCISE 7.3 E | 
m ^ EE <” +... Ф - ie ers ба 

Ф Atár-a ria 8 EB Ф 5.009 Q о Ф 5.01330 
EMM i-x+5% eer ШЕ +: 8: 2 08 
m 1 Фе) 


REVIEW EXERCISE? |” 
mo. 0:9:.9:9:9: 9:9: 


Б 00720, EN -35840 EL a=4 = 840 IR 0.951 


EXCERCISE 8.1 | 


me 12,524 = Lum @ эх, 
EN Ó o- = g(-1)- s fi 4)=12, «(1-2 ө 7 
Em © - LIU AE 4i: +5 
BE Ф Domainf=R Rangef=R 
o Domain f=R- (-4,4) Range f = [0, 0) BE 9 = хна 
ә Ф: »Ф з l(x-4) m г ү s 
T fie {3} Dom f )- R— 
m Ф e 


Rangel f)= R- а Range(f)- R— X 


| Mathema 


graph moves in the x-direction 
4 хех: (0, 0), у — intercept: 0, х — intercept : 0, Axis : 0, opens upward 


Vertex: (0, 8), y — intercept: 8, x — intercepts: +2, Axis: 0, opens 
downward | 
Vertex: (3, 4), у — intercept: — 5, x – intercepts: 5 and 1, Axis: 3, 
opens downward | 
Vertex: (— 1, edt ), y — intercept: -3, x — intercept: 1, Axis: 1, -3, 
opens upward 2 


Ф ФФ —ъФ Ф о Ф о 


oF 
со 
ым 
5) 
vy 
с 
ыы 
>< 
ыы 


135 
—х+— 
я BE 


= 
6 


Ф › 


(2, 4) 


(A. 3), (72,1 


(1, 3), (2, 0) 


(2,-2) 


1 km/ min, 


velocity of the wind 
REVIEW EXERCISE 8 


= 5 km/min, 


Air speed 


Ф.Ф 


243] f(x) 


X XE 2 


* 


ВУ 


c 


Ф 


45. 


b 


mo: > 
Ell Domain f 


2х+5 


zx 


~, 


» 


= [-2 


[ЭШ o 32 Ф 82.4 


Em a~2,b=-2y 


P5225) 


(24, 2578) 


Answers 
| } 


82 “ъ@ 


(2,2), (0,6), (0,3); unbounded (6,-2), (3,0), (4,0); unbounded 


Зато) —,-| (о, 4), (0, 3 
eaea (2s) (£2) oa E ai z Jr ), (0, 3) 


Фф}: Maximum value is 12 at the comer point (6, б). 
Ф Maximum value is 20 at the corner point (0, 4). 


^ Maximum value is 50 at the corner point (10, 0). 
— Minimum value is 4 at the corner point (0,2). 
Maximum value is 84 at the corner point (0, 4). 
Minimum value is 7 at the corner point (1, 0). 
Maximum profit of Rs. 1140 if 16 bicycles of model A and 10 bicycles 
of model B are produced. 
EH Maximum profit of Rs. 14000 if 200 units of productA and 400 units of 
product B are produced. 


Answ er s 


m NERA EU of Rs. 1760 ог 8 ЕР of f model Іл and 24 FEE 
UE ofmodelL; are produced 


m.9.9.9.0.0- 
Maximum value ofz is 24 at two different corner points (2.35 and 65 ) 
Rs: 112, when х= 2 kg, у= 4 kg 


Е Maximum value of z is 600 at A (120,0) and R (82р 


[3 9 sin59° Ф соѕ30° Ф os Ф 5їп25° ry tan52° 
Ф.з mo45-9:54.-5 Фе 
‚е се 

E: Ф 5% ЕЕ ^2 ф-> -56 E 


zs ysin (@ + 6) where sin ф = сов p=} and r=5 


Ф ysin (6 + @) where sin ф == cos ф x and r=17 


o ysin (0 + à) where sin ¢ =- cos = 2 andr-459 


29 J29 
e ysin (8 + ø) where sin ¢ = Wes d= = and y — 2 


EXERCISE 1012 | | 
SEI. -120 119 -120 —24 
B -i 12 m o Ф © Nt) mo 
| 


MUR s-NI 


Фу = 19-9 me =a 
Ф cse e ST ome п 


СЕ : End poe 20+— ; cos4@ 


ir. "TN uri up Е 
8 LZ cos5x—cos7x Ф isin 178 —sin 66 1® a (sin A + sinB) 
o i (cos P +cos О) o 2sin40° cos3? Ф —2sin59° sin23° 
2cos 2 sin 9 Ф 5 А В 
Ф : j m UE CREE 


REVIEW EXERCISE 10 
mo:0.0:0:9:0:9.9- 
Gerais. jJ 
mE ® а=3, b = 34/3,8= 60" o a=52.7, c=136.6, œ= 22.7" 

o a-542,b = 542 , a - 45 28 Ó -- 62°, = 7.44, c= 15.86 

Ф а= 68.5°, а= 22.59, с = 24.28 Ф а= 88.22°, 8=178° ‚а= 449.78 
24.89m 0 52.9° 363m 45.3m Ё 11.43m 

189.3m 0 61.4 feet IB. 7.265ст 

( — єхнс$ 11.2 5 
ШЕ Ф а = 60°, B= 30°, у=90° Ф а =25°, B= 123°, с = 152 


Ф а= 408, b = 166, f =23.6° Ф а= 23°, у= 45, b 2 57.6 


% a =3.83, Й=24.3°,у=55.3° Ф @=106° 20’, b =159, c =140 

o а= 68, = 112, ye 75? Ф No triangle possible 

e а= 1531, 8=30°26', y 11114 

e b = 409.00, a= 22°39, у= 46759" [EMI % @=96°37' 

Ф B- 80 038" Ф у= 87955 ® @=95.Т°, B2 507°, у= 33.6 
Ф а=4.0°, B=31.6°, у= 1444° Ф @=26.4°, 2364", у= 117.2° 
7.9cm, 14.8cm 1879km apart 


а= 43°17, B=64° 26, у= 7217 EB 729cm 


The answers are in square units. 


ШШ] Ф 369.42 Ф 83 eo 680 4 55240 «Ф 355 ® 76662 

Ф 400.5 ^ 651.7 % 614.5 4 134736.6 Ф 27307 

с=22.24, у=82°8' 88 Rs.1125 [EI 787 fe 
a EXERCISE 11.4. | | 

m :--- 1.07 É) R= 14.5, r= 6 IBI :— 816m. Area = 209 

Ф 33.07dm Ф 14.17dm 343,743, 845 

( | REVIEW EXERCISE 11 mv ) 

mo.0:40.9:9.0:9.0: 


e b-142, æ 21725, у=21.3° Ф No triangle possible. 


. 


Answers 


Ф а =59°43', В= 85°7',с= 10.4 Ф с= 40.68, z= 81°43', В=41°17' 
$ uos = 10°39", y= ase Ф a =42.8°, b=52, c =84.7 


Ф у=т15°,а=то5,ь=1зз ER 4 427° Ф зт Ф 82.5 


Ф ззоз° BI 57.1cm, 20.84 cm Ж 25. 168.95 57.8 m 
EXERCISE 12.1 


шо В, [-3.3], 2 o R-[xix- Qn D)z;neZ].R.2z 
o к-а плед, a- Cha e R{yl-1s y<], уе}. 


eo к-а (00+): nez}, R-{y1-6< у<6,уєК}л 
e r-fsis= 2; nezl, Re Ф кхе пей. 
Ф к-{х\х=пъ nez}.e-(-4,4),20 
Q n- (inm nez nez}, R-(-11),8 Ф -:. - 
Ф.Ф; ©: = 

y 


m Le 
4 
o 6-724 2ne or 


Frequency H " Amplitude 1 
л 


Frequency 3, Amplitude 1 
Frequency 5. ‚ Amplitude 1 
Frequency Р Amplitude 1 


or ВИ + 2nmineZ 


o- 2пл;пє7, Ф Ө=+пт;пе7 


_ Answers 


*€ 9-3 ang; nez e 6-32. п; nez 


o 6= Fang or 6-17 ang, nez 


mr Ф He эллер} Z яне) 


® FZ sonmez} U Z samm mez} 
o Ere] иле 
Er Ф л+2пл, ПЕЙ o: o H o = 
mo:970:09:07 OF 
иф.Ф.Ф.Ф г 
mo: Ф · SE mo:o Does not exist. 
EE Ф Sinx = Tan! ЖЕ ‚ —1<х<1 
A Cos "lx = тиг! ИЕ ‚ 0О<х<1 
Фот" (2) „0<х<= EHE Tur? 
ши ф > +2%я)0 eene]. keZ 


м 
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Фока any integer. Ф Bee] tez 
® Ө= H akr , k any integer. 


® eec (E iem kez! U [9ле 


o [Bene нЕ tnr nezļufE ans, nez UE ean, nez} 


°, 90° z - Ed s ВЫ 
E O o. oo, 180°, 270° @ 7. EE 
п п 57. =: 1 
2577 © С ы 
ka }U VET 0.26267, keZ 
3 3 


{ ne ]U [ena] U ат), m is any integer. 


5л «m я " 
Ф {+ 2 ПЕ 2л) ПЕ 2л) , kisany integer. 


No real solution. 


Ф Гама для] Ue 2л). n is any integer. 


® [rae] 27 sonal [S ema. n isany integer. 


L2 p d ul 2л) ПЕ ana]. m is any integer. 


Ф E чы} eda. k is any integer. 
® No real solution. Ф Е за 2k}, kisany integer. 
mo:9:0:0:0:-mo:9:0 
EN 4 [eau sainl ов Uam tez 
o {ж «уак «оне bes +22 
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